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Abstract

In a 1941 paper (which is condensed here), N.M. Gjunter refers to some of his unknown papers from 1910,
1913 and 1925, which are partially written in context with the 1941 paper. Thus Gjunter had already pursued
a constructive theory of polynomial ideals in 1913. Among other results, he proves the inequality attributed to
Macaulay/Sperner in 1913 (from 1927 and 1930, respectively). Also discussed are results analogous to more
recent work. The author hereby finishes his sequence of articles.

1 Introduction

While working in the library at Humboldt University’s I. Mathematical Institute, B. Renschuch accidentally came
across N.M. Gjunter's French language paper [12], whose content was used in this series of articles, so that
systematic and precise study could be made. This was achieved with the content of five theses [5,14,15,18,2.
which were finished at the same time and coordinated with each other; these works are held in the library of th
Padagogischen Hochschule Karl Liebknecht Potsdam for the disposal of those interested.

The cited work [12] first appeared in 1941 after the death of N.M. Gjunter (thus the mourning border around his
name) and mirrors ideas, according to the biography [13], that can be traced back possibly to lectures at Leningr:
University and the Herzen Institute, our partner college, respectively, which he gave after his masters dissertatic
in 1904. But from the start, he evidently had problems from analysis in mind, whose solutions required algebrai
means that were, for the most part, imprecisely formulated by Delassus and Riquier [23].

So Gjunter was really a representative of analysis and was classified accordingly in organizational reports. Th
may be the reason why his work has remained completely unknown to algebraists until now. On the other hand, th
also led Gjunter to refer solely to the classical work of Hilbert [17] and apparently not deal with the pertinent work
of Hermann [16] and Macaulay [19]. Thus additional difficulties arose in this treatment.

Since Gjunter addresses the Macaulay-Sperner (Macaulay 1927, Sperner 1930) inequality among other thin
in [12], and cites his own work [7] which appeared in 1913, an interesting question of priority arises, the more sc

*[From original paper:] Dedicated to Professor Brehmer on the occasion of his 70th birthday in thankful memory of the valuable sugges
tions during the production of the book [21].

T[From original paper:] See the theses [5,14,15,18,24] cited in the reference list at the end of this paper; the numbers in square brack
refer to this reference list, unless stated otherwise in the text. The final version of this work and a translation into Russian were complete
during G.G. Rasputin’s stay in the DDR during the 1985-86 school year.

Translator’s address: US Dept Defense, Ft Meade, MD 20755, bfdAramso@restarea.ncsc.mil
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Polynomial Ideal Theory Translation

since both could have met at the Third International Congress of Mathematicians in 1904 in Heidelberg; in the list 0
participants, we find on pages 14 and 17, respectiv@lynther, N.M., Privatdozent, St. Petersbangd Macaulay,
F.S., Professor, London

So it was essential to compare the referenced work [12] to the earlier papers [6,7,8,9,10]. Coincidentally, th
papers [6,7,8,9] have the same citation number in the reference list in [12]; one paper, designated there with [1(
does not exist as an independent publication, but rather as part of paper [8].

This created considerable difficulties in obtaining papers [6,7,8,9], since the corresponding journal issue (bette
volume, since every paper is paginated anew) is cited as follows in[REjueil de I'Institut des Ponts et Chaass
[Anthology of the Institute for Bridges and Highways], while the pertinent institute in [13] is designated an institute
of traffic system engineering. During his candidacy H. Roloff and a group of librarians in the Leningrad University
library succeeded in finding the correct title for the series (see the reference list) and obtaining the correspondir
papers.

Thus it was possible to translate the referenced paper [12] and the contexts [6,7,8,9] as faithfully as possible
the five cited theses, and compare them to each other. From the 1925 paper [10], there were interesting things to f
out. Since [12,Chapter VI.C] is of no importance for our theory, it was intentionally omitted in this publication.

Gjunter displays only the theorems in the paper [12]. In order to give the reader an impression of the difficulty
of accessing this treatise [12], all essential definitions and theorems are compiled in the two sections that follov
In addition to the Theorems 1 to 15 indicated by Gjunter, more theorems with appended letters are introduce
Definitions are not numbered at all by Gjunter, but are partially highlighted with spaced out print instead. The sam
is true for the Lemmas and Corollaries. While the terminology has been carried over unchanged, the mathematic
notation was partly modernized. In the case of cross references for example, the indicator 136, Ill, 2 means pa
136, chapter 2, paragraph 2.

In the third section, Gjunter’s notations are compared to what is common today, while in the four sections tha
follow, the main results are summarized.

2 Summary of Definitions and Theorems from the Referenced Paper [12] of 1941

Definition 1 (97,foreword). By themodule of formsvith Fy(xq,...,Xm), ...,F.(X1,...,Xm) @S generators, we mean
the set of all formsb = B;F; +... +B_F, Bj,Fj homogeneous polynomials. (Insteactefree the termdimension
is used and is denoted Ioyor n;j, respectively; see Definition 21).

Definition 2 (99,1,1). If x,...,Xm are given, thew; is called apredecessoof x; precisely when <i. Then

ay aj+1 aj—1
Xt

Om
- Xm

is called a predecessor of
a O a;
Xt XX

just as every predecessor of a predecessor is also.

Definition 3 (99,1,2). The number of monomials of degraaill be denoted byN(n,m); thusN(n,m) = ("I ™).

Definition 4 (99,1,2). Letay+...+0dm=P1+...+Pm =n. The monomials of degree are callednumbered
by ordering(a) if: x{*...x3m has a smaller number tha«ﬁl...xﬁﬁ“ if and only if the first non-zero difference in
01— B1, ..., 0m— PBmis positive.

