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Abstract

We give an algorithm to compute the following cohomology groups on U =C" \ V(f) for
any non-zero polynomial f € Qfx,....x,]:

1. H"'(U,Cu ), Cr; is the constant sheaf on U with stalk C.

2. Hk(U, ), ¢ is a locally constant sheaf of rank 1 on U.

We also give partial results on computation of cohomology groups on U for a locally constant
sheaf of general rank and on computation of H*(C"\ Z,C) where Z is a general algebraic set.
Our algorithm is based on computations of Grébner bases in the ring of differential operators
with polynomial coefficients. (© 1999 Elsevier Science B.V. All rights reserved.

MSC: 14F40; 14Q99; 55N30

0. Introduction

In this paper, we give an algorithm to compute the following cohomology groups
on U=C"\ V(J) for any non-zero polynomial f € Q[x;....,x,]:

1. HY(U,Cy), where Cy is the constant sheaf on U with stalk C.

2. H¥(U,+"), where ¥~ is the locally constant sheaf on U of rank one defined
by a multi-valued function f{" - /7 with polynomials fi,...,fs € Q[x] such that
=/ fsand a,...,a; €Q.

We also give partial results on the computation of cohomology groups on U for a
locally constant sheaf of general rank as well as on the computation of HY(C"\ Z,C),

where Z is a general algebraic set of C”.
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Our algorithm is based on computations of Grébner bases in the ring of differ-
ential operators with polynomial coefficients, algorithms for functors in the theory
of Z-modules [32,33], and Grothendieck—Deligne comparison theorem [10,15], which
relates sheaf cohomology groups and algebraic de Rham cohomology groups.

One advantage of the use of the ring of differential operators in algebraic geometry
is that, for example, QJx, 1/x], which is the localized module of Q[x] along x, is not
finitely generated as a Q[x]-module, but it can be regarded as a finitely generated
Q(x, &;)-module with &, = d/dx. In fact, we have 1/x* =(—1)*="(1/(k — 1)!)(5—;)"_] L
Computation of the localization of a given Z-module and computation of the integration
functor are the most important part of our algorithm. See [11] for a classical approach.

As an introduction to this paper, it will be the best to mention how we started this
project.

A connection between de Rham cohomology groups and &-modules is well-
understood theoretically. In fact, the connection is given by the Riemann—Hilbert corre-
spondence by Kashiwara and Mebkhout [20,27] between the derived category of con-
structible sheaves and the derived category of bounded complexes of Z-modules whose
cohomology groups are regular holonomic. The correspondence has yielded fruitful re-
sults in algebraic geometry and the representation theory. The authors were convinced
that it should also give fruitful results in computational algebraic geometry. However,
there had been only a few results to this direction because we have to deal with left
and right modules simultaneously. After [32], this difficulty was essentially removed
and we tried the following computation.

Let us consider the differential equation for the function f = (x — u)?(x — v)? where
u, v, a, b are rational numbers with u < v and a + b ¢ Z. The function f satisfies the
differential equation

pf =0, p=(x—u)x—0v)e, —alx —v)—blx —u).
Let p be the formal Fourier transform of this operator:
p = (0 —u)(—0Cx —v)x — a(—0x — v) — b(—Cx — u)
= x0* 4+ (ux +vx +2+a+b)o, +uvx +u-+v+av-+bu

and A be the ring of differential operators Q{x, ;). We want to evaluate the dimension
of the Q-vector space
A/(Ap + xA) == (A/Ap)/x(A/Ap) =~ (A/Ap)/Im x-,

which is called the (0th) restriction of A/Ap along x=0. Now, we can apply the
algorithm for the %-module theoretic restriction in [32, Section 5] to evaluate the di-
mension. Here, we need what is called a b-function for the evaluation, which is nothing
but the indicial (characteristic) polynomial at x =0 of the ordinary differential operator
p that appears in the classical method of Frobenius; here the b-function is s(s —a —b).
Applying Proposition 5.2 in [32] with this b-function, we conclude that the dimension
is equal to one, which coincides with the number of the bounded segments of R\ {u,v}.

Next, we tried to evaluate the dimension of A,/(42p + 42§ + xA2 + yA») where
A> is the ring of differential operators generated by x,).0, and @,, and p and ¢
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are differential operators which annihilate the function f =x?y"(1 —x — »); we take
p=x(1—x—=y)é—ax+c/(1-x—y))and g=y(1 —x—yX&, —b/y+c/(l —x—)).
We evaluate the dimension, this time with a computer program [41], by iterating to
apply the algorithm for computing the Oth restriction in [32] firstly for x and secondly
for y. The result is again one, which is equal to the number of the bounded cells of the
hyperplane arrangement R?\ {(x, v) |xy(1—x—y)=0}. It is well known in the theory of
hypergeometric functions that the number of bounded cells is equal to the dimension of
the middle dimensional twisted cohomology group associated with f, which is equal
to the rank of the corresponding hypergeometric system. (Strictly speaking, it turns
out that p and ¢ do not generate the annihilating ideal {/ €4, |/f =0} for f (see
Example 4.3); however, the ideal generated by p, ¢ happens to be ‘close enough’ to
the annihilating ideal.)

Inspired by the observation above, we started the project to obtain an algorithm for
computing the cohomology groups of the complement of an affine variety by elaborating
the method sketched above.

1. Computation of cohomology groups of the complement of an affine hypersurface

For any non-zero polynomial f € Qxi,...,x,], we prove the following theorem.

Theorem 1.1. Put X =C", Y =V(f):={xeX | f(x)=0}, and U=X\Y. Then the
cohomology group H*(U,Cy) is computable for any integer k, where Cy; denotes the
constant sheaf on U with stalk C.

Note that H*(U,Cy) is the kth cohomology group (with coefficients in C) of the
2n-dimensional real C>-manifold U, underlying U. Also note that H*(U/,Cy) =0 for
k > n since U is affine and that H°(U,Cy )= C since U is connected.

In the theorem above, we may replace Q by any computable field. Here, we mean
by a computable field a subfield K of C such that each element of K can be expressed
by a finite set of data so that we can decide whether two such expressions correspond
to the same element, and that the addition, subtraction, multiplication, and division in
K are computable by the Turing machine. For example, any algebraic extension field
of Q of finite rank is a computable field by virtue of Grobner bases and factorization
algorithms over algebraic number fields.

In this section, we illustrate an algorithm to compute the cohomology groups. Cor-
rectness will be proved as a special case of the corresponding theorem for cohomology
groups with coefficients in a locally constant sheaf of rank one. In order to compute
the cohomology groups, we translate the problem to that of computations of functors,
especially to that of the de Rham functor, of 4,-modules, which are studied in a series
of papers [32,33]. Here, 4, is the ring of differential operators with polynomial coeffi-
cients and is called the Weyl algebra. The computations of functors are based on the
Buchberger algorithm to compute Grobner bases in the Weyl algebra. We shall quickly
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review the definition of Weyl algebra and the Grdbner basis. See [7,8,14,25,29,39] for
details, [38] for an introduction, and [41] for implementations.
The Wey! algebra

Ay :Q<xlv---sxna ala---a8n>

is the ring of non-commutative polynomials generated by 2# elements x;,¢;, (i=1,...,n)
satisfying the relations

xXixp = X%, 0505 = ;0
L=
0 G#))

The theory (and practice) of Grobner bases works perfectly well for left ideals in the
Weyl algebra 4,. We quickly review the relevant basics. Every element p in A, can
be written uniquely as a Q-linear combination of normally ordered monomials x“oh.
This representation of p is called the normally ordered representation. For example,
the monomial &;x;¢; is not normally ordered. Its normally ordered representation is
xlﬁf + 0y.

Consider the commutative polynomial ring in 2n variables

gr(AVl):Q[xh'"sxﬂﬁéla-"»in]

and the Q-lincar map gr : 4, — gr(4,), x?0? — x%&". Let < be any term order
on gr(4,). This gives a total order among normally ordered monomials in 4, via
x468 > x4 < x1E8 > x*E°. For any element p€ A, let in-(p) denote the highest
monomial x*¢% in the normally ordered representation of p. If / is a left ideal in 4,
then its initial ideal is the ideal gr(in.(7)) in gr(4,) generated by all monomials
gr(in.(p)) for pel. Clearly, gr(in<({)) is generated by finitely many monomials
x?¢P. A finite subset G of [ is called a Grébner basis of I with respect to the term
order < if {gr(in.(g))|q€ G} generates gr(in.(/)). Noting that in.(p) < in-(q)
implies in.(hp) < in.(hq) for all K€ A4,, one proves that the reduced Grobner basis
of 1 is unique and finite, and can be computed using Buchberger’s algorithm. Any left
(or right) ideal in 4, is finitely generated and we denote by (pi,..., p.) the left ideal
in 4, generated by py,.... pm €A,

Most constructions in the commutative algebra can be reduced to computations of
Grobner bases. This is also the case with some constructions for modules over the Weyl
algebra. For example, the construction of a free resolution of a left coherent 4,-module
is a straightforward generalization of algorithms of constructing free resolutions of
modules over the ring of polynomials. As to algorithms to construct a free resolution
by the Schreyer order, see [1, p. 167 Theorem 3.7.13], [12, Theorem 15.10] and
[37]. We note that an algorithm to compute a sheaf cohomology on the #-dimensional
projective space is given based on computation of syzygies in the ring of polynomials
[13]. Computation of an elimination ideal in the Weyl algebra is also a straightforward
generalization of computation of an elimination ideal in the ring of polynomials, (see,
e.g., [1, p. 69 Theorem 2.3.4], [9, p. 114 Theorem 2]). These two constructions will

Gix; = X0 + {
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be used in our algorithm to obtain cohomology groups (see Algorithm 1.2 Step 3,
Procedure 1.4 Step 2 and Procedure 2.2 Step 2).

