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Summary. We continue the formalization dfi[8] towards @&mer Bases. In this arti-
cle we introduce reduction of polynomials and prove its termination, its adequateness for ideal
congruence as well as the translation lemma used later to show confluence of reduction.

MML Identifier: POLYRED.

WWW: http://mizar.org/JFM/Voll4/polyred.html

The articles([[2R],[[211],[12[7],[[12],[128],130]/129]/ [10][ [11] 14][13] 12 7] 16][123] [13]L 5] [25],
[21, [, 261, [©], [16], [14], [29], [11, [24], [18], [15], and[[20] provide the notation and terminology
for this paper.

1. PRELIMINARIES

Letn be an ordinal number and IBtbe a non trivial zero structure. One can verify that there exists
a monomial ofn, Rwhich is non-zero.

One can verify that there exists a field which is non trivial.

Let us observe that every left zeroed add-right-cancelable right distributive left unital commuta-
tive associative non empty double loop structure which is field-like is also integral domain-like.

Let n be an ordinal number, lét be an add-associative right complementable left zeroed right
zeroed unital distributive integral domain-like non trivial double loop structure, ang, lgtbe
non-zero finite-Support series BfL. One can check thatx g is non-zero.

2. MORE ONPOLYNOMIALS AND MONOMIALS
The following propositions are true:

(1) LetX be a setL be an Abelian add-associative right zeroed right complementable non
empty loop structure, anp, q be series oK, L. Then—(p+q) = —p+ —q.

(2) For every seK and for every left zeroed non empty loop structurand for every seriep
of X, L holds XL+ p=p.

(3) LetX be a setL be an add-associative right zeroed right complementable non empty loop
structure, ang be a series oX, L. Then—p+ p=0xL andp+ —p = OxL.

(4) Letnbe a setl be an add-associative right zeroed right complementable non empty loop
structure, ang be a series of, L. Thenp—0,L = p.

(5) Letn be an ordinal numbel, be an add-associative right complementable right zeroed
add-left-cancelable left distributive non empty double loop structure pamel a series off,
L. Then QL+ p=0,L.
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(6) Letn be an ordinal numbet, be an Abelian right zeroed add-associative right comple-
mentable unital distributive associative commutative non trivial double loop structure, and
g be polynomials of, L. Then—pxq= (—p)*xgand—p=xq= px*—q.

(7) Letn be an ordinal numbelt, be an add-associative right complementable right zeroed
distributive non empty double loop structugebe a polynomial ofi, L, mbe a monomial of
n, L, andb be a bag oh. Then(mx p)(termm+ b) = m(termm) - p(b).

(8) LetX be a setL be a right zeroed add-left-cancelable left distributive non empty double
loop structure, angh be a series oX, L. Then Q - p= OxL.

(9) LetX be a setlL be an add-associative right zeroed right complementable distributive
non empty double loop structur@,be a series oK, L, anda be an element of. Then
—a-p=(—a)-pand—a-p=a-—p.

(10) LetX be a setl be a left distributive non empty double loop structysdye a series oX,
L, anda, a be elements of. Thena-p+a -p=(a+a&)-p.

(11) LetX be a setl be an associative non empty multiplicative loop with zero structuie
a series oK, L, anda, & be elements of. Then(a-&)-p=a-(a - p).

(12) Letn be an ordinal numbet, be an add-associative right zeroed right complementable
unital associative commutative distributive non empty double loop strugi g, be series
of n, L, andabe an element df. Thena- (pxp') = px(a-p').

3. MULTIPLICATION OF POLYNOMIALS WITH BAGS

Let n be an ordinal number, létbe a bag of, letL be a non empty zero structure, and pabe a
series ofn, L. The functorb « p yielding a series of, L is defined by:

(Def. 1) For every bady’ of n such thab | b’ holds(bx* p)(b") = p(b/ -’ b) and for every bady’ of
nsuch thab{ b’ holds(bx* p)(b') = 0.