Definition 5 (100,1,2). Leta1 +...+0m = B1+ ...+ Bm = n. The monomials of degree are callednumbered

by ordering(b) if: x{*...x3m has a smaller number thacﬁl...xgnm if and only if the first non-zero difference in
Bm—0am, ..., B1—ay is positive.
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Definition 6 (100,1,2). An ordering of power products is calledgular if it is based on comparing differences of
exponents of corresponding power products.

Definition 7 (100,1,3). A set(E) of L power products of degraeis callednormalizedf for every power product, it
also contains all its predecessors (see Definition 2).

Definition 8 (100,1,3). A set(E) of L power products of degreeis called (a)pormalif it consists of the firstL
power products with respect to ordering (a) (see Definition 4).

Definition 9 (100,1,3). A set(E) of L power products of degreeis called (b)normalif it consists of the firstL
power products with respect to ordering (b) (see Definition 5).

Definition 10 (101,1,4 resp. 172,V,6) Expressions of the forrg = a1(g<l) +... +a3(g(5) (i=1,...,L) with indeter-
minatesa; (j = 1,...,s) and formsg’ of degreen'’” with n{") =¥ + n{!) — n{" are calledyeneralized forms
Definition 11 (101,1,4). Every individual termgx* ... x%m of a generalized form is calledrmonomial with index

Definition 12 (102,1,5). An ordering (a) for monomials with indices is defined:

(1) for monomials with the sarméj), by the ordering (a),

(2) apxd*...xdm preceedspx|: ... xdm etc.

(3) For differentni(j), every monomial is brought into maximal degree by muItipIicatiorxﬁq_y1 and then ordered
by (1) and (2), whereby the formal condition of Definition 4 remains satisfied.

Definition 13 (102,1,5). An ordering (b) for monomials with indices is defined:

(1) for monomials with the samé”, by the ordering (b),
(2) agx{t...x3m preceedspxit ... x3m etc.

(3) For differentni(j), every monomial is brought into maximal degree by multiplicationpynd then ordered

by (1) and (2), whereby the formal condition of Definition 5 remains satisfied.

Definition 14 (102,1,5). The partitioning of(E) = (K1) U...U (Ky) into classes given by the ordering (b) with
Ki={x}, K= {nglxz, ..., X3}, etc. is called by Gjuntgpartitioning in m groupgsee Definition 25).

Definition 15 (102,1,5). By the ordering (bdb) for monomials with indices, we mean partitioning by Definition 14
and then by increasing index within each class.

Definition 16 (103,1,6). Let (E) = {F,...,R_} be a set of generalized forms with déa =nj. The set{p; +
W1, ..., pL+ W}, the result of transforming by monomials each of smallest nungbevith respect to a fixed
ordering that no longer appear in thig is called awell-formed sebf (E); {p1,...,p.} is called arepresentative
set

Definition 17 (104,1,6). The monomialsps,..., p. from Definition 16 appeared in connection with the indices
ai,...,as. Let Ag; be theset of all monomials with index; awhere the cas@a; = ® can occur. Then we have
{p1,...,pL} = A U...UA&. Each sefg; is called aa subset of the representative.set

Definition 18 (104,1,6). The representative s€p;, ..., p.}, as in Definition 16, is calledormalizedf every subset,
as in Definition 17, is normalized.

Theorem 1 (104,1,7). The representative set is normalized by carrying out a general linear transformation.
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Definition 19 (107,1,9). If L linearly independent generalized foris. .., F_ with degcg = n; are multiplied by
all N(k,m) monomials of degrel, then the linearly mdependentsubset of the resulllrvg(k m) generalized forms

is called thederived set of order kor {F4,...,R_}. For degg # nj, we raise theegJ to their respective maximal
degrees; thus thderived set of order zeroccurs with dem = n;j, from which the higher derivations are formed.

Definition 20 (107,1,9). Thenumberof elements in the derived set of ordefor {F, ..., F_} will be denoted by.,.
In particular,L] is called thendexof {F,...,F_}.

Def|n|t|on 21 (107,1,9). By the module of formswith generatord-,...,R (F1,...,R generalized forms with

degcg = n;), we mean the linearly independent ones among the generalized Bafs- ... + B R with forms
Bi,...,BL and ded; =...=degB. =k (k=1,2,...) (see Definition 1)

Definition 22 (107/108,1,9 resp. 134,111,1).1f F,...,F are generalized forms with dqaﬂ) =n; and ded®; =
.. = degB_ =k, then every identity of the forB1F; + ...+ B_F. = 0 is called gpassivity condition of order kf

{F1,....R}.
Definition 23 (108,1,10).Thenumberof elements of the derived set of ordeor the representative set offy,...,F_}
is denoted by.y.

Theorem 1a (109,1,10).If L, and L are stated as in Definitions 20 and 23, respectively, then
Lk < L. (28)

Theorem 1b (109/110,1,12). 1. The derived set of a normalized set is normalized.
2. The derived set of an (a)-normal set is (a)-normal.
3. the derived set of a (b)-normal set is not (b)-normal in general. Counterexarfygledxs, x1x3} in Xq, Xz, Xs.

Lemma 1 (111,11,1). If (E) = {pa,...,pL} is normalized, then every functianthat is the left side of a passivity
condition of order k is a linear function of products of monomials of degred kvith functionsp that are left sides
of passivity conditions of order 1 (see Definition 31).