However, the non-commutativity causes some difficulty in constructing various ob-
jects in the category of modules over the Weyl algebra. For example, to compute the
tensor product of right and left 4,-modules in the derived category, special care must
be taken. This problem has been an open problem since [40]. As a special (but im-
portant) case of the tensor product computation as above, we give an algorithm for
the %-module theoretic restriction of an 4,-module by using the V-filtration and the
b-function (or the indicial polynomial). As to details, see [32, Proposition 5.2, Theo-
rem 5.7, Algorithm 5.10} and [33]. Walther [42] solved a related problem of computing
algebraic local cohomology groups based on V-filtration, b-function and the Cech com-
plex. As we will see in Section 7, his algorithm gives an algorithm for Theorem 1.1
different from ours explained below.

We have explained a general background on an algorithmic treatment of modules
over the Weyl algebra. Now let us explain our algorithm to compute cohomology
groups by a top-down expansion.

Algorithm 1.2 (Computation of the cohomology groups HANU,Cu).
Inpur: a polynomial € Q[x),...,x,].
Output: H*(U,Cy) for 0 < k < n where U=C"\ V(f).
1. Find a left ideal 7 such that

1
Q Iix, —:| ~ An,/’/l
/

as a left A,-module.
2. Let J be the formal Fourier transform of /;

Xpr— — i

3. Compute a free resolution

Ly L L7 p \ L]
(RS — A’[Ii—u . Anflnf b Ar}”lo '_}An/’//J ., 0’

20
o

(po=1) of 4,/J by using Schreyer’s theorem [12, Theorem 15.10] with an order
which refines the partial order defined by the weight vector

Oy o Oy X| e X

(r---1 =1 =1

The length may be more than n + 1, but we discard higher order syzygies

e
AP m >+ 1.

4. Compute the cohomology groups of the complex of Q-vector spaces
/ . po 18
An,’/(xlAn + - +ann)®A,,An P

Then, the (K — n)-th cohomology group Ker (1 © LF=")/Im (1 @ L*=""") of the
complex above tensored with C gives H*(U,Cy).
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The step 1 will be explained in Procedure 1.4 in detail and the steps 2, 3 and 4 will
be explained in Procedure 1.8 in detail.

The main purpose of this paper is to show the correctness of this algorithm and
related generalized algorithms. Here is a good place to overview the contents of each
sections.

In step 1, we derive systems of differential equations for f~. We will prove
Theorem 1.1 in a more general form Theorem 2.1, which deals with cohomology
groups with coefficients in a locally constant sheaf instead of C-coefficients. Although
an algorithm to derive differential equations for f " is discussed in [31], in order to
compute the cohomology groups with coefficients in a locally constant sheaf, step |
should be replaced by a more general algorithm, which will be discussed in Sections
2-4 with a proof of correctness.

Sections 5 and 6 are for steps 2, 3 and 4. The correctness of steps 3 and 4 are
shown by utilizing results of [33]. We note that the steps 2, 3 and 4 are nothing but
the computation of

Hk_H(An//((‘:lAn + -+ 8:1‘4n) (g‘ft,, A)l,/[)v

which is denoted by

ok —H k—n
/ ai= [ Q1]

Jen Jor

in the theory of %-modules. We shall prove that this cohomology group tensored with C
is equal to H¥(U,Cy) by the Grothendieck—Deligne comparison theorem in Section 5.
Here, for a left A4,-module M and a right 4,-module NV, we denote by N @3 M the
complex

Nog M 1od ' i=1,0,—-1,-2,...),

where

117\ s d /71 _ 171
M S S Y S MY - M — 0, (exact)

M is a free A,-module, d' is a left A,-morphism and M'=0, d" =0. It is known that
there exists a finite length free resolution for a given finitely generated left 4,-module
M (e.g., apply the method of [12, p. 336 Corollary 15.11] to our case).

Remark 1.3. For a left 4,-module M =A4,/I, the left A4,.;-module (A4,/0,4,) &4,
M =A,/(] + &,4,) is called the O-th integral of M with respect to x,. Why is it
called the integral? Let us explain an intuition behind this terminology.

Let f be a function of xy,...,x,. We suppose that the function f is rapidly decreas-
ing with respect to the variable x, and put /=Ann f={l€A,|/f=0}. Then the
A4,-module generated by the function f is isomorphic to the left A,-module 4,/1. Put
g(xX1.. . X)) = ff; f(x1,...,x,)dx,. Then, we have [(/ +7,4,)NA,_1]g = 0. In fact,
since any element / in (/ +0,4,)NA4,_, can be written as [ =/ +¢, 02, [y €L, L €4, we
have Ig= [ _(I| + Cpl2) fdx, = [2%_2u(I2f)dx, = 0. Therefore, g can be regarded
as a solution of the differential equations corresponding to the left A,_,-submodule
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An1 /(U +¢gAn)N Ay of A,/(0,A,) 24, M. Note that 4,/(0,4,) @4, M itself describes
a system of differential equations for [* _xj fdx, with j > 0.

Let us explain in detail the step 1 of Algorithm 1.2. This algorithm is given in [31].

Procedure 1.4 (Computing the differential equations for 1/f7"°; step 1 of Algorithm
1.2).
Input: f.
Qutput: a left ideal I of A, such that Q[x, 1/f] ~ A4,/I.
1. (Computation of the annihilating ideal of f*)
Compute

<z — f(x), E’ia, + ﬁ.g—ﬂ, + 8,,> N QL1 {x, ;).

(qxl An
Replacing #6, by —s — 1, we obtain the left ideal Ann /* in Q[s]{x,é,). (Call
Procedure 4.1 with d =1 to compute the intersection of the left ideal and the
subring Q[¢¢,](x, &;).)
2. (Computation of the b-function of f7)
Compute the generator H(s) of

{Ann /%, f) N Qls]
by an elimination order x,¢, > s.
3. Let 7y be the minimum integral root of b(s)=0. Put / =(Ann f*),_,,,. Then, we
have Qlx, %] ~ A/

The polynomial b(s) is called the (global) Bernstein—-Sato polynomial or the b-
Jfunction of f. This polynomial is the minimal degree polynomial satisfying the relation

LI =b(s)f" 3LEQIs)x ).

The left module A,/I is a holonomic A,-module (or called a module belonging to the
Bernstein class). The holonomicity of 4,// and the existence of the b-function were
shown by I.N. Bernstein. See, e.g., {4] and [5, p. 13, 5.5 Theorem]. It is known that
when [ # const, b(s) always has s+ | as a factor. M. Kashiwara proved that all the
roots of b(s) =0 are negative rational numbers for any f € C[x,,...,x,] in [18].

Remark 1.5. The left 4,-isomorphism Q[x, L/’f](—ﬂAn,/] is expressed as ¢ =@y o @
where the left A,-isomorphisms ¢; and ¢,

Qx. 1/ f1-25 A, 170 -2 4,1
are defined as

e Y =14/, o(f)= [ €A [T,
L(ro —k)---L(ro — 1)
b(ro —k)---b(rg — 1)

o1 (S = £, k=1,2,..).
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Hence, for example, we have

e (@) =ro(@fiox) frm =y (ro(@f fex)L(ro — 1) 7 /b(ro — 1)).

Example 1.6. For f=x(1 —x), we have
Ann /¥ = (x(1 — x)6, — s(1 — 2x)).
The b-function of f is s+ 1 with
(1= 2x)0 + 41+ )/ =(s+ 1)),
and hence we get

QIx. 1771~ Q{x, &.)/(x(1 — x)2, + (1 — 20)).

Example 1.7. Put /' =x’ — y*. We compute the left ideal / such that Q[x, y,1/f] ~
Ax/I. Here is a log of the output of kan/k0, which may be self-explanatory. The
system kO is a translator that compiles Java like inputs to codes for kan/sm1, which
is a Postscript like language for computations in the ring of differential operators [41].