Let n be an ordinal number, I&tbe a bag of, letL be a non empty zero structure, andpdie
a finite-Support series of, L. Note thatbhx p is finite-Support.
Next we state a number of propositions:

(13) Letn be an ordinal numbeh, b/ be bags of, L be a non empty zero structure, apthe a
series ofn, L. Then(bx p)(b’ +b) = p(b).

(14) Letn be an ordinal numbet, be a non empty zero structurp,be a polynomial ofn,
L, andb be a bag oh. Then Suppotbx p) C {b+b';b’ ranges over elements of Bays
b’ € Supporip}.

(15) Letnbe an ordinal numbef, be a connected admissible term ordengdf be a non trivial
zero structurep be a non-zero polynomial of, L, andb be a bag of. Then HT(bx p,T) =
b+HT(p,T).

(16) Letnbe an ordinal numbeT, be a connected admissible term ordendf be a non empty
zero structurep be a polynomial of, L, andb, b’ be bags ofi. If b € Supportb= p), then
b <t b+HT(p,T).

(17) Letn be an ordinal numbeiT be a connected term order of L be a non empty zero
structure, ang be a series of, L. Then EmptyBag p = p.

(18) Letn be an ordinal numbeiT be a connected term order of L be a non empty zero
structure,p be a series of, L, andbs, by be bags oh. Then(by +by)  p= by (b2 * p).

(19) Letn be an ordinal numbet, be an add-associative right zeroed right complementable

distributive non trivial double loop structurp,be a polynomial ofi, L, anda be an element
of L. Then Suppofa- p) C Supporip.
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(20) Letn be an ordinal numbet, be an integral domain-like non trivial double loop structure,
p be a polynomial of, L, anda be a non-zero element bf Then Supponp C Supporta: p).

(21) Letn be an ordinal numbefT be a connected term order of L be an add-associative
right zeroed right complementable distributive integral domain-like non trivial double loop
structure,p be a polynomial o, L, anda be a non-zero element &f Then HT(a- p,T) =
HT(p,T).

(22) Letn be an ordinal numbet, be an add-associative right complementable right zeroed
distributive non trivial double loop structure,be a series ofi, L, b be a bag oh, anda be
an element of.. Thena- (b p) = Monom(a,b) x p.

(23) Letn be an ordinal numbeil be a connected admissible term ordemptf. be an add-
associative right complementable right zeroed unital distributive integral domain-like non
trivial double loop structurep be a non-zero polynomial of, L, q be a polynomial o,

L, andm be a non-zero monomial of, L. If HT(p,T) € Support, then HTIm* p,T) €
Supportmxq).

4. ORDERS ONPOLYNOMIALS

Let n be an ordinal number and I& be a connected term order of Observe thatBags:,T) is

connected.
Let n be a natural number and [€tbe an admissible term order of Note that(Bag:, T) is

well founded.
Let n be an ordinal number, 1€k be a connected term order of let L be a non empty zero
structure, and lep, g be polynomials ofy, L. The predicatep <t qis defined by:

(Def. 2) (Supporip, Supporgy) € FinOrd(Bag:,T).

Let n be an ordinal number, 1€k be a connected term order of let L be a non empty zero
structure, and lep, g be polynomials ofi, L. The predicate <t qis defined as follows:

(Def. 3) p <7 gand Supporp # Supporg.

Let n be an ordinal number, 1&k be a connected term order of let L be a non empty zero
structure, and lep be a polynomial ofn, L. The functor Suppofp,T) yielding an element of
Fin (the carrier of Bag:, T)) is defined as follows:

(Def. 4) Suppottp, T) = Supporip.
We now state a number of propositions:

(24) Letn be an ordinal numbeiT be a connected term order of L be a non trivial zero
structure, angh be a non-zero polynomial of L. Then PosetMax Suppdéf, T) =HT(p,T).

(25) Letn be an ordinal numbeiT be a connected term order of L be a non empty loop
structure, ang be a polynomial oh, L. Thenp <t p.

(26) Letn be an ordinal numbeiT be a connected term order of L be a non empty loop
structure, angb, g be polynomials of, L. Thenp <t gandqg <t pif and only if Supporp =

Supporg.