Definition 24 (112,11,1). Let (E) = {p1,...,pL} be a normalized set of monomials of the same degree. In the
matrix (X px), the same power products with lardeare omitted. The remaining passivity conditions of order 1 of
{p1...,pL} are calledprincipal conditions

Definition 25 (114,11,2). Let (E) = {p1,..., pL} be a normalized set &f monomials of the same degree, in which
a partioning into classes (in Gjunter: a partition into groups) according to Definition 14 is effe§tbdlongs to
the first class, totdy = 1, .. ., all those monomials which depend onlyx. .., X and in whichx; actually appears
belong to the-th class, total; (i=1,2,...,L). Thenl;+...+ln =L

Theorem 1c (114,11,2).1f11,...,l, are the class sizes as in Definition 25 angils in Definition 23, then forl(E()
of a normalized sefE),

Ly = LN(k,m) — iIS[N(k, m) — N(k,m—s+1)] = iISN(k,m—er 1) (8)

If (Ea) is also (a)-normal, then the class sizes will be denoteliby. ., A (see Definition 28).

Definition 26 (114,11,2). If (E) = {p1,...,pL} is @ normalized set df monomials of the same degreevith class
sizesly,...,Im (as in Definition 25), then the right side bf = S ; IsN(k,m—s+1) is called the of numeratdE).

The numerator is a polynomial of degrae- 1 in k. Erroneous footnote: numerator = characteristic polynomial,
correct: numerator = volume function.
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Definition 27 (115,11,3). Let (E) be the derived set of ordérfor the normalized setE) = {py,...,p.}. By

partitioning into classes as in Definition 25, the quantiti@s. . I,(T',‘) are defined. Therﬁk) +...+ Ir(,'f) = Lg.

Theorem 1d (115,11,3). For the class sizeéﬁ),...,lék),...lﬁ'f) of (E™) introduced in Definition 27,
189 = 1IN(k—1,9) + 1,N(K—1,5— 1) + ... + I N(k—1,1) (9)
S
— S iN(k—1,5—i+1).
2,

Definition 28 (116/117,11,4). Let (E) = {p1,...,p.} be (a)-normal. Théast monomial is denoted by} ...x",
i<myi+...+Y =n,y > 0and the class sizes will be denotedMay. .., Ay, (Ssee Theorem 1c).

Theorem l1le (116/117,11,4).For an (a)-normal set of L monomials of degree n, the relatioasyi + ...+ Ym, as
well as

L=Nn-yi—1Im+...+Nn—y1—...—Y¥m-1—1,2)+1 (12)
(see Definition 28) and
A=1
}\ZZN(n_yl_zaz)—*—la
: (14)
Ai=Nh—-y1—2,))+...+N(n=y1—...—Vi-1—2,2) +1,
Am=NNn-y1—2m)+...+NN—=y1—... —Ym-1—2,2) +1

existamong\i,...,Am, Y1,--.,Ym, Nand L

Theorem 2 (118,11,5). Let (E) and (E,) be normalized sets of L monomials of the same degre¢ty)de normal
as well. Then for derived sets of order k(E.*') > L (E®).

Theorem 3 (119,11,6). Let (E) and (E;) be sets of L monomials of the same deg(&g,otherwise arbitrary and
(Ea) (a)-normal. Then for derived sets (of order one)(ES") < L1(ED).

Lemma 2 (126,11,8). The number of sets
k k
(A9l } (%)

that are formed from each set of-Ail non-negative integergX), in such a way that at least one differené@ —

Vi v — v namely the first non-zero one, is positive, is bounded.

Definition 29 (127,11,8). Let (E) = {pa,..., p.} be a normalized set of monomials of the same degraed (E,)

the (a)-normal set df monomials of degree. Then ifL(E®) = Lk(Ea(lk)) forallk=0,1,2,..., then the normalized

set(E) is calledminimal

Theorem 4 (127,11,8,9). For sufficiently large K> kmin, all derived set$E) for a normalized setE) are minimal.
Ifl4,...,Imare defined as in Definition 25, then the auxilliary val@s=1,— 1, Os:=ls 1 — (®1571) — (92752) -
. — (%31 —1(s=2,...,m— 1) can be computed. Forl,, the smallest number with

k+©:+1>0, ..., K+®n_1+1>0 47
can be chosen. Let‘fx. ..x™ be the last monomial of the (a)-normal comparison set,ofonomials of degree

n+k. Then HFy1—1=01,....,Nn—Y1—...—V¥n-1—1=0np_1.

39



Polynomial Ideal Theory Translation

Definition 30 (130,11,9). If (E) is a normalized set oE monomials of the same degree then the integers
Yi,---,Ym-1 computed in Theorem 4 are calledariantsof the normalized seiE) (see Definition 28).

Theorem 5 (131,11,10). Let (E) be a normalized set of L monomials of the same degr¢g& ) the derived set
of order t, and let(l) and (V) be the elements of the last class, respectively, as in Definition 25, and further let
(e) := (E)\ (I, (V) := (EM)\ (1V). Let K be the number of monomials which depend giaxd which can be
added to(E) without changinge), and analogously Krelative to(EV). Then K=K, i.e. i does not depend on t.

Addendum to Theorem 5 (133,11,11).K < y,_1 (see Definition 30).

Definition 31 (136,111,2). The set of all generalized form{$, ..., } with degcg(j) = n; is calledcompleteif for
everyk, the passivity conditions of ordérare linearly combinable from the passivity conditions of order 1.

Definition 32 (136,111,3). The set of all generalized form#, ..., } with deg(g = n;j is calledclosedif for all
k, the representative set of the derived set of okderequal to the derived set of ordefor the representative set.

Theorem 6 (137,111,4). Let(E) = {Fy,...,R_} be a set of generalized formswith deg(g(j) =n; and representative
set{pa,...,p.}. If {p1,...,pL} is normalized and L({p1,...,pL}) = L1 (E) (see Definitions 22,23), theik) is
complete and closed with respect to the chosen ordering (see Definitions 30,31).

Corollary to Theorem 6 (143,111,5). If the set(E) = {F4,...,F_} satisfies the conditions of Theorem 6, then the set
of left hand sides of their passivity conditions of order 1 (interpreted as generalized forms) is closed.

