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Characterization and Existence of Gbbner Bases

Christoph Schwarzweller
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Summary. We continue the Mizar formalization of Gbner bases followindg [8]. In
this article we prove a number of characterizations dfliber bases among them that®mer
bases are convergent rewriting systems. We also show the existence and uniqueness of reduced
Grobner bases.

MML Identifier: GROEB_1.

WWW: http://mizar.org/JFM/Voll5/groeb_1.html

The articles[[24],[[32],[34],[[33] .[10] [[4] [[18],[28]/ [11]/ [20] [ [12] [ [14] [5]L[2] [ [31]L[9] L1 7],
[36], [17], [13], [21], [20], [25], [27], [19], [1], [6], [15], [23], [29], [26], [3], and[22] provide the
notation and terminology for this paper.

1. PRELIMINARIES

Let n be an ordinal number, ldt be a right zeroed add-associative right complementable unital
distributive non trivial double loop structure, and febe a polynomial of, L. Then{p} is a non
empty finite subset of Polynom-RifigL).

We now state several propositions:

(1) Letnbe an ordinal numbef, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, anfl, p, g be polynomials of, L. Supposef reduces ta, p,

T. Then there exists a monomialof n, L such thag = f —mx p.

(2) Letn be an ordinal numbefl be an admissible connected term ordenpok be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structuref gmay be poly-
nomials ofn, L. Supposef reduces t@, p, T. Then there exists a monomialof n, L such
thatg = f —mx pand HTIm* p,T) ¢ Supporg and HT(mx* p,T) <t HT(f,T).

(3) Letn be an ordinal numbefT be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-
like non trivial double loop structuref,, g be polynomials oh, L, andP, Q be subsets of
Polynom-Ringn,L). If P C Q, then if f reduces t@, P, T, thenf reduces t@, Q, T.

(4) Letn be an ordinal numbeil be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like
non trivial double loop structure, aR] Q be subsets of Polynom-RifigL). If P C Q, then
PolyRedRelP, T) C PolyRedR€glQ, T).

(5) Letnbe an ordinal numbet, be a right zeroed add-associative right complementable non
empty double loop structure, afdbe a polynomial of, L. Then Suppoft-p) = Supporip.
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(6) Letn be an ordinal numbeil be a connected term order of L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop struc-
ture, andp be a polynomial oh, L. Then HT{—p, T) = HT(p, T).

(7) Let n be an ordinal numberT be an admissible connected term ordermfL be
a right zeroed add-associative right complementable unital distributive non trivial non
empty double loop structure, ang g be polynomials ofn, L. Then HT(p—q,T) <t
maxr (HT(p, T),HT(q,T)).

(8) Letn be an ordinal numbefT be an admissible connected term ordernpfL be an
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non trivial double loop structure, amg g be polynomials o, L. If
Support C Supportp, thenq <t p.

(9) Letn be an ordinal numbeil be a connected admissible term ordempt. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non degenerated non empty double loop structure fapde non-zero poly-
nomials ofn, L. If f is reducible wrtp, T, then HT(p, T) <t HT(f,T).

2. CHARACTERIZATION OF GROBNERBASES
The following propositions are true:

(10) Letn be a natural numbef be a connected admissible term ordemplL be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non trivial double loop structure, apdbe a polynomial o, L. Then
PolyRedRel{ p}, T) is locally-confluent.

(11) Letn be a natural numbeT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure Papel a subset of
Polynom-Ringn,L). Given a polynomiap of n, L such thatp € P andP—ideal= { p}—ideal
Then PolyRedRéP, T) is locally-confluent.

Let n be an ordinal number, |6t be a connected term order oflet L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop structure,
and letP be a subset of Polynom-RiflgL). The functor HTP, T) yielding a subset of Bagsis
defined as follows:

(Def. 1) HT(P,T)={HT(p,T); pranges over polynomials of L: pc P A p#0OnL}.

Let n be an ordinal number and I&tbe a subset of Bags The functor multiple€S) yields a
subset of Bags and is defined as follows:

(Def. 2) multiplegS) = {b; b ranges over elements of Bays\/iy.pag ofn (' € S A b [ b)}.

The following propositions are true:

(12) Letn be a natural numbefl be a connected admissible term ordempfiL be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structurePdela subset
of Polynom-Ringn,L). If PolyRedRe(P,T) is locally-confluent, then PolyRedRE|T) is
confluent.

(13) Letnbe an ordinal numbefT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, anid be a subset of Polynom-RifigL). If PolyRedRe(P,T)
is confluent, then PolyRedR& T) has unique normal form property.
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(14) Letn be a natural numbefl be a connected admissible term ordempfiL be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structurePdela subset
of Polynom-Ringn,L). Suppose PolyRedR& T) has unique normal form property. Then
PolyRedR€lP, T) has Church-Rosser property.