In(9) = a = annfs(x’ — V%, [x, »]);

Computing the Groebner basis of

[vt+x° =y, —vxu+1,-3 w«usx>« Dt +Dx,2xux y* Dt + Dy

with the order u,v > other elements.

In(10) = a :

Bax?*«Dy+2xy*«Dx,—6%(—1 —5)—2xxxDx—3*yx*Dy— 6]

In(11) = b = ReducedBase(Eliminatev(Groebner (Append[a, }* — x°]),
[x, y,Dx,Dy]));

In(12) = b:

[—216%s° — 648 %57 — 642 x5 — 210]

In(13) = Factor(b[0]):

[[=6,1],[6%s+51][6%xs+71].[s+ 1, 1]]

Since s = — 1 is the minimum integral root of the h-function, we have

Qlx, y, 1/f] ~ A2/’<3x2 8, 4 2y, —2x0¢ — 3yd, — 6).

Finally, let us explain our algorithm for computing
Hk_"(An,/(alAn ot anAn) ‘g’ﬁn An,//])-

This is a detailed explanation of steps 2, 3 and 4 of Algorithm 1.2. We can compute
the cohomology groups by applying [33, Theorem 5.3] to the Fourier transformed ideal
J of 1. Correctness will be discussed in Sections 5 and 6.

Put
. an ’xl ...xn

)
wo= (11 =1 —1),

Fr= {fGAn ‘ ord,(f) < k},
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where
ord (x°2"):= — |a| + |b).

{Fy} is called the V-filtration.

Procedure 1.8 (Oaku and Takayama [33], Computing the D-module theoretic integral
of A,/I; steps 2, 3 and 4 in Algorithm 1.2).

Input: a left ideal / of A4,. (4,/] is holonomic.)

Output: The —kth cohomology groups of 4,/(614, + - + Cnds) @ﬁn A, /I for 0 <
k < n.

1. Let J be the formal Fourier transform of 7,

J =1,

= e L)

2. Let G be a Grobner basis of the left ideal J with the weight vector w. Find the
generator b(0; + --- + 0,) of

<l.l/lw(G)> N Q[()] + -t 0,7], 0,‘ :X,‘(’f?,'.

3. Let k; be the maximum integral root of &(s)=0. If there exists no integral root,
then quit; the cohomology groups are all zero in that case.
4. Let <, be a refinement of the partial order by w. Construct a free resolution

Pniny LD Py 2! 2 /
s — Ay — An e "'—’An — Ayl — 0

with pg =1 by using the Schreyer orders associated with <. The length may be

more than n + 1, but we do not need higher order syzygies 45 [; m>n+1.
5. (Computation of degree shifts) Put s{ =0 and

sf."“ = max (ordw(Li_.(H”)+sAf) (1 <i< p_k+1y)
1</<ps / !

successively.
6. Compute the cohomology groups of the induced complex

Nt , )
s FJF o+ xA) D @D Fr e, JFor xd)

1 -
L R Fo +x4,)50

as a complex of Q-vector space where x4, =x14,+---+x,4,. Then, the (k—n)th
cohomology group

Ker L_kfn//lm Lk —n—1

of this complex tensored by C gives H*(U,Cy).
In step 2, we denote by inW(Z(a.b)e J capx?0?) the w-leading form

Z capx?0”, m= max (w,(a,b)),

(ab)ed
<w.(a,b)> —=m
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where (-,-) denotes the standard inner product in Z*". Put in,(G)={in.(g)lg € G}.
One needs to compute the intersection of the left ideal in.(J)= (in,(G)) and the
subring Q[0 + - - -+ 0,]. This can be done in a procedure similar to the one explained
in Section 4.

In step 4, we compute Grébner bases with the Schreyer orders over the order <, to
construct a resolution. Note that <, is not a well-order, which causes a difficulty in
computation of Grobner basis in our non-commutative situation. There are two ways
to overcome this difficulty; one is to use the F-homogenization introduced in [28]
(see also [30, Section 3]) and the other is the use of the homogenized Weyl algebra
which has a homogenization variable 4 so that the relation ¢;x; =x;0; + h? holds. The
homogenized Weyl algebra was introduced in kan/smi1 [41] in version 2 released in
1994, See [3] on a theoretical study on this homogenization technique.

In Step 6, we truncate the complex from above by using k;; we could also make
truncation from below by using the minimum integral root of b(s)= 0, which would
somewhat reduce the complexity of Step 6. See [33] for details. Moreover, if we need
to compute H*(U,Cy) for & >/, then we have only to compute L~/ for i <n—/+1
in Step 4.

Example 1.9. We take /=x(1 — x) in Q[x]. We denote by 4 the Weyl algebra
Q{x,0,). As we have seen, we have Q[x, 1/f] ~A/{(p), p=x(1—x)0,—(2x—1). The
formal Fourier transform of p is p= — x02 — x{,. By multiplying —x from the left,
we have

—xp=006—1)+x0, 0=x0,.
Therefore the b-function is equal to s(s — 1) and k; = 1. A resolution of A/(p) is

(02 —xE) ‘
0 —A——A4—A4/{p)—0.
~2

Since k£, =1 and the degree shift by xé; — xd, is equal to 1, the truncated complex is

2 -
(X8 —x0y)

0 — Fo/(F_y + xA) FiL/(F_i +x4) — 0.
Since
Fo/(F_1 +x4)=Q, FiI/(F_, +x4)=Q + Q&
and 1-(xé? — xé,) =0 in F/(F_| +x4), we conclude that
H ' =FoJ(F_| +xA)=Q,  H=F/(F_, +x4)=Q"
Hence, the cohomology groups of U =C\ {0,1} are
HYU,Cy)y=C,  H'(U.Cy)=C~.

The two generators of H' correspond to two loops that encircle the points x =0 and
x = 1, respectively, in view of the Poincaré duality of homology groups and cohomology
groups.
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Example 1.10 (Cohomology groups of C?\ V(x* — y*)). This is the output of kan/k0.

In(43) = bb = bfunctionForIntegral([3#x?xDy+2xy*Dx, —2xxxDx—3y*
Dy —6],[x. y])

In(44) = bb:

[ =216 % 5% +432 s — 264 % 5 + 48]

In(45) = Factor(bb):

[—24,1],[3%s —2,1].[s — [L1},[3xs — 1, 1]]

In(46) = integralOfModule([3*x?*Dy+2%y*Dx,—2xx+Dx—3%y*Dy—6],
[x, v],1,1,2):

Here, 1,1,2 specify the minimum and the maximum integral roots, and the length of
the resolution respectively.

0-th cohomology: [0.[ ]]
—1-th cohomology: [1,[ 1]
—2-th cohomology: [I1,[ ]]

The output means that
HY(U,Cyy=C,  HNUCy)=C.  H*UCy)=0.

Let us explain this example a little more precisely. For f=x%— 3%, we have
Qlx, y, 1/ /] = A>/1 with

I={(2x¢, +3y0, +6, 3x2(3y + 230, ).
Its Fourier transform is A,// with
J={(=2x0, — 3y0, + 1, 3387 — 2x0,).

The b-function of 4,/J is (s — 1)(3s — 1)(3s — 2). Hence we put k; = 1. A Schreyer
(adapted) free resolution of 4>/J with the weight vector (—1,—1.1,1) is given by

-3 12 P
I . S N P B9 1

with

—2x0y — 30, + 1
3y02 — 2%,

2 A ~ 2
—9y°8,8, =3yl —4x70,

~27y%8% — 27570, + 3y + &0,

L7 =
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3yo, 2x —1

L 2xé, ~3y0,+2 -0,
9373, ~3y 0 2x |
4576, 0 =3y, +4 O

L7 = (=330, +2,-2x,— 0y, 1).
The shift vectors are given by

(51,53, 53,55)=(0,1,0,—1),

(s1,55,83,55)=(0,1,—1,0),

S% =0.

By computing the truncated complex, which is a complex of finite dimensional vector
spaces and linear maps, we obtain the result.

Example 1.11 (Cohomology groups of C\ V(x* — y*z%)). Put  U:={(x,5,2) ¢
C*| f(x,y,2) # 0} with f=x>—1?z%, Then Q[x, y.z,1/f] ~ A3/l with ] being the left
ideal generated by

- o 2.2 - 2
—2x6 —3y0, — 6, —3y0,+320., -z yl:+ 0. — 22y,

B 2 2 242 2 A
—2z°y0, — 3x°C,, —2zy*0, — 3x%0., —6230.0, — 9x°0y — 6270y,

—3z3y83 + 3x3(3y — 622y, 32407 3x36_2v —122%0. — 62°.