Theorem 7 (143,111,6). If the representative sets of all derived sets for a(Egtare normalized, then there exists a
derived set of E) which satisfies the conditions of Theorem 6.

Corollary to Theorem 7 (144,111,6). If the representative sets of all derived sets for a(Bgtare normalized, then
from a certain derived set on, the representative sets for all derived sets are minimal.

Definition 33 (146,111,7). Ifwe setx; = ... =xn=01in (E) = {Fy,...,R_}, then Gjunter speaks of the execution of
the transformationiCi) (i = 2,...,m).

Theorem 8 (154,1V,2). Let F, ..., be generalized forms wibﬂleg(g“) =n; and Fj(l) = B( )F1+ A+ B F|_ the
passivity conditions of order 1. LéE) = {F,...,F_} be complete and bbe the class size of the elements dependent
only on x of the representative set of the well-formed set of the transformeEgedf (E) after a generalized
transformation. Then

1 1 1
@ @ B(l; B(L2>
rank : : =l; = rank B(l) Bl(_) =L—Ij.
1 . .
<P(L) (H(_S)

Theorem 9 (157,IV,3). Let F, ..., be generalized forms Witﬂ}eg(g(j) =n; and Fj(l) = B< )F1+ A+ B FL the
passivity conditions of order one. LEE} = {F1,....F_} and{Fj(l)} be complete. By the substitution

x;=alyy, Xo=ay1+ys, ..., Xm=awy1+Ym (16)

{F1,...,R} changesintdF} = {F1,...,F_} and{F(l)} into {F }. The passivity conditions of order one{df}
=ty

are split up in such a way that only ﬁ(ll) =0,. F(L_ = 0 do the expressions ¥, +1,...,y1FL appear, but not
in the remaining passivity conditions
oY ,1=0,... (19)

If the substitution f, := yfag changes the form&F} = {Fy,...,F } into {(F)} = {(F1),...,(FL)}, then{(F)} is
also complete and the passivity conditions of order ongBf} are given by (19).
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Theorem 10 (159,1V,4).If {F},{F}, {f(l)} are stated as in Theorem 9, thed ¥} is complete aneﬂf(l)} is closed
under ordering (b), thedF} is also closed under ordering (b).

Theorem 10a (161,1V,4).1f a set(E) of generalized forms Witdegcg(j) = n; is closed under a fixed ordering then
it is also closed under the ordering (b).

Definition 34 (161,IV,5). Let (F) be a set of generalized forms with déa = nj, which is closed and has a nor-
malized representative set. The recursively formed passivity conditions

FO = $BYF =0 (31)
25F

F =y 8" F" Y =0 (31n)

are called theassivity conditions of type 1,., type h

Theorem 10b (162,1V,5). The number of types of different passivity conditions of a closed sgt in X, is at most
m—1.

Theorem 11 (162,1V,6).If the set(E) is complete and if the left sides of their passivity conditions of all types form
complete sets, then the set of all forfi¥s} which arise from F via the transformation

xi:a,-(l)y1+...+ai(i)yi (i=1,...,m) 3)
is closed under the ordering (b).

Theorem 12 (166,V,2).Hypotheses: LetE) = {fi,..., fLi1} be given with {,..., f_ linearly independent, but
fLi1,..., fLyT linearly dependent onif..., f_. After a general transformation, I€E) be closed with linearly
independent form®, ..., ®., and linear dependent forntg, , 1, ..., P, 47,. The dependency relations lead to

L+T

Q= ; AVf =0, (13)

Among theDy, ..., by, there exist\11 = ml — Lx41 passivity condition@(ll) =0,..., Py, = 0. By multiplying

by vi,...,¥m, equations (13) lead to the passivity conditions

L+T

b= 3 A= 0 (16)

in which
wl, sy l*lJAk+1 (18)

are linearly independent with
Dirr =N(K+Lm)(L+T) — Lics1.

Claim: For n> k+ 1, the left side of the passivity conditions of order n form a module with.., i, , as
generators, where thgy; are interpreted as generalized forms with indices f., f_. 1.
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Lemma 3 (168,V,3). With the notation of Definition 33 and Theorem 12, we have;,lfpf are changed intd f;),
(y;) by applying the transformation

Yisr=...=Ym=0, (Civ1)
then we obtain the passivity conditions
L+T
()
gj= > & (f)=0 (23)
2
for (f1),...,(fLiT), if we carry out the transformatio(Ci..1) in the passivity conditions
LT G
gj= ) AVfi=0. (16)
PN
This means that we can choose all linear independent forms from among
LT
W)= 3 W) =o (24)
1=

Theorem 13 (169,V,4).With the notation of Theorem 12, the set of all forms

lIJ]_, ceey lIJAk+1 (18)
is closed.

Theorem 13a (171,V,5).For every set of generalized forms (see Definition 10) \dég(g“) = nj, the number of
distinct types of passivity conditions is at most m.

Theorem 14 (174,V,7).Hypotheses: Let

f1,..., fL
be generalized forms (see Definition 10) with-a ni(l), m = max{n;}. By forming the derived set of order 0 (see
Definition 19),

Fh= wﬁ]nlfni) fi (42)

arises withdeg@ n = nj, to which the hypotheses of Theorem 12 are applied (th= {f1,..., fL7} = {Fr} and
quv ey lIJAk+1 (48)

Q1,...,Qn, (48)

Hp,... Hp (48*)

Claim: Then for n> k, the left sides of the passivity conditions of order n of the set of generalized forms (39) form a
module with the set of generalized forM§] as generators.

Theorem 15 (175,V,8).Under the hypotheses of Theorem 14, the set of generalized fd87)sg closed under
ordering (b).

