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Abstract

An analytical study, strongly aided by computer algebra packages diffgrob2 by Mansfield and rif by Reid, is made of
the 3-+1-coupled nonlinear Schrodinger (CNLS) system i%,+V*¥ + (|&* + |@*) ¥ = 0, i+ V2&+ (¥ * + |]*) ¢ = 0.
This system describes transverse effects in nonlinear optical systems. It also arises in the study of the transmission of coupled
wave packets and “optical solitons”, in nonlinear optical fibres.

First we apply Lie’s method for calculating the classical Lie algebra of vector fields generating symmetries that leave
invariant the set of solutions of the CNLS system. The large linear classical determining system of PDE for the Lie algebra
is automatically generated and reduced to a standard form by the rif algorithm, then solved, yielding a 15-dimensional
classical Lie invariance algebra.

A generalization of Lie’s classical method, called the nonclassical method of Bluman and Cole, is applied to the CNLS
system. This method involves identifying nonclassical vector fields which leave invariant the joint solution set of the CNLS
system and a certain additional system, called the invariant surface condition. In the generic case the system of determining
equations has 856 PDE, is nonlinear and considerably more complicated than the linear classical system of determining
equations whose solutions it possesses as a subset. Very few calculations of this magnitude have been attempted due to the
necessity to treat cases, expression explosion and until recent times the dearth of mathematically rigorous algorithrs for
ponlinear systems.

The application of packages diffgrob2 and rif leads to the explicit solution of the nonclassical determining system
in eleven cases. Action of the classical group on the nonclassical vector fields considerably simplifies one of these cases.
We identify the reduced form of the CNLS system in each case. Many of the cases yield new results which apply equally
to a generalized coupled nonlinear Schridinger system in which ]'1’!2 + [®)* may be replaced by an arbitrary function of
|# |2 + |@|*. Coupling matrices in sl(2, C) feature prominently in this family of reductions. © 1998 Elsevier Science B.V.
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1. Introduction
In this paper we are concerned with the 34-1-dimensional coupled nonlinear Schrédinger (CNLS) system

v, + V¥ + () + @) ¥ =0,
i@, + Vo + (¥ + @) =0, (1.1)

where
2 2 2
2 _ 5_ + 8_ 4 6_
ax  ayr 972

and ¥ and & are complex-valued functions of x, y, z and . Below we discuss various subcases of this equation
which have been of interest in the areas of propagation of pulses in