Its Fourier transform is A3/J with J generated by

2xé, +3y0, — 1, 3yd, — 3z0., —zﬁf()i — zﬁi,

~ ~2 ~ - 2 A2 2
2x820, — 3yos, 2x050§, —3z8%,  62x02 — 9yt + 12x0%,

—32038, — 3ydd —3828,, —327°8% —3)%a) — 1228] — 607

The b-function of A43/J is (s — 1)(2s — 1). Hence we put k; = 1. A Schreyer resolution
of A3/J with the weight vector (—1,—1,—1,1,1,1) is given by

Nt g4 g3 - g2 g1
P N ] L | | N N Y
with
L™" = (2x0, 4 3y, — 1.3y6, — 328.,2x028, — 3¥0%,

A A2 ~2 ~2 A2 2 A2
2x026}, — 3ZO:,, —z0; 0), - zﬁi, 6zx0_f + 12x0; — 9y20x,

2 A

—32030, — 30%8, — 3yd3, —32%8F — 1228 — 602 — 3)° ),
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0,61,0,0,-36.,0,¢,,0
~3282,0,3.0,0,—2,, —2x,0
0,02,0,,—¢-,0,0,0,0

0, -10},0,0,0,0,20. + 2, -2,
—202,202,0, 6., —2x.0,0,0
—3y8%,3p8%, —3z8, — 3.0,0,0, —2x,0
—3y222,3,%02,0,0,0, —z6. — 1,0, —2x
L2 = | 3yé, — 3zé-, —2x0, — 3yd, + 1,0,0,0,0,0,0
—022,,820,.0,,0,0,0, 1,0
0,2xé%,-3y,0,0,1,0,0
~08.03,0.02,0,8,,-3,0,0,0
0,2x8.6,,32,—3,0,0,0,0

3202 — 602,327 + 622,0,0,0,2,,0, -3
0,28 +62,0,0,0,0,y, -1
0,2026,,0,0,3y.,0, —=z,0

and so on. From this resolution, we get the final result

C (i=01)
0 (i=23).

H(U,Cy)= {

Programs written in the user language of kan/sm1 for algorithms in the present
paper are contained in the 1ib directory of kan/smi.

2. Computation of cohomology groups with coeflicients in a locally constant sheaf
of rank one

A sheaf ¥ on U is called a locally constant sheaf of rank m if for any x € U, there
exists an open set # > x such that the restriction ¥, is a constant sheaf C}.

Let fi,..., fa € Q[x] be (not necessarily irreducible) factors of f satisfying [ =
fi-- fu. Let ay,...,a; be complex numbers which lie in a computable field.

The left 4,-module

L(a)=Qx. 1/ /11" -+ [

is defined as follows: we define the action of ¢; and x; by

& (@)Y - m) = (Z };“‘)(g(x)/(ff’)-m+ AT o,
i1 Ut

X ((g)/ 7Y - m) = xeg(x)/ [ - m,
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where m= f{"" - - f* and g(x) is an arbitrary polynomial. In fact, we can easily check
that
O - (x(g/ fPym) = (Crxx ) - ((g/ /7 Im)
and hence our definition of the action is well-defined.
The left 4,-module

Play=A4,f" - fi

is the left 4,-submodule of L{a) generated by m.
Put

¥ = Homy (P(a), OF)),
where (¢} is the sheaf of holomorphic functions on the complex manifold U =C" \
V(f). Here we endow U with the topology as 2rn-dimensional real smooth manifold
(the classical topology) instead of the Zariski topology and we denote it U,;. When
the left 4,-module P(a) is expressed as 4,/l(a), we can regard ¥~ as a sheaf of
holomorphic solutions on U of the system of linear partial differential equations /(a);
we have, for a simply connected open set u C Uy,

P (u) = {f 0Tl f=0for all [ €l(a)},
where the isomorphism is given by
P30 o) € C ),

The C-vector space ¥ (u) is one dimensional and spanned by the function f}" --- 7,

which is a multi-valued analytic function on U, since /(a) contains

d a7
fG*‘Z%EQ) (k=1,...,n).

Thus, #7 is a locally constant sheaf of rank one.

Theorem 2.1. The cohomology group H*(U,¥") is computable for any k > 0.

This theorem is a generalization of Theorem 1.1. In fact, when ¢, = --- =a,; =0,
the locally constant sheaf 7~ is the constant sheaf C,. In order to prove this theo-
rem, we need to generalize Procedure 1.4 to compute a left ideal /(a) of 4, such
that L(a)=A,/I(a) where I(a) is, intuitively speaking, the differential equations for

(f~") " -+ /¢ with an appropriate nonnegative integer v.
We introduce the Weyl algebra
Ad+11 — Q<l|a T 7tdaxla s sxna(’}[]: s 7(’3/‘1’(315 e 6}‘1)'

for our computation of /(a).

Procedure 2.2 (Computing L(a)).

Input: f,f1,..., fa.15....a4.
Output: a left ideal I(a) of 4, such that L(a)=Qfx, 1/f]1f{" --- [ ~ A./I(a).
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‘/

1. (Computation of the annihilating ideal of /7" -- with indeterminates s,,...,84)

Compute

6= fix) (G=1,....

N Q[[l (’31\ yeres Z([(?[d]()C, (’x>-

Replacing each 7,¢,, by the indeterminate —s; — 1 in generators of the intersection,

f/ +5 (171 J:l,...,d)>

we obtain the set
G()(—Sl - 1,. ¥ 1 ) = {Q,(x, ax- —5 -1 ),. Cey Qk(,X', (A’x, -8 — 1)}
(Call Procedure 4.1 to compute the intersection of a left ideal and the subring
Qlt1d,,,...,1,0,]{x,¢,).) The left ideal I(s) of Q[t18,,.....140,,](x, ) generated
by Go(—s — 1) gives the annihilating ideal for f7"--- £}
2. Compute
() Nx) e fa(x)) N Qlst,....5q]

by an elimination order x, ¢, > s1,...,84. Let G(s) be a set of generators of the
elimination ideal above.
3. Choose a positive integer v such that the set

(a; —vy.oyaq —v) —ZLoo(1,...,1)
does not meet the zero set
V(Gi(s))={veC?g(v)=0 for all g(s)€ G\(s)}.
4. Output
I{ay:={(Go(—a; +v—1,....—ag +v—1))

In the above procedure, /(a) is the annihilating ideal of f{"~"--- f{7". The annihi-
lating ideal of f}"--- 4’ can be computed as the ideal quotient /(a) : (4,/") through
syzygy computation by means of Grébner bases.

Let us present an algorithm to compute the cohomology groups KU, .

Algorithm 2.3 (Computing the cohomology groups H*(U, 7")).
Input: £, f1,..., fa-ai1,-...aq.
Output: the cohomology groups H*(U, ¥").
1. Call Procedure 2.2 with the input f, f1...., f4,—ai,..., —ay. Get the output /(—a).
2. Call Procedure 1.8 with the input / =/(—a).

3. Computation of P(a) and its localization

Put X =C”" and let ¥ be an algebraic set of X defined by the polynomial f & Q[x]
with x =(x1,....x,). Let ¢=(01....,68,) be the corresponding differentiations. We de-
note by Cy and %y =y (¢\,...,0,) the sheaf of regular functions, and the sheaf of
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algebraic differential operators on X respectively (see, e.g., [16, p.15 and p.70] and [17,
p.15]). We note that the set of the global sections I'(X, %y ) coincides with C Qg 4.,
which is the Weyl algebra with coefficients in the complex numbers. We will denote
it also by A4, if there is no risk of confusion.

In the sequel, we shall work in the category of algebraic %y-modules and prove
isomorphisms for sheaves of Zy-modules. Correctness of algorithms and procedures
given in preceding sections follows by taking global section on X' in isomorphisms of
propositions.

Put

A =P(a) =Dy f{0 - fi

The left coherent Zx-module .# is a locally free ¢'x-module of rank one on X \Y,
which is called an integrable connection and .#), , has regular singularities along Y
(see, e.g., [10,22], [6, pp. 151-172], [17, pp. 94-100] on regular singularities). Our
purpose in this section is to give a proof of correctness of Procedure 2.2, which also
gives an algorithm to compute the localization .#[1/f]:=Cx[1/f}&¢, 4. A[1]/f] is
a holonomic system on X (Theorem 1.3 of Kashiwara [19]) and coincides with .4 on
X\Y.

We outline a method to compute #(a)[1//] for given non-constant polynomials
fiseos Jo and a=(ay,....aqz) with f:= f--- f4. Here, we assume that a; lies in a
computable field.

Let s=(sy,...,5;) be commutative indeterminates and put

()= Cxls, AU 1

which we regard as a free Cx[s,1/f]-module. Put 2(s):= Zx[s]f" - f,".
Then the set of global sections I'(X, £(s)) of #(s) coincides with Clx,s, VIS
75, and that of 2(s) with A,[s1/}" -~ /3.