Theorem 15a (180,V,9).Under the hypotheses of Theorem 14, the number of types of distinct types of passivity
conditions is at most m 1 for the set 48°) and at most m for the set (39).
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3 Modern Version of Definitions and Theorems

For lack of space, we will content ourselves with noting the important changes in terminology.

In today’s usage, Gjunter’s ordering (a) in Definitions 4, 8, 12 correspogcdhtted lexicographic orderinghe
ordering (b) in Definitions 5, 9, 13 tpure lexicographic ordeand also tanverse lexicographic ordein French
literature.

For the terrmormalizedin Definition 7, we propose the terquasilexicographic

In Definitions 8, 9, (a)-normal and (b)-normal would be replacedtayled lexicographic segmewith the ideal
b, andpure lexicographic segmeniith the idealc}, respectively.

Thewell-formed sein Definition 16 is aGrobner basigprecisely: a V-basis) under the the hypotheses indicated.
We would like to retain the termepresentativandrepresentative sein the English literature (see [2]) we find the
termsleading termsandleading monomialsrespectively.

In Definitions 19, 20 and 23 we substitute: For the foffs. ., F_of the same degregwith a = (Fy,...,R) =
(pL+ W1, ..., pL+ W), thederived set of order ks the vector spac®i(g+k;a) with L =V (g+k;a) andLy =
V(g+Kk;p1,...,pL) =V(g+k;am).

The inequalities of Theorems 2 and 3 can be described by the inequdlitie§) > V (t; am) andV (g+ 1;a) >
V(g+1;b5,), respectively, and the minimality in Definition 29 is described/Mfg+ 1;a1) =V (g+1;b5).

Intoday’s usageCompleteness Definition 31 means that the syzygy module has a basis of only linear syzygies.
Closurein Definition 32 is characterized By(t;a) =V (t;ar). Theorems 6, 7 and the Corollary to Theorem 7 can
then be appropriately formulated.

Theorems 10b, 13a, 15a comprise Hilbert's Theorem on the termination of the syzygy chain, i.e. the validity of
the inequalityL(a) < n+1.

In addition to these transliterations, a more precise rendering of terminology (e.g. by quantifications) given ir
the second chapter will still prove to be necessary, see [14].

4 Results of Collation, Main Results

For this, can be summarily evaluated:

1. For the interesting theorems 1b, C,2,915 in [12], for which the pure lexicographic order (ordering (b)) is
used, no context exists in earlier work. All other theorems (in partucular. 18,appeared in work prior to
1925, the majority in 1913.

2. [12,Theorem 3] shows that Gjunter formulated the Macaulay-Sperner inequality 14 years before Macaula
and proved it in an entirely different way, which we study in the next chapter.

3. For the number of operations, Gjunter indicates algorithmic bounds up until [12,Theorem 4] and degre¢
bounds thereafter, which are extremely high.

4. Because of the necessary carry over to transformed ideals (prior linear substitution of variables with indete
minate coefficients), no practical hand calculation is possible.

5. Gjunter’s proof of the termination of syzygy chains, thus the inequality < n+ 1, is not uninteresting,
since he shows that the number of variables (tus ., X,; for him: x1,...,Xm) is an upper bound fat(a).
This leads to a successive "freezing” of variables; so the last variable can no longer be replaced.

6. Through Gjunter's Theorem 6 in [12] (in the context of [9]), relations to new areas of research (Dubreil 1949,
Mora & Moller 1984) and to Gibner Basis theory (Buchberger since 1970) ensue. We will go into this in
Chapters 6 and 7.

7. Consequently, N.M. Gjunter, together with F.S. Macaulay, can be regarded historically as founders of a cor
structive polynomial ideal theory.
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5 Gjunter’'s Method of Proving the Macaulay-Sperner Inequality

LetFy,...,R be forms of the same degrgeanda := (Fy,...,F) = (p1+ W1, ..., pL+ WL).
If U... denotes forms, power products, ideals, etc. after applying a general transformation

Yi=UXa+...+UmXm  (i=1,...,m) 1)

then let
U(pg,-..,p) =Upg,....Up) = (Qr+ W1, ..., q+ o).

Moreover, ifby ;= (T4,...,T0 ) is a lexicographic segment ideal, then for the derived sets (in Gjunter’s terminology),
the fundamental numeric relations are

L1(a) = L3 (Ua), ()
Li(p1+Wa, ..., pL+YL) > La(p1,...,p) e A3)

(2) Invariance of the number of linearly independent forms under general transformations

(3) from the linear independence of forms multipliedAy. .., xm, equality of the first power products follows,
but not conversely; thus the symhslcan occur (Theorem 1a). From this follows

Li(pr+ W, ..., pr+W) > Li(pa,....p) = Ly(Upy,...,Up)
> Li(qg,...,qu).

Now if qy,...,q were the first. power products in graded lexicographic order, then we would kbjaver; and
(a1,...,q0) = (T4,..., 1), wherebyLq(qs,...,q.) = Li(m,...,m ) and hencel/(a) > L1(1y,...,70), thus the
Macaulay-Sperner inequality (Theorem 3) would be proved trivially.

In light of the indeterminacy of the coefficientg in (1), we can still hope for the validity af; = 15. Delassus
took this for granted, but Gjunter sharply refuted this in [6,12]. In [6] he gives

(X2, X1%2,X3) C K [X1, X2, X3] (4)

as a counterexample. In particular, if we substitute (1) into the three basisi power products in (4) and perform Gau:
sian elimination (GE) with respect to the graded lexicographic order, thus in the seq@eﬂg@, y1y3,y§,y2y3,y§,

then while eliminatingy,y», we also throw awayiys unexpectedly (in spite of the indeterminacyuy), yielding

(0, G2, G3) = (Y2,Y1Y2,Y3)- This was computed detail in [18].