(15) Letn be a natural numbef be a connected admissible term ordemplL be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like hon degenerated non empty double loop structurePdel a non
empty subset of Polynom-Rifig L). Suppose PolyRedR& T) has Church-Rosser prop-
erty. Letf be a polynomial ofn, L. If f € P—ideal then PolyRedRéP, T) reducesf to
OnL.

(16) Letnbe an ordinal numbefT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, arfdbe a subset of Polynom-Rifig L). Suppose that for every
polynomial f of n, L such thatf € P-ideal holds PolyRedR@?, T) reducesf to O,L. Let f
be a non-zero polynomial of, L. If f € P-ideal thenf is reducible wrtP, T.

(17) Letn be a natural numbef, be an admissible connected term ordenpf. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structurePdmaa subset
of Polynom-Ringn,L). Suppose that for every non-zero polynomfabf n, L such that
f € P—ideal holdsf is reducible wrtP, T. Let f be a non-zero polynomial af, L. If
f € P-ideal thenf is top reducible wrP, T.

(18) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, arfdbe a subset of Polynom-Rifig L). Suppose that for every
non-zero polynomiaf of n, L such thatf € P-ideal holdsf is top reducible wr, T. Letb
be a bag oh. If b € HT(P-ideal T), then there exists a bdg of n such thaty e HT(P,T)
andb’ | b.

(19) Letnbe an ordinal numbef, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, arfélbe a subset of Polynom-Rifig L). Suppose that for every
bagb of n such thab € HT(P—ideal T) there exists a bal of n such that! e HT(P, T) and
b | b. Then HT{P-ideal T) C multiplefHT(P,T)).

(20) Letn be a natural numbeT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure Papel a subset of
Polynom-Ringn,L). If HT (P-ideal T) C multiple§HT(P, T)), then PolyRedR¢P T) is
locally-confluent.

Letnbe an ordinal number, I&t be a connected term ordermfletL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, and |& be a subset of Polynom-RifigL). We say thatG is a Groebner
basis wrtT if and only if:

(Def. 3) PolyRedRé€IG, T) is locally-confluent.

Letnbe an ordinal number, I&t be a connected term ordermfletL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, and I&, | be subsets of Polynom-RifigL). We say thats is a Groebner
basis ofl, T if and only if:

(Def. 4) G-ideal=1 and PolyRedR¢&G, T) is locally-confluent.

The following propositions are true:
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(21) Letn be a natural numbefT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structureGaRdbe non empty
subsets of Polynom-Ririg,L). If G is a Groebner basis &, T, then PolyRedRéG, T) is a
completion of PolyRedR&P, T).

(22) Letn be a natural numbel, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structore, be elements of
Polynom-Ringn,L), andG be a non empty subset of Polynom-Ringd.). SupposeG is
a Groebner basis wit. Then p = g(modG-idea) if and only if nfpoyredrec.T)(P) =

Nfpolyredretc,T) (4)-

(23) Letn be a natural numbefl be a connected admissible term ordempl be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop strucfube, a polynomial
of n, L, andP be a non empty subset of Polynom-Ring-). SupposeP is a Groebner basis
wrt T. Thenf € P—ideal if and only if PolyRedRéP, T) reducesf to QL.

(24) Letn be a natural numbef be a connected admissible term ordemplL be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structube, a subset of
Polynom-Ringn,L), andG be a non empty subset of Polynom-Ringd.). Supposes is a
Groebner basis of, T. Let f be a polynomial o, L. If f €I, then PolyRedRéG,T)
reducesf to O,L.

(25) Letnbe an ordinal numbef, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, an@, | be subsets of Polynom-RifigL). Suppose that for
every polynomialf of n, L such thatf € | holds PolyRedR¢G, T) reducesf to O,L. Let f
be a non-zero polynomial af, L. If f €I, thenf is reducible wriG, T.

(26) Letn be a natural numbef be an admissible connected term ordenpt. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structdre,an add closed
left ideal subset of Polynom-Riifig, L), andG be a subset of Polynom-RifigL). Suppose
G C I. Suppose that for every non-zero polynomiabf n, L such thatf € | holds f is re-
ducible wrtG, T. Let f be a non-zero polynomial @f, L. If f €1, thenf is top reducible wrt
GT.

(27) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like nhon
trivial double loop structure, an@, | be subsets of Polynom-RifigL). Suppose that for
every non-zero polynomial of n, L such thatf €| holds f is top reducible wrG, T. Let
b be a bag oh. If b€ HT(I,T), then there exists a bdg of n such thaty € HT(G,T) and
b |b.

(28) Letnbe an ordinal numbefT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like nhon
trivial double loop structure, an@, | be subsets of Polynom-RifigL). Suppose that for
every bagh of n such thab € HT(I,T) there exists a baly of n such that’ € HT(G, T) and
b | b. Then HT{I, T) C multipleHT(G,T)).