Definition 3.1. The (global) Bernstein-Sato ideal B(fi...., fu) in Q[s] is defined by
B(fis-oos f1):={b(s) € QIsIB) S - f3 € Auls)fy - /7]

The step 2 of Procedure 2.2 gives an algorithm to compute the Bernstein—Sato ideal.

Proposition 3.2 (Sabbah [35]). There exist a finite number of linear forms Li(s),...,
L.(s) in s with nonnegative integer coefficients, and nonzero univariate polynomials
bi,....b., such that

b(s):=bi(Li(s)) - bilLp(s)) € B(S1,- .-, fa)-

In particular, for any a=(ay,...,ay)€CY, the intersection of {(a1 — v,...,aa — V)
[ve N} with

V(B Sf1s.o o f)) = {5 =(s1,...,50) €CI|b(s)=0 for all b B(fi,.... fa)}

is a finite set.
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The following proposition tells us that if ¢ is generic, then the localization #(a) of
P(a) agrees with Z(a).

Proposition 3.3. Assume that a=(ay,...,as) < C¢ satisfy that (a; —v,...,aq — V) is
not contained in V(B(fi,..., fq)) for all v=1,2,3,... . Then #(a)= ¥(a) holds. In
particular, the Ox-homomorphism [ . P(a) — P(a) is an isomorphism.

Proof. In the notation of Proposition 3.2, there exist b(s) € B(f\,.... fz) and p(s) € 4,[s]
such that

PSS =
and b(a; — 1,...,aqy — 1) # 0. Then we have

a|~l .

‘ W =blay — L.oyag— D) plar — 1, ag — 1) fE - f,

) —V dy—V

Proceeding in the same way by using the assumption, we know that f] R is
contained in #(a) for v=1,2,3,... . This implies #(a)= ¥(a). 0O

Next, we shall see that the localization ¥(a) agrees with 2(a; — vo,...,dq — Vo)
for an integer vy determined by the zero set of the Berndstein—Sato ideal. In order to
prove this fact, we need a lemma.

Lemma 3.4. Cx[1/f] is a flat Cy-module.

Proof. This should be well-known (e.g. this is a special case of Lemma 1.1 of [21]).
Here we give a direct proof. Let 1 : X — .V be an arbitrary injective (y-
homomorphism. We have only to show that 11 : A [1/f] — A[1/f] is also injective.
An arbitrary element of #[1/f]=Cx[1/f] ®¢, A is written in a form f ' ® u with
some u € # and vEN. Then f~" & (u)=0 if and only if f/*i(u)=0 for some peN
(cf. Lemma 7.2 of [32}]). This implies that 1 ® is injective. This completes the proof.
O

Proposition 3.5. Fix an arbitrary a=(a,,...,aq) € C%. Let vo be a positive integer
such that (a;—v,...,a;—v) is not contained in V(B(f1,..., f4)) for any integer v > vy.
Then we have

Pl f]=L(a)=P(a\ — Vo,...,a0 — Vo).

Proof. Consider the short exact sequence
0 — P(a) = L(a) — L(a)]P(a) — 0, (3.1)
where 1 is the inclusion. First note that (#(a)/#?(a))[1/f]=0. In fact, any section v
of #(a) can be written in the form v=gf{"~"... f7*~" with g€ Cx and v & N. Hence
we have f"ve& Z(a). This implies (L(a)/?(a))[1/f]=0.
Since C'x[1//] is a flat "y-module, we have from (3.1) an exact sequence

0 — P(a)1/f1 2 #@a)1/f] — 0.
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Since L(a)[1/f]= ¥(a), we have proved the first equality of the proposition. The
second one follows from Proposition 3.3 since ¥(a)=%(a; — vp,...,aq — vy) (f is
invertible in £(a)). O

Proposition 3.6. Under the same assumption as in  Proposition 3.3, the % -
homomorphism (specialization s = a)

P2 ((s1 —a)P(s)+ -+ (54 — aa)P(5)) — P(a)

is an isomorphism.

Proof. Assume that a section u:= p(s)f]"' --- f;* of P(s) satisfies p(@)=0, where u
denotes the modulo class of u. Then there exist g(s),....¢qs(s) € Cx[s] and v €N such
that

d
u= Z (‘SI - aj)gj(S)_fiﬁi" S ;;d—\'.

j=1

By the same argument as the proof of Proposition 3.3, we can find A(s)€ Q[s] and
Q(s) & Zx[s] such that

Bs) [T e S =) S
and b(a) # 0.
There exist ¢1(s),...,cqy(s) € C[s] which satisfy

d
bla) — b(s)="Y _ (s; — a;)ei(s).
j=1

Hence we get

d
blay = (5<S>P<S>+Z<s.fAa_,-)c_,(s)p(s) Sy

Jj=1

J

d
D s = ap b)) /7T ST el P £
=1
d
= (57 = @ g()Q) + ()N ST -+ £
j=1
Since b(a) + 0 by the assumption, we conclude that u e (s; — a;)2(s) + - -+ + (54 —
ag)P(s). Hence p is injective. The surjectivity is obvious. ]

Let us consider the problem of finding the annihilating ideal of f" --- f7.

Let A; be the Weyl algebra on the variables ¢t =(¢1,...,%;). We denote by 4,%y :=
Ay ¢ 2y the sheaf on X of the differential operators in variables (¢,x) which are
polynomials in ¢. We follow an argument of Malgrange [26] for the case of d = 1.
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We can endow #(s) with a structure of left 4;%y-module by

t,/(g(x,.v){fi“l o f(;’)

= GOS8 LS ) [ ST (3.2)
A (g ) f7 - )
= S sy = s ) [ T (3.3)

for g(x,s)€ Cx[s,1/f] and j=1,....d.

Lemma 3.7. Let A" be the sheaf of left ideals of Ay%yx generated by

= i) (j=1...4d), (3.4)
ay, +2 m’(’, (i=1,....n). (3.5)
iz

Then each stalk of A7 is a maximal left ideal.

Proof. By a coordinate transformation
n=t - filx) (j=1....d) x=x
we can reduce to the case where fj=---=f;=0. In that case, the statement is
obvious. [J
Proposition 3.8. We have
W ={pcda@i|pfi - 13 =0).

Proof. It is easy to verify the inclusion C by using Egs. (3.2) and (3.3). Since .4 is
maximal, we obtain the equality. [J
We put
F(s)y = {plsye Zxls]| p(s)fi' -+ f;' =0}

Proposition 3.9. For a Zariski open set u of X, we have
I'(u, #(s))
P51 = Lo —sq = D P16y a0,V ET @ A N[00 100y, D}
Proof. By Egs. (3.2) and (3.3), we get the relations
sp= = Oty = — L0, — 1 (j=1,....d).

Hence %y[s] is isomorphic to the subring @y [11dy,,...,448,,] of A;%x. This implies

the conclusion. [
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Proposition 3.10. Procedure 2.2 is correct.

Proof. The correctness of step 1 follows from Proposition 3.9.

To verify the correctness of step 2 of Procedure 2.2, one has only to note that for
b(s) e Q[s], we have b(s) € B(f1,..., fq) if and only if b(s) belongs to I'(X,.#(s)) +
Auls1/.

The correctness of steps 3 and 4 can be shown by taking global sections in sheaf
isomorphisms given in Propositions 3.5 and 3.6. ]

As to our experiments, it is more efficient that one eliminates &, first, and then
elminates x in step 2 of Procedure 2.2. However, even with this, the complexity of
Procedure 2.2 is huge.

4. Computation of the intersection of a left ideal and a subring

In this section, we give a procedure to compute the intersection of the left ideal

of

<r,—f,—(x) (j= 1,...,d),7f‘la,/ 1o (il,...,n,jfl,...,d)>
’ OX;

in Ay, and the subring Q[#3,,...,240;,](x,0,) of Ayy,. The intersection gives the

annihilating ideal for f{''--- f;* with the replacement 1,0, — —s; — 1.

Procedure 4.1. Input. polynomials f,..., fy in x=(x1,...,Xx,).
Output: a set of generators of the annihilating ideal .#(s) of f)"--- £’
1. Introducing indeterminates ¢ = (#1,...,%7), u=(uy,...,u3), v={v1,...,04), let I be
the left ideal of A, 4{u,v]=Q[u,v]{x.t.¢;, &) generated by

[/*Lljf]. (]:1,,d). (4])
d aF

oy, +;ijuja,, (i=1,...,n), (4.2)

L —wvy, (j=1,...,d). (4.3)

2. Take any term order on A4, 4[u,v] for eliminating u,v. Let G be a Grobner basis
of 7 with respect to this term order. Put Go={Py,..., Py} =G NA,y4.
3. For each i=1,...,k, there exist O; € Zx[s] and v;y,..., v,y € Z such that

St St Pi = 0i(x, 84,6104, taly,)
holds, where §;,:= (”7,‘/ it v>0, and S, ::tj*" otherwise. Set
Go(s) 1= {O1(x,0x, 8 )., Qr(x, Ox, 8) }.