(27) Letn be an ordinal numbeiT be a connected term order of L be a non empty loop
structure, ang, q, r be polynomials of, L. If p <y gandq <ty r,thenp<tr.

(28) Letn be an ordinal numbeiT be a connected term order of L be a non empty loop
structure, ang, g be polynomials ofi, L. Thenp <y qorq <t p.

(29) Letn be an ordinal numbeiT be a connected term order of L be a non empty loop
structure, ang, g be polynomials ofi, L. Thenp <y qif and only if q £t p.
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(30) Letn be an ordinal numbeiT be a connected term order of L be a non empty zero
structure, ang be a polynomial oh, L. Then QL <t p.

(31) Letn be a natural numbefl, be an admissible connected term ordenpf. be an add-
associative right complementable right zeroed unital distributive non trivial double loop struc-
ture, andP be a non empty subset of Polynom-Ring-). Then there exists a polynomigl
of n, L such thatp € P and for every polynomiad of n, L such thatj € P holdsp <t g.

(32) Letn be an ordinal numbefl be a connected admissible term ordempt be an add-
associative right complementable right zeroed non trivial loop structurepamtie polyno-
mials ofn, L. Thenp <t qif and only if one of the following conditions is satisfied:

() p=0yLandq#0,L,or
(i) HT(p,T) <t HT(q,T), or
(i) HT(p,T)=HT(q,T) and Redp,T) <t Redq,T).

(33) Letn be an ordinal numbeil be a connected admissible term ordemptf. be an add-
associative right complementable right zeroed non trivial loop structurep &edca non-zero
polynomial ofn, L. Then Redp, T) <t HM(p,T).

(34) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed non trivial loop structure, pixg a polynomial oh, L. Then
HM(p, T) <t p.

(35) Letn be an ordinal numbeil be a connected admissible term ordemptf. be an add-
associative right complementable right zeroed non trivial loop structurep ieca non-zero
polynomial ofn, L. Then Redp,T) <7 p.

5. POLYNOMIAL REDUCTION

Let n be an ordinal number, 18t be a connected term order flet L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, let, p, g be polynomials oh, L, and letb be a bag oh. We say thatf
reduces t@, p, b, T if and only if:

(Def.5) f #0yL andp# 0,L andb € Supportf and there exists a bagf nsuch thas+HT(p,T) =
f(b

bandg = f — 2 - (s+p).

Let n be an ordinal number, |1& be a connected term order of let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and Iét p, g be polynomials ofi, L. We say thaf reducesta, p, T
if and only if:

(Def. 6) There exists a bagof n such thatf reduces ta, p, b, T.

Letnbe an ordinal number, I&t be a connected term ordermflet L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, lett, g be polynomials of, L, and letP be a subset of Polynom-RifmgL).

We say thaff reduces t@, P, T if and only if:

(Def. 7) There exists a polynomialof n, L such thatp € Pandf reduces ta, p, T.

Let n be an ordinal number, |1& be a connected term order of let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and Idt p be polynomials oh, L. We say thaff is reducible wrtp,

T if and only if:

(Def. 8) There exists a polynomiglof n, L such thatf reduces ta, p, T.
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We introducef is irreducible wrtp, T andf is in normal form wrtp, T as antonyms of is reducible
wrtp, T.

Letnbe an ordinal number, I8t be a connected term ordermflet L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, left be a polynomial of, L, and letP be a subset of Polynom-RifigL).

We say thaff is reducible wrtP, T if and only if:

(Def. 9) There exists a polynomiglof n, L such thatf reduces ta, P, T.

We introducef is irreducible wrtP, T andf is in normal form wrtP, T as antonyms of is reducible
wrtP, T.

Let n be an ordinal number, |1& be a connected term order of let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and lét p, g be polynomials oh, L. We say thaff top reduces tg,

p, T if and only if:

(Def. 10) f reduces ta, p, HT(f,T), T.

Let n be an ordinal number, |1& be a connected term order of let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and Iét p be polynomials ofy, L. We say thaff is top reducible wrt
p, T if and only if:

(Def. 11) There exists a polynomiglof n, L such thatf top reducestg, p, T.