However, since (4) represents a pure lexicographic segment, one could hope that this effect does not occur in t
pure lexicographic order. As shown in [18], the exam(g x;x2, X1X3) yields the representative sBE, y1yz, y1ys}
after (1) and (GE) are applied with respect to the sequyﬁg@yz,y%,y1y3,y2y3,y§; eliminatingy1y» throws away
y3 as well.

Nevertheless, Gjunter was able to show in Theorem 1,{tipat .., q.} is a quasilexicographic set (he calls this
anormalizedset), which must then be used in [12,Definition 7]; the definitions of normalization given in [7,8,9,10]
are not insightful and not equivalent to Definition 7, see [24].

Thus the proof of the Macaulay-Sperner inequality is reduced to

Li(a,...,0) = La(ma,..., L), ®)

where{qs,...,q.} is quasilexicographic.

As evident from the compilation in the second chapter, many properties of graded lexicographic segments (fc
Gjunter: (a)-normal) carry over to quasilexicographic sets (for Gjunter: normalized sets). Thus Gjunter’'s methoc
of proof consists of successively converting a quasilexicographic set of power products of the same degree into
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graded lexicographic segment by means of a cega&ohange principlein the course of which only (2) and (3)
appear (eventually several times) and which finally leads to (5), which we already said proves Theorem 3.

In view of the property just cited, if the sétj1, ..., q.} is quasilexicographic, but not graded lexicographic, then
there are power products missing. We consider the last gap of this type. Gjunter's exchange principle consists
exchanging a certain number of power products occurring after the last gap with the same number of power produc
afterq, and applying (1) to the exchanged set. In any case, the representative set of the resulting transformed ¢
contains not only every element before the last gap, but also the first element of the last gap, which was missing un
now.

After several applications of this principle, all gaps are successively closed. By differentiating many cases
whose need is first illuminated by complicated examples in [5] (which Gjunter misses entirely), it is shown in [7,12]
that this exchange method is always feasible.

Applying the principle to (4) leads (see [5,18]) to replacjég/vith XoX3:

{38, x1%0, X5} — {X¢, X1X2, XoXa} — {¥Z,Y1Y2,Y1Y3}-

We can regard Gjunter’s proof ideas as simpler than those of Sperner [25], but this does not mean that it is shorte!

6 The Proof of Dubreil’'s Inequality

If the Macaulay-Sperner inequality holds for the symbglthen with the appearance of the equal sign, we must
still add L] — L1 power products to the graded-lexicographic segment and then form the derived set. Macaulay [19
and Sperner [25] prove that by iterating this process, the equal sign must appear. This was also already prov
by Gjunter [12,Theorem 4]. The degreg from where this occurs on, was defined by Dubreil [4] asgbeond
regularity index Thefirst regularity index he calls the degreig, above which the Hilbert function changes into

the characteristic polynomial. It follows from the degregof the first elements of the 1-st,, (k— 1)-th syzygy
modules andy; of the elements of the first row of theth (last) syzygy module, that

ti =max{Ti1+...+ 11+ T — N}, see[21, p. 256, w.l.o.g.]
ti =T +... +Tk-11+Tkg — N (6)

Now Dubreil [4] attempted to prove the inequality
th <ty (7)

(its importance is put into perspective bydbner bases theory). Nawis the first regularity index of a derived set,

soty =Ty, +... —I—T’k,_l_’l—l-l"k,vsﬂ —nand we would be finished if we could show thgf > 1,4 andk’ > k. But as
shown in [14], both hold. By forming derived sets, trivial components arise; therefore, by a theoreitbakGfsee
[21,Theorem 39, p. 246]K = n+ 1, verifyingk’ > k. Gjunter's Theorem 13 says that for all syzygy modules, the
corresponding passivity conditions for the derived sets are linear combinations of multiplied passivity conditions o
the final set, whereby,; > 1,1 follows.

7 Connection to Gbbner Bases

As established in connection with Definition 5 in Part XXII of this article series, Gjunter’s treatment leadsoeBr
bases for the case of equal degrees. By Theorem 7, Gjungersical formis the V-basis (see also XXII, Example

1) raised to maximal degree. The same is true faib@er bases of syzygy modules (see XXII, Chapter 4). In
[15], it was also shown that Buchberger's Axioms (G1) and (G2) in [2] correspond to Gjunter’s two conditions for
well-formed sets.
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8 Gjunter’s 1930 Conference Report

Here we deal with the Russian paper [11], which first became available to us and could be evaluated by us only aft
completion of the theses [5,14,15,18,24]. Gjunter refers to this Russian paper in [12]. We quote from the end of th
foreword in [11]:

"Therefore | decided on this lecture because some results from my old papers were unfortunately printed in spe-
cialized publications which are scarcely available and unknown to mathematicians, and thus are almost forgotten.
By the way, they are still not covered today in any other papers. Moreover, the content of paragraphs 7 and 8 of
this paper have never been published anywhere until now and currently exists only in the manuscript of a larger
work being prepared for publication.”

This passage should admittedly be modified in view of the papers [16,19,25] available by 1930. Except for this
Gjunter was aware of the meaning of his studies, through which he, along with Macaulay, are credited as founde

of a constructive polynomial ideal theory.
However, [11] is in no way merely a summary of [12], but rather represents a selection of themes of [12], in fact
in a different arrangement, which we briefly contrast as a reading aid below:

Arrangement of chapters in [12] from 1941 (every chapter is subdivided into paragraphs without subheadings).