Output: Go(—s; — 1,...,—s4 — 1) is a set of generators of J(s).

Proposition 4.2. Procedure 4.1 is correct.
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Proof. First, we must show that for each / we can find S,,,.....,8,,, and O; as in the
step 3 of Procedure 4.1. Fix any j with 1 < j < d. Then the generators of / given in
the step 1 are homogeneous with respect to the weight table #7; below:

W

Variables X, 0, (1 <i<n) L a, u; vy iy Crttg, U (K £ )

Weight 0 -1 1 -1 1 0

Moreover, the product of two operators preserves the homogeneity with respect to
# ;. Hence each element of Gy is homogeneous with respect to #; and free of u and
. This enables us to find a suitable multiple O; of P; as in the step 3.

Now let us show that each Q:(x,c,,—s — 1) belongs to .#(s) with the notation
—s—1=(—s;—1,...,—s4—1). By the definition, P; is contained in the ideal generated
by (4.1)—(4.3). Substituting 1 for every u; and v;, we know that P; belongs to .17,
which is the annihilating ideal sheaf of f}'--- /), since it does not depend on u,v.
Hence Q;(—s — 1) belongs to .#(s) in view of Proposition 3.9.

Conversely, let p(—s — 1) be an arbitrary section of .#(s). Multiplying by a polyno-
mial, we may assume that p(#,0,,,...,%sC,, ) belongs to the left ideal of 4,_; generated
by (3.4) and (3.5) making use of Proposition 3.9 again. That is, there exist R;,S; € 4,4
such that

d n .
| _ of;
P td@ )= S R~ DS |+ D S E (4.4)

i=1 i=1 i=1

We can homogenize the both sides of Eq. (4.4) by adding » with respect to the
weight table #7;. By performing this procedure for every j=1,...,d, we obtain a
homogenization of Eq. (4.4) with respect to all #7,..., # . The left hand side of this

homogenization is in the form ! --- Y p with nonnegative integers ui,...,y since
1 d

p itself is homogeneous. Thus u}' -/ p is contained in the ideal of A,[u] generated

by (4.1) and (4.2). This implies that

S (VSN R ¥ B et
p=(1—u w, vy v, ) p +u uy' vy vy p

belongs to /. Since G is a Grobner basis of 7 with respect to a term order for eliminating
u, v, there exist Uy,..., U, € 4,4 such that

k
ptién,. . tab) =Y UiP;.

=1
Since p and P; are homogeneous with respect to each #;, we may assume that so
is U;. Moreover, since the weight of p is zero with respect to each #7, all U; are
written in the form

T te, oA -
Ui=Ui (618,140, )81, Sdouy
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with some U/ € 4,[t1¢,,,...,146,,]. Hence p(s) belongs to the left ideal of 4,[s] gen-
erated by Gy(s). This completes the proof. U

Example 4.3. Consider /' =x"y2(1 —x — y)®. .#(s) is generated by
Vs + vsa + ys3 — 53 — 0y — }’20_\, + ¥0y,
XS]+ X52 + X853 — §| — x20¢ — yx0y + x0y,
XS5y + sy + ys3 — 8$» — yxd, — )1227}, + vé,.

Note that this ideal is strictly larger than the ideal generated by trivial annihilators

*(1 = x = )0y = x(1 —x — WS /ex)/ /.
Y1 —x — )0, — (1 —x = WY@f/or)/].

5. Twisted de Rham cohomology group

In this section, we shall explain that computation of &-module theoretic integrals of
L(a) gives the cohomology groups H*(U, ¥"), which is nothing but what Grothendieck—
Deligne comparison theorem says; the contents of this section should be well-known
to specialists. However, they are not explicitly explained in the literature.

First let us recall the integration functor for Z-modules. In general, let .# be a left
Zx-module (or, more generally, a bounded complex of %y-modules) defined on X.

Then the integration of .# over X is defined by
/ M= RIO(X,Qy @, M)
X

as an object of the derived category of C-vector spaces, where R and L denote the
right and the left derived functors in the derived categories, I is the global section
functor, and Qy is the sheaf of algebraic n-forms on X, which has a natural structure
of the right #x-module and is isomorphic to Zy/(0\%x + -+ ¢, %y ) since X is the
affine space. For i € Z, the ith cohomology of [, .# is denoted by [y .#, which is
a C-vector space. R'T'(X,.17) is often denoted by H'(X,.47). See, e.g., [12,16] for an
introduction to the mechanism of derived functors.
Now put

d
AL
h,-:Za/iLf/ (i=1,...,n)
2447,

ox ;

Let .# be the left %y-module .# :=%y/.#, where .# is the left ideal generated by
fé; —h; (i=1,...,n) with the polynomials #; defined above. Here, we note that 4,
satisfy the integrability condition

¢

a
(hi/f)= g(h;/f) (I <4, j<n), (5.1)

('?xj
and the function f""--- fJ is annihilated by the operators f¢; — ;. .# has regular
singularities along (the non-singular locus of) Y =¥(/) and also along the hyper-
plane at infinity of the projective space P* [10,22]. .# and #(a) are isomorphic as
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Zx-modules on X \ Y. In fact, both are simple holonomic systems and there exists a
natural %y-homomorphism of .# to #(a) which sends the modulo class of 1 € Zy to
Si - f4. However, these two modules are not isomorphic on X in general.

Let us denote by @) the sheaf of regular (algebraic) i-forms on X. We use the
notation ¢ =(¢y,...,¢,) with ¢;:=08/Cx;. Let us denote by DR(.#) the complex

. { d d
0— QY @0, MSQy Doy M55y Doy M — 0,

where d is defined by
d(dx, A Adxy, @uy= " dx; Adxg, A Adxi, @ (Gu)

J=1

for ue€ 4. Here we regard Q' ©., .# as being placed at degree i/ — n. In particular,
the cohomology groups of DR(Zy ) are given by

. Qy if (=0,
H(DR(Zx)) = .
0 otherwise.

Hence we have an isomorphism

Qy &7, M = DR(Zx) @y, M =DR(M).
Since QL\ @¢, # is a quasi-coherent €y-module and X is affine, we have

HY X, Q4 20, . #)=0 (k> 0).
Hence by using the standard argument for the sheaf cohomology, the integral which is
explicitly represented by a complex [ A =RI'(X;DR(.#)) is equivalent to

] ‘ 1 n

0= (AZY ML (NT Y@z ML L (A2 2, M — 0, (5.2)

where M :=T'(X,.#) and

dej, N---Ne;, Ru)= z:ej/\e,-l A Ney, @ (0ju)
j=1
with the unit vectors ey,...,e, of Z".
The de Rham complex DR(.#[1/f]) of the localization .#[1/f]:=COx[1/f]®¢, H
is defined by

0 Q) @, H[1/F15 Q) @¢, ML Q20 M1 —0, (53)

where d is given by

ddxi N ---Ndxy, @ u)= dej Adxg N Adxy, @ (Cu)
j=1

for uec #[1/f]. As %x[1/f]-module (not as ¥x-module!), there is an isomorphism

AN fY = D SINTxD U = I f ™)+ + Dx1/ WP = haf 7).
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Let P be a section of .#[1/f]. Then there exist O; € Zx[1/f] and r € Cx[1/f] such
that

P=3"006 ~hf ) +r.
=1
Such r is determined uniquely. Then we define @(P)=r. Hence

@ M) f]— Cx[1/f]

defines an isomorphism as (x[1/f]-module. By transforming the complex (5.3) by
means of this ¢, we get the following complex that is isomorphic to (5.3):

0— Q715 e/ 1% - Zayny/f1—o, (5.4)

where V, which is called an integrable connection, is defined by

" Sou  h
V(udxi, A+ Adx;, )= ; (E + 7’u> dx; Adxi, A Adx,,
for ue Cx[1/f]; in fact, we have
u h;  Ou
Ao u=ud, + — = y-L 4+
0 - u=uc; + 2x; uf + 3,

modulo Py[1/f1(01 — A f 1)+ -+ + Zx[1/f1(8n — hof~"). Thus the integral fX
A1) f1=RI'(X,(5.4)) is isomorphic to the complex

0 — TGRS FOGe /DS S TG Q1 f]) — 0 (5.5)

since Q% [1/f7 is a quasi-coherent (’y-module, X is affine and hence H*(X, QL fH=0
for £ > 0 (see, e.g., [16, p. 205, Proposition 1.2A, p. 215, Theorem 3.7] and [36]). The
cohomology of this complex is nothing but the algebraic twisted de Rham cohomology
with respect to the local system on X \ ¥ defined by the equation Vu=0 for u € (¢".
When .# =2(a) on X \ 'Y, (5.5) gives the algebraic twisted de Rham cohomology
groups associated with the local system defined by #(—a), i.e. the cohomology groups
of X'\ ¥ with coefficients in the locally constant sheaf

V= %()mﬁ/,x(?)(ia)’ Of\’n) - ﬂom,@,x'(a7/\” Q? ®§[’,\' _)7(61)),

where Z§ denotes the sheaf of holomorphic differential operators. In fact, by applying
the functor O} ®e, to the complex (5.3), we obtain a complex of sheaves on X \ ¥
whose kth cohomology group is

{ue 03| Vu=0} = Homy, (P(—a), O

if k=0 and zero otherwise.