Letnbe an ordinal number, I8t be a connected term ordermflet L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, left be a polynomial of, L, and letP be a subset of Polynom-RifmgL).

We say thaff is top reducible wrP, T if and only if:

(Def. 12) There exists a polynomiglof n, L such thatp € P andf is top reducible wrp, T.

Next we state several propositions:

(36) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structuref be a polynomial of, L, andp be a non-zero polynomial of,

L. Thenf is reducible wrip, T if and only if there exists a bagof n such thab € Supportf
and HT(p,T) | b.

(37) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, anplbe a polynomial ofi, L. Then QL is irreducible wrtp, T.

(38) Letn be an ordinal numbeil be an admissible connected term ordenpE be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop strucfune be polynomi-
als ofn, L, andm be a non-zero monomial of, L. If f reduces tof —m=xp, p, T, then
HT(mx p,T) € Supportf.

(39) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
degenerated non empty double loop structdirey, g be polynomials of, L, andb be a bag
of n. If f reducesta, p, b, T, thenb ¢ Supporg.

(40) Letn be an ordinal numbeil be a connected admissible term ordemptf. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structurd, p, g be polynomials oh, L, andb, b’ be
bags ofn. Supposéd <7 b'. If f reduces t@, p, b, T, thenb’ € Suppory iff b’ € Supportf.
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(41) Letn be an ordinal numbefl be a connected admissible term ordempt. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structurd, p, g be polynomials oh, L, andb, b/ be
bags ofn. If b <t b/, then if f reduces t@, p, b, T, thenf (b’) = g(b').

(42) Letn be an ordinal numbef be a connected admissible term ordemptf. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non degenerated non empty double loop structuref apdy be polynomials of
n, L. Suppos¢ reduces t@, p, T. Letb be a bag oh. If b € Supporg, thenb <t HT(f,T).

(43) Letnbe an ordinal numbef; be a connected admissible term ordenof be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structuref apdg be polyno-
mials ofn, L. If f reducesta, p, T, theng <7 f.

6. POLYNOMIAL REDUCTION RELATION

Let n be an ordinal number, 18t be a connected term order nflet L be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non trivial
double loop structure, and IBtbe a subset of Polynom-RifigL). The functor PolyRedR&P, T)
yielding a relation between (the carrier of Polynom-Rimd1)) \ {OnL } and the carrier of Polynom-Riifig, L)
is defined as follows:

(Def. 13) For all polynomialg, g of n, L holds{p, g) € PolyRedReg|P, T) iff preduces ta, P, T.
One can prove the following proposition

(44) Letnbe an ordinal numbef; be a connected admissible term ordenof be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structyrgbe polynomials of
n, L, andP be a subset of Polynom-RiflyL). If PolyRedRe(P, T) reducesf to g, then
g <t f butg=0nL or HT(g, T) <t HT(f,T).

Let n be a natural number, &t be a connected admissible term ordenpfet L be an Abelian
add-associative right complementable right zeroed commutative associative well unital distributive
field-like non degenerated non empty double loop structure, aftblet subset of Polynom-RitgL).
Observe that PolyRedRE& T) is strongly-normalizing.

Next we state several propositions:

(45) Letn be a natural numbelT be an admissible connected term ordernpfL be an
add-associative right complementable left zeroed right zeroed commutative associative well
unital distributive Abelian field-like non trivial double loop structure,be a subset of
Polynom-Ringn,L), and f, h be polynomials of, L. If f € P, then PolyRedRéP,T) re-
duceshx f to O,L.

(46) Letn be an ordinal numberT be a connected admissible term ordermfL be an
Abelian add-associative right complementable right zeroed commutative associative well uni-
tal distributive field-like non degenerated non empty double loop strud®be, a subset of
Polynom-Ringn,L), f, g be polynomials of, L, andmbe a non-zero monomial of L. If f
reduces t@, P, T, thenmx f reduces tanxg, P, T.