(29) Letn be a natural numbefT be a connected admissible term ordermfL be an
Abelian add-associative right complementable right zeroed commutative associative well
unital distributive field-like non degenerated non empty double loop strudtlre,an add
closed left ideal non empty subset of Polynom-Rimd), andG be a non empty subset of
Polynom-Ringn,L). If GC I, thenif HT(I, T) C multiplegHT(G, T)), thenG is a Groebner
basisofl, T.
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3. EXISTENCE OFGROBNERBASES

The following four propositions are true:

(30) Letn be a natural numbefl be a connected admissible term ordempfandL be an
add-associative right complementable right zeroed commutative associative well unital dis-
tributive Abelian field-like non trivial double loop structure. ThEByL} is a Groebner basis
of {O,L}, T.

(31) Letn be a natural numbeif be a connected admissible term ordemoi be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non trivial double loop structure, apde a polynomial ofi, L. Then
{p} is a Groebner basis dip}—ideal,T.

(32) LetT be an admissible connected term orde®oE be an add-associative right comple-
mentable right zeroed commutative associative well unital distributive Abelian field-like non
degenerated non empty double loop structulee an add closed left ideal non empty subset
of Polynom-Rind0,L), andP be a non empty subset of Polynom-Rifid-). If P C | and
P = {QpL}, thenP is a Groebner basis of T.

(33) Letnbe a non empty ordinal numbdr,be an admissible connected term orden,cdindL
be an add-associative right complementable right zeroed commutative associative well unital
distributive field-like non degenerated non empty double loop structure. Then there exists a
subseP of Polynom-Ringn, L) such thaP is not a Groebner basis wrt

Let n be an ordinal number. The functor DivOrdey yields an order in Bagsand is defined
by:
(Def. 5) For all bag$s, by of nholds(bz, by) € DivOrden(n) iff by | by.

Let n be a natural number. Observe tiiBags, DivOrder(n)) is Dickson.
The following three propositions are true:

(34) For every natural numberand for every subsétl of (Bags, DivOrder(n)) holds there
exists a finite subset of Bagsvhich is Dickson basis dfl, (Bags:, DivOrder(n)).

(35) Letn be a natural numbeT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure| aedan add closed
left ideal non empty subset of Polynom-R{ngL). Then there exists a finite subset of
Polynom-Ringn, L) which is a Groebner basis bfT.

(36) Letn be a natural numbeT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure| aedan add closed
left ideal non empty subset of Polynom-R{ngL). Supposé # {O,L}. Then there exists a
finite subse of Polynom-Ringn, L) such thaiG is a Groebner basis &f T and QL ¢ G.

Let n be an ordinal number, 18t be a connected term order flet L be a non empty multi-
plicative loop with zero structure, and lpbe a polynomial oh, L. We say thap is monic wrtT if
and only if:

(Def.6) HQp,T)=1,.

Let n be an ordinal number, I1&t be a connected term order oflet L be a right zeroed add-
associative right complementable commutative associative well unital distributive field-like non triv-
ial non empty double loop structure, and febe a subset of Polynom-RifigL). We say thaP is
reduced wrfl if and only if:

(Def. 7) For every polynomiapb of n, L such thatp € P holdsp is monic wrtT and irreducible wrt
P\{p}, T.



CHARACTERIZATION AND EXISTENCE OF. .. 6

We introduceP is autoreduced wiT as a synonym of is reduced wril .
One can prove the following propositions:

(87) Letn be an ordinal numbeil be an admissible connected term ordenpk be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structure,an add closed
left ideal subset of Polynom-Riiig, L), mbe a monomial of, L, andf, g be polynomials of
n, L. Supposef € | andg € | and HM(f,T) = mand HM(g, T) = m. Suppose that

(i) it is not true that there exists a polynomiglof n, L such thatp € | and p <7 f and
HM(p,T) =m, and

(i) it is not true that there exists a polynomiplof n, L such thatp € | and p <t g and
HM(p,T)=m

Thenf =g.

(38) Letn be a natural numbeT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structuse,an add closed left
ideal non empty subset of Polynom-R{ngL), G be a subset of Polynom-RitgL), p be a
polynomial ofn, L, andq be a non-zero polynomial af, L. Supposep € G andq € G and
p#gand HT(g,T) | HT(p,T). If Gis a Groebner basis of T, thenG\ {p} is a Groebner
basisofl, T.

(39) Letn be a natural numbeT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure| drdan add closed
left ideal non empty subset of Polynom-RingL). If | # {O,L}, then there exists a finite
subseG of Polynom-Ringn, L) which is a Groebner basis bf T and reduced wiT.

(40) Letn be a natural numbeT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structuse,an add closed left
ideal non empty subset of Polynom-R{ngL), andG;, G, be non empty finite subsets of
Polynom-Ringn,L). Supposé3; is a Groebner basis ¢f T and reduced wiT andG; is a
Groebner basis df, T and reduced wit. ThenG; = Go.
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