The algebraic twisted de Rham cohomology coincides with the analytic one by virtue
of the comparison theorem of Deligne [10, p. 98 Theorem 6.2, p. 99 Corollary 6.3].
Let us summarize what we have explained.
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Theorem 5.1 (Comparison theorem [10]).
H5U, 7Y = HE (DX QY [1/£1), V) ~ H (X, DR#Z[1/f])).

As we will see in Proposition 6.1, we have moreover
H " (X DRCATL 1)) = HY (A, /(1A + -+ + 8ady) @Y An/I(a)).
Example 5.2 (Beta function). Putting X = C, we consider #(a)= Zxx"'(1 — x)* for
generic complex numbers @, and a;. We have 2(a)= ¥(a) ~ Zx/{p) with p=(x*
x)0x — (ay + a2)x + a;. The Bernstein—Sato ideal for x and 1 — x is generated by
(s1 + 1)(s2 + 1). The b-function of the Fourier transform %y /{p) with
p=xti+(x+a+a +2)0 +a + 1
is s(s +a; +a> + 1). Hence by applying Procedure 1.8 with k; =0, we have
0 = F L J(F s +x) 5 Fo/(F_y +xd)) — 0
and we get
HYU,¥)=0, H'(U7+)=C,
where U =C\{0,1} and
P (w)={uec "(w)|du/dx =(—ay/x + az/(1 —x))u}

for a simply connected open set w. Note that

e

> x(l—x)

where V=d + (a;/x —a3/(1 — x))dxA. The beta function should be regarded as

-1
/ X1 = x)%e,
J0

where ¢ =dx/(x(1 —x)) e H'(U,¥").

Example 5.3. For generic complex numbers ay,...,a,, we consider #(a)= %y H:n:1
(x — ¢;)* where c|,...,c, are distinct points in C. By applying our algorithm, we
can see that H' (U, #)=C""" and HYU,#)=0 where U=C \ {c\,...,cn} and
Y =Homy, (P(—a),0). See [2] for details on these cohomology groups and hy-
pergeometric functions.

Example 5.4 (Counting the number of bounded chambers by Z-module algorithms).
We consider a collection of hyperplanes

Li(x): Zcijxi+cl'0207 (i:l:-":m)
=1
in R" and put f = Hf": , Li(x). For complex numbers ay,...,a,, we consider #(a)=

Zy T17- | Li(x)*. The number of bounded chambers in U =R"\ |J" {x|Li(x)=0}
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Table 1
dim¢ Hi(X \ ¥, C)

f i=2 i=1 i=0 Euler ch.
Xy 1 2 1 0
xyx+ v+ 1) 3 3 1 1

Xy

(x+=y+1) 6 4 1 3

r—y-2)

is equal to the Euler number of H*(U,¥") (see [2, p.47 Theorem 2.13.1] and [34]).
Although there are several algorithms in computational geometry to count the number,
this number can also be counted by our purely algebraic algorithm. Table 1 is an
example of computation of Euler numbers by our algorithm and implementation, where
X=C*={(x,»)}. Y={f=0}.

Of course, our method is far from efficient. However, it is rather surprising that
purely algebraic computations in the ring of differential operators can evaluate the
number of bounded chambers in a given hyperplane arrangement.

6. Computation of integration

Let .# be a holonomic 2x-module defined on X :=C”. In this section, we explain
a method to translate the computation of integrals f,i # to that of the restriction
H(Zx /(D + - +x,%x) @Y .#), where .4 is the Fourier transform of .#. Our
discussion together with the algorithm of computing the restriction in [33] proves the
correctness of Procedure 1.8 and consequently the correctness of steps 2, 3 and 4 of
Algorithm 1.2,

The Weyl algebra A4, has a ring automorphism ¢ defined by

B(x)y= — &, @)=xi (i=1,...,n).

This @ naturally defines a new left A4,-module M := &(M ), which is called the Fourier
transform of M. Since .# is holonomic, M belongs to the Bernstein class of 4,-modules
(cf. [5, p. 125]). Since the Bernstein class is invariant under the Fourier transform, we
know that .#:= Ty @4, ®(M) is a holonomic Zy-module on X. By applying @ to
the complex (5.2), we obtain another complex

0 5 | P 5 N
0 — (AZ") Dy DM S(NZY Gz DM S S (N 27 M) — 0, (6.1)

where

e, A Nej, Du)= Ze_/-/\e,~l A ANey @ (xju).
J=1
Since the complexes (5.2) and (6.1) are isomorphic, we have only to compute the
cohomology groups of (6.1). Here note that (6.1) is a complex defining the restriction
of .# to the origin of X. Thus, we have the following proposition.
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Proposition 6.1. We have for any i,

H(X,DR(A)) = H'(4y/ (51 Ay + -+ + x,4,)) @5 M),

Note that .7 is specializable to the origin (i.e., a nonzero b-function exists) since
.# is holonomic (cf. [22]). Hence the cohomology groups of (6.1) are computable by
steps 2—6 of Procedure 1.8 as shown in [33]. Thus each J)Z A 13 computable as a
finite dimensional vector space and we obtain the following proposition.

Proposition 6.2. Procedure 1.8 is correct.

The heart of Procedure 1.8 is the truncation of a resolution with respect to a filtration
defined by the weight vector w by a root of b-function [33]. Let us briefly explain
the idea. Let .# be a holonomic %-module and b(s;x) be the h-function (or indicial
polynomial) along x1 =0. Then, xi- : grig (&), — gri(L#), is bijective if b(k; p) #
0 (see [32, Section 5]). Here gr(.#) is the graded module associated with the weight
vector w={(—1,0,...,0;1,0,...,0). Hence, in order to obtain the kernel and the image
of the map x,, we may truncate the high degree part and the low degree part of
the filtration of .# with respect to the weight vector w. In order to obtain all the
cohomology groups of the restriction, we need a diagram chase to determine the degree
of the truncation. As to details, see [32, Section 5] and [33].

By Propositions 3.10, 4.2, Theorem 5.1 and Proposition 6.2, we obtain the following
theorem and complete our proof of Theorems 1.1 and 2.1.

Theorem 6.3. Algorithms 1.2 and 2.3 are correct.

We close this section with the following theorem, which generalizes Theorem 2.1
when the coefficient sheaf ¥7 is expressed in terms of regular holonomic Z-module
IGM as = Hom,  (Cy, T @4, M). (As to definitions of regular holonomic systems,
see, e.g., [6, p. 302, p. 305], [17, pp. 94-100], [22].) Note that it is a difficult problem
in general to reconstruct M from a given 77, which is called the Riemann—Hilbert

problem.

Theorem 6.4, Let M be an A,-module (A,)P/I where I is a left submodule of (4,)".
We assume that . # = Gy @4, M s regular holonomic [6, Definition 11.3] and that
the singular locus of .# on X is given by f =0 with a polynomial f € K[x], where
K is a computable subfield of C. Put U=C"\ V(}f). Then the cohomology groups
HY(U, #om,,, (Cp, T3 4, M)) are computable.