1. Foreword

Basic Terminology

On the Set of Normalized Sets

On the Set of Generalized Forms

On Passivity Conditions

On Passivity Conditions in the Module of Algebraic Forms
Applications

No gk~ owbd

Paragraph divisions in [11] from 1930 (no further subdivisions)

1. Introduction
2. On the Set of Monomials
3. On Generalized Forms
4. On Normalized Sets
5. On the Set of Generalized Forms
6. On Passivity Conditions of Closed Sets
7. The Case of Arbitrary Sets of the Same Degree
8. The Case of Sets of Different Degrees
9. Some Applications
Contents from
omensrom | 3|5 1514| 5 [s]7] 8 s
are contained in 3 after
chap...inf12] | °| 1|32 | Thm 7 |#|%|>afters6 6

With this publication, we hope very much to have called attention to the algebraic works of N.M. Gjunter listed
here and to have inspired further analysis.

9 Afterword to this Series of Articles by B. Renschuch

The goal (via my academic teachers Hermann Ludwig Schmid, Wolfgadgr@r and Ott-Heinrich Keller) of this series

of articles was to indicate practically feasible methods to allow computation of examples. Thus | had in mind computatior
"by hand”, as carried out by the 106 total diploma and state exam candidates. However, the need for inputting them int
modern computing devices soon became clear. Perhaps it will also be possible to treat open problems of effective computati
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from fundamental ideals and primary decomposition. On the question of determining bases of minimal length, H. Bresinsk
and B. Renschuch will yet publish somethingBeitrage zur Algebra und Geometrizl. On the question of forming set
theoretic complete intersections by H-ideals, Mrs. Ute Meinhold will share something with us for monomial ideals. Otherwise
| hope that younger mathematicians will find this series of articles from the ever expanding international literature, whick
(using possibly other types of methods) will lead to a solution of these problems. Perhaps the examples given in this seri
of articles will be helpful; they were computed by the 106 candidates, who at this time are warmly thanked. To this hope,
am also encouraged by the fact that polynomial ideal theory is applicable to problems in numerical mathematics, for which
acknowledge Professors Hans Kaiser (Potsdam) and Georgij G. Rasputin (Archangelsk). The reader can learn the details fr
one of Rasputin and Renschuch’s coauthored papéBsitrige zur Algebra und Geometr&3, which (like the conclusion of

this paper) originated during G.G. Rasputin’s stay at thdagogisches Hochschule Karl Liebknecht Potsdam in the 1985-86
school year. For this successful collaboration, Georgij G. Rasputin is sincerely thanked.

Further thanks go to my friend Professor Wolfgang Vogel (Martin Luther University, Halle) who coordinated these articles,
both here and abroad, with the work of members and cooperation partnersfdfieieaic Geometryesearch group.

With that, | would like to end this series of articles, say goodbye and thank all my readers for valuable advice. Specia
thanks in this regard goes to Henrik Bresinsky (Orono, ME) for so many written and oral (during his five month stay in the
DDR) suggestions. In conclusion, | thank Professor Wilfried Gerstmeyer, district school board member of the Frankfurt (Oder
district, for the special challenge of aspirants and diploma candidates from his district. For the technical side, | thank finall
those responsible for the Scientific Journal, Professor Fritz-Joachiiit&and Mrs. Ursula Kramm, as well as Miss Carola
Sperlich and Mr. Fritz Reinicke (Berlin).

References

[1] B. BuchbergerEin algorithmisches Kriterium fur diedsbarkeit eines algebraischen GleichungsystgdnsAlgorithmic
Criterion for the Solvability of a System of Algebraic Equatioseq. Math.4 (1970), 374-383. English translation by
M. Abramson and R. Lumbert in B. Buchberger, F. Winkler, gggdbner Bases and Applicationsondon Mathemati-
cal Society Lecture Notes Series 251, Cambridge University Press, 1998, 535-545.

[2] B. BuchbergerOn Certain Bases of Polynomial Idealdniv. Linz Inst. f. Math. Rep53, 1976, 1-58.

[3] M. Demazure.Notes informelles de calcul formel I. Functions d’Hilbert-Samuel dggpMacaulay, Stanley et Bayer
[Informal Notes on Symbolic Computation I. Hilbert-Samuel FunctiolasMacaulay, Stanley and BayePreprint169
Centre mathéc. polyt./Lab. Rech. ass. CNRS, 1984, 1-21.

[4] P.Dubreil.Lafonction caractristique de HilberfHilbert's Characteristic Functioh In Algebre et thérie des nombres,
Collogue internationaux du CNRZ!(1950), 109-114.

[5] A. Falkenthal. Vergessene Arbeiten des Leningrader Mathematikers N.M. Gjunter zur Polynomideale Il. Die Arbeit
Uber die Macaulay-Spernersche Ungleichung von 1%b8gotten Works of Leningrad Mathematician N.M. Gjunter on
Polynomial Ideals Il. The 1913 Paper on the Macaulay-Sperner Ineqlidiiploma Thesis, BRdagogische Hochschule
Karl Liebknecht, Potsdam 1985.

[6] N.M. Gjunter. Zamycanie po povodu memuara E. Delassus pod’zaglaviem’: Extensioréderie de Cauchy aux
sysemes les plus &péraux déquations aux érivee partielles]A Note Concerning E. Delassus’ Memoir Entitled:
Extension of Cauchy’s Theorem to More General Systems of Partial Differential Eqatiadanie Inst. liZ. Putej
Sool¥tenija Imp. Al. 1.80(1910): 1-2.

[7]1 N.M. Gjunter. Ob odnom’ neravenstja iz’ teorij zjalych'racional’nych’ funk¢ipn an Inequality from the Theory of
Polynomial$. 1zdanie Inst. Ii2. Putej Sookenija Imp. Al. 1.84(1913): 1-18.

[8] N.M. Gjunter. O kanonéseskoj form’ sistem’ odnorodnach’ uravnef@n the Canonical Form of Systems of Homoge-
neous Equatiorjsizdanie Inst. 2. Putej Soo&enija Imp. Al. 1.84(1913): 1-22.