(47) Letn be an ordinal number] be a connected admissible term ordermfL be an
Abelian add-associative right complementable right zeroed commutative associative well
unital distributive field-like non degenerated non empty double loop struddube, a sub-
set of Polynom-Ringn,L), f, g be polynomials oh, L, andm be a monomial o, L. If
PolyRedRelP, T) reducesf to g, then PolyRedRéP, T) reducesns f to mxg.
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(48) Letn be an ordinal numberT be a connected admissible term ordermfL be an
Abelian add-associative right complementable right zeroed commutative associative well
unital distributive field-like non degenerated non empty double loop strudtube, a sub-
set of Polynom-Ringn,L), f be a polynomial of, L, andm be a monomial oh, L. If
PolyRedRe|P, T) reducesf to O,L, then PolyRedR¢P, T) reducean: f to O,L.

(49) Letn be an ordinal numbefT be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive Abelian
field-like non trivial double loop structur®, be a subset of Polynom-RifigL), andf, g, h,

h; be polynomials oh, L. Supposef —g = h and PolyRedRéP, T) reduceshto h;. Then
there exist polynomial$;, g1 of n, L such thatf; — g = h; and PolyRedR¢P, T) reducesf
to f; and PolyRedR¢P, T) reduces to g;.

(50) Letn be an ordinal numbefT be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive Abelian
field-like non trivial double loop structurd? be a subset of Polynom-RifigL), and f, g
be polynomials oh, L. Suppose PolyRedR& T) reducesf —gto O,L. Thenf andg are
convergent w.r.t. PolyRedRE T).

(51) Letn be an ordinal numbefl be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive Abelian
field-like non trivial double loop structurd? be a subset of Polynom-RifigL), and f, g
be polynomials oh, L. Suppose PolyRedR& T) reducesf —gto O,L. Thenf andg are
convertible w.r.t. PolyRedR@®P, T).

Let R be a non empty loop structure, lebe a subset dR, and leta, b be elements oR. The
predicatea = b(modl) is defined by:

(Def. 14) a—bel.

Next we state several propositions:

(52) LetRbe an add-associative left zeroed right zeroed right complementable right distributive
non empty double loop structurebe a right ideal non empty subsetRfanda be an element
of R. Thena = a(modl).

(53) LetRbe an add-associative right zeroed right complementable right unital right distributive
non empty double loop structurebe a right ideal non empty subsetRfanda, b be elements
of R If a= b(modl), thenb = a(modl).

(54) LetR be an add-associative right zeroed right complementable non empty loop structure,
| be an add closed non empty subseRp&nda, b, ¢ be elements oR. If a= b(modl) and
b= c(modl), thena = c(modl).

(55) LetRbe an Abelian add-associative right zeroed right complementable unital distributive
associative non trivial double loop structurdse an add closed non empty subseRpnda,
b, c, d be elements oR. If a= b(modl) andc = d(modl), thena+c = b+d(modl).

(56) LetR be an add-associative right zeroed right complementable commutative distributive
non empty double loop structurebe an add closed right ideal non empty subsé&,afnda,
b, c, d be elements oR. If a= b(modl) andc = d(modl), thena-c=b-d(modl).

(57) Letn be an ordinal numbefT be a connected term order of L be an Abelian add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structur®,be a subset of Polynom-RifgL), andf, g
be elements of Polynom-Rifg L). If f andg are convertible w.r.t. PolyRedR& T), then
f = g(modP—ideal.
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(58) Letnbe a natural numbef, be an admissible connected term ordengdf be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop strucRibe,a non empty subset
of Polynom-Ringn, L), andf, g be elements of Polynom-Rifg L). If f = g(modP-ideal),
then f andg are convertible w.r.t. PolyRedRE& T).

(59) Letn be an ordinal numbeiT be a connected term order of L be an Abelian add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structur®, be a subset of Polynom-RifigL), and f,

g be polynomials of, L. If PolyRedRe(P, T) reducesf to g, thenf — g € P—ideal

(60) Letn be an ordinal numbefT be a connected term order of L be an Abelian add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structur® be a subset of Polynom-RifigL), and f
be a polynomial ofy, L. If PolyRedRe(P, T) reducesf to G,L, thenf € P—ideal
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