Proof. An algorithm to compute M[1/f] as a left 4,-module is given in [33, Section
6] under the condition that M is holonomic. Since .# is a locally free (“y-module
on U, .#Z[1/f] is a locally free € y[1/f]-module on X. Hence any point of X has an
affine open neighborhood W so that

M 1=Cx [ [ luy & - - Cx [V fluy,
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holds on W as Cx[1/f]-module with sections u,,...,u, of .#[1/f] on W. There exist
aip € N'(W,Cx[1/f]) such that

Q=Y @, (1<i<n 1<j<m). (6.2)
k=1

Since QY ®¢, A/ f1=8x[1/f1 @e,piip) -#[1/f] and
O; Z Qiu; = Z ((@'@j)ﬂj + o, Z aijk”k) ,
j=1 j=1 k=1
the de Rham complex DR(.#[1/f]) is isomorphic to the complex
0 — QYII/fT" = QS == = QL1 /1" — 0
on W; here V is defined by

" a
Vipdx, N--- Ndxg, )= Z <% + ’cmp) dx; Ndxy N Ndxy,,
j=1 N

where a; is the m x m matrix whose (j,k)-component is a;z, and @ € Cx[1/f]" is re-
garded as a column vector, Thus we see that DR(.#[1//]) coincides with the integrable
connection on U associated with the locally constant sheaf

V= {pe(CPY (0 + 'ayp=0 (i=1,...,n)}
On the other hand, in view of Eq. (6.2), there is an isomorphism
M~ 9’{5/(“(/21,((31 —ay)+---+ gf’()j(an = ay))

on W. Let ¢ be an element of #omy, (Cy, %} @, A4 ). Then @(1) = @ u1++@puy,
satisfies

m m
0=aip(1)=> ((af(l)j)”j +o; Z aijk14k> .
ji=1 k=1
Hence the correspondence ¢ < (¢@,...,®, ) defines an isomorphism
Homey, (Oy, DY @, M) = 1.

Finally we can apply the comparison theorem [10, Théoréme 6.2] because .#|y can
be regarded as a regular connection in the sense of Deligne [10] ([17, p. 98], [22,
Theorem 2.3.2]). In conclusion, we have proved

/ A/ f1=RI(X, DR/ f)=RI(U, ¥ —n]. O
p

Example 6.5. If .# is not regular holonomic, then the comparison theorem no longer
holds. For example, put

M=Dy]{0+2x), X=U=C.
The operator ¢, + 2x is not regular at x = oo. One can verify that

HYX,DR(.#))=C,  H (X,DR(.#))=0
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by applying our integration algorithm. Now, take ¢ € #ome, (Cx, . #*). We may as-
sume that f = (1) belongs to ¢* since ¢, = — 2x in .#*. We have &,/ =0 in
#*", which means that f6, + f7 € (0, + 2x). Then, we have f’/f =2x and hence
f= qo(l):ceYz € .#*™ for a constant c. Therefore, we have #omy, (Cy, #%") ~ C.
On the other hand,

H'(X.C)=0 # H'(X,DR(.#)) and H°(X,C)=C # H '(X,DR(.%)).

7. Computation of cohomology groups on the complement of an algebraic set when
its algebraic local cohomology group vanishes except for one degree

The purpose of this section is to establish a connection between the de Rham coho-
mology of € with an algebraic set removed, and the integration of modules over the
Weyl algebra. We use the algebraic local cohomology groups lying in between these
two objects. The contents of this section except the last theorem should be well known
to specialists ([20, 23, 24, 27]).

Let X be an a-dimensional non-singular algebraic variety over C and let ¥ be an
arbitrary algebraic set of X. For an (’x-module #, the algebraic local cohomology
group Jf‘['”(f ) with support ¥ (in the sense of Grothendieck) is the ith derived
functor of the functor

Iin(F)= lim A ome (Cx/f3. 7).

where #y denotes the defining ideal of ¥. For any / > 0, Jf{”(dx) is a holo-
nomic Zy-module (Theorem 1.4 of [19]). Note that this is a sheaf and the set of
its global sections on the affine space C” agrees with the local cohomology module
H;)(C[xl,...,xﬂ]). When X = C", algorithms for computing the algebraic local coho-
mology groups have been given in [32] for the case where Y is of codimension one
and [33,42] for the general case.

In general, for a bounded complex .# of left Zy-modules, the algebraic and the
analytic de Rham functors are defined by

DR(.7) = Qy ®%, M =RH om (Cx, .4)n],

DR™(.4/™) = QF &b M =RH omg (Cx, ™[]

in the derived category of Cy-modules (cf. [20,27]), where QF' denotes the sheaf of
holomorphic n-forms and .#*" (= @V @, .

Lemma 7.1. For a quasi-coherent Cy-module .# and an algebraic set 'Y of X, we
have RTy(.# )= RI(y|(.#), where I'y denotes the functor of taking the sections with
support contained in Y in the Zariski topology.

Proof Since .# is quasi-coherent, the Hilbert Nullstellensatz implies I'y(.#) = I'yy)(4 ).
First, suppose that Y is the zeros of a polynomial f € C[x]. Let p be an arbitrary
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point of X. Note that
ANy = lim HL(U, 4y = limH ™ (U\ Y..#)=0

for i > 2, where U runs through the affine open neighborhoods of p, since U\ Y is
also affine. For i=1, we get

AL MY, = lim T(U\ Y,.20)/T(U, .4)
= lim I'(U, 4[] f1)/T(U, &)

Il

H Ly (A .

Thus we see that J/"Y(..//):csff’ty.](,,,/i/) for any i. For the general case where Y =
{fi= -+ = f4=0} with polynomials fi,..., fz, we can prove the lemma by expressing
//f y(-#) and A (M) as the Cech cohomology groups with respect to the affine
covering {X \ V(f)}¢_, of X \ ¥ (see [42]). [

Proposition 7.2. For any coherent Zy-module 4 and any algebraic set 'Y of X, we
have RI'yDR(.#)=DR(RIy|(-#)).

Proof Since .4 is a quasi-coherent (“y-module, we have

RI'YyDR(.#) = RTy(R#omy (Cy..4))[A]
= RAomy, (Cy,RTy(4))[n]
— RA#omy, (Cx,RT(y(.#))[n]
= DR(RI(y)(.#))

in view of the preceding lemma. O

Proposition 7.3. Let Cy be the constant sheaf on X with stalk C. Then there is an
isomorphism

RIy(X,Cy) =~ / Ry (Cx)[ —n].
Jx
where | — n] denotes the shift operator in the derived category. In particular, if

%’7’['”(((\)():0 for i # d, then for any i€ Z, there is an isomorphism

I—n—

d
Hj(X;Cy) =~ / H i (Cx).

Proof By Proposition 7.2 we have

[ RIw(€x) = RIGEDRART(Co))
8
— RI(X; RIY(DR(Cx)))
— RIY(X;DR(CY)),
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On the other hand, there are two distinguished triangles and a morphism between them:

RIV(X:DR(Cy)) — RI(X;DR(Cy)) 5 RI(X\ Y;DR(Cy))

l ! !
RIy(X;DR™(¢Y)) — RI(X;DR™((5")) * RI(X \ Y; DR™(EH).
Here the vertical homomorphisms except the leftmost one are isomorphisms by virtue
of the comparison theorem of Grothendieck [15]. Hence the leftmost vertical homo-
morphism is also an isomorphism. Moreover, the complex de Rham lemma implies
DR™(¢3") = Cy[n]. Consequently, we get

RI'y(X;DR(Cx))=RIy(X;DR™(C}))=RIy(X;Cx)[n].
This completes the proof. [

From the above proposition and the isomorphism H'(X \ Y;C) ~ H;“(X; C) (see,
e.g., [16, p. 212, Exercises 2.3]), we obtain

Corollary 7.4. Assume %”{y](dg\f):() for i # d. Then for any i > 1, we have an
isomorphism
ien—d ¥ 1
H(X\Y;Cy) = / Hy(Cx).
If ¥ is non-singular, we can also relate the de Rham cohomology of X \ ¥ to that
of Y itself:

Corollary 7.5. Assume that Y is non-singular and of codimension d. Then, for any
i > 1, there exists an isomorphism

H'(X\Y;Cx)~ H' ' 7Y Cy),
Hence, H(Y;Cy) is computable for any i > 0.

Proof Let 1 : ¥ — X be the embedding. Then by the Kashiwara equivalence (cf. [17,
p. 34, Theorem 1.6.1] and [19]), we have an isomorphism ,%fy](@*_y) =1, y. Thus by
using Proposition 7.3, we obtain

i —hn—d i—n—d

Hi(X;Cy) = / H iy (Cx) = /

JX

i—n—d )
1 @y ~ / 'y ~ H=¥(Y;Cy).
Jy
Combining this with the preceding corollary, we are done. [

In [42], Walther gave an algorithm to compute the local cohomology groups 9’[’6-]
(.#) with a Cech complex under the condition that .# is (f) - - - fy)-saturated. Since Oy
satisfies this condition, we can compute algebraic local cohomology groups ,}‘(’['Y]((C‘ x)
for any i > 0 where Y :={f, = --- = f; =0}. Another approach to compute algebraic
local cohomology groups of .# with a resolution and without the condition of saturation
is given in [33]. Thus, we have two algorithms for the next theorem.
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Theorem 7.6. The cohomology groups H'(X \ YiCy) for any i > 0 is computable
ifY=V({fl,.... fa), fi€Qx1,....x,] and if %"[’Y]((UX) vanishes except for one j.

This theorem generalizes Theorem 1.1 under the condition on vanishing of the local
cohomology groups .%’,’[JY](C“X). Note that if d =1, then this condition always holds.
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