[9] N.M. Gjunter. O zavisimostjach, svjazyvditich’ dannyja odnorodnyja funkcjjOn Dependancies Between Given Ho-
mogeneous Functiohdzdanie Inst. 2. Putej Sooktenija Imp. Al. .84 (1913): 1-20.

[10] N.M. Gjunter. O rasprostranenii teoremy Cauchy na ljubuju sistemu uravnedgstnych proizvodnyd©n Extending
Cauchy’s Theorem to any System of Partial Differential Equajiaviat. Sbornik32 (1925): 367-434.

[11] N.M. Gunther [N.M. Gjunter].O moduljach algebrdieskich fornrfOn Modules of Algebraic Fornhs Trudy pervogo
Vsesojuznogo s’ezda matematikov, Charkov 1930. 240-253. OGIZ, Moskau/Leningrad 1936.

47



Polynomial Ideal Theory Translation

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]
[21]
[22]

[23]

[24]

[25]

[26]

N.M. Gunther [N.M. Gjunter]. Sur les modules des formes @ligaiques/On Modules of Algebraic Forms Trudy
Thilisskogo Matem. Inst9 (1941): 97-206.

N.M. Gjunter. Die Potentialtheorie und ihre Anwendungen auf Grundaufgaben der mathematischen [Poysikial
Theory and Its Application to the Foundations of Mathematical Phjsicentains a short biography by V.I. Smirnov
and S.L. Sobolev. Teubner, Leipzig, 1957, pp. 331-341.

P. Haut, S. Rcker.Vergessene Arbeiten des Leningrader Mathematikers N.M. Gjunter zur Polynomideale I. Die zusam-
menfassende Abhandlung von 19&argotten Works of Leningrad Mathematician N.M. Gjunter on Polynomial Ideals
I. The Treatise of 1941 Summariiedoint Diploma Thesis, &lagogische Hochschule Karl Liebknecht, Potsdam 1985.

A. Henke, D. JawinskiVergessene Arbeiten des Leningrader Mathematikers N.M. Gjunter zur Polynomideale V. Alge-
braische Aspekte in der Arbéiber Systeme partieller Differentialgleichungen von 1fR%gotten Works of Leningrad
Mathematician N.M. Gjunter on Polynomial Ideals V. Algebraic Aspects in the 1925 Paper on Systems of Partial Differ-
ential Equationg Joint Diploma Thesis, &#dagogische Hochschule Karl Liebknecht, Potsdam 1985.

G. Hermann Die Frage der endlich vielen Schritten in der Theorie der PolynomidgBhe Question of Finitely Many
Steps in Polynomial Ideal ThedryMath. Ann. 95 (1926): 736-788. English translation by M. Abramson in ACM
SIGSAM Bulletin32/3 (1998): 8-30.

D. Hilbert. Uber die Theorie der algebraischen Formpdn the Theory of Algebraic ForhsMath. Ann. 36 (1890):
473-534. English translation by M. Ackerman in R. HermaHibert's Invariant Theory PapersLie Groups: History,
Frontiers and Application8. Math Sci Press, 1978, 143-224.

K. Lehmann.Vergessene Arbeiten des Leningrader Mathematikers N.M. Gjunter zur Polynomideale IIl. Zwei Arbeiten
aus den Jahren 1910 bzw. 1913 zu einem Fehler von Delassus bzw. zur kanonischen Form und Elifrargtitien

Works of Leningrad Mathematician N.M. Gjunter on Polynomial Ideals Ill. Two Papers from 1910 and 1913 on an Error
of Delassus and on Canonical Form and Elimination, Respecliv@liploma Thesis, Bdagogische Hochschule Karl
Liebknecht, Potsdam 1985.

F.S. Macaulay.Some Properties of Enumeration in the Theory of Modular Systérs. London Math. Soc. (26
(1927): 531-555.

H.M. Madller, F. Mora.New Constructive Methods in Classical Ideal TheakyAlgebral00(1986): 138-178.

B. RenschuchElementare und klassische Idealthediidtementary and Classical Ideal ThedryMath. f. Lehrer16,
Deutsche Verlag der Wissentschaft, Berlin 1976.

B. RenschuchBeitrage zur konstruktiven Theorie der Polynomideale XIX. Zur Berechnung dritter dimeldr Syzy-
gienmoduln[Contributions to Constructive Polynomial Ideal Theory XIX. On Computing Third and Higher Syszygy
Module§. Wiss. Z. Rad. Hochsch. Potsdag8 (1984): 143-148.

C. Riquier.Les systmes cdequations aux &rivées partielle$Systems of Partial Differential Equatign®aris: Gauthier-
Villars, 1910.

K. Schulze.Vergessene Arbeiten des Leningrader Mathematikers N.M. Gjunter zur Polynomideale 1V. DiglBdpeit
Syzygientheorie von 19J8orgotten Works of Leningrad Mathematician N.M. Gjunter on Polynomial Ideals IV. The
1913 Paper on Syzygy Thetriploma Thesis, Rdagogische Hochschule Karl Liebknecht, Potsdam 1985.

E. SpernerlUber einen kombinatorischen Satz von Macaulay und seine Anwendungen auf die Theorie der Polynomide
ale [On a Combinatorial Theorem of Macaulay and its Application to Polynomial Ideal Thedgh. Math. Sem.
Univ. Hamburg7 (1930): 149-163.

W. Trinks. On Improving Approximate Results of Buchberger's Algorithm by Newton’s MefPiegbrint. Univ. Karl-
sruhe Inst. f. Math. 11, 1986, 138-178.

A shorter Russian version of the paper printed on pages 111-124 has appeared in the mean time in Vestr
Leningradskowo Universiteta 1987 (1), 119-122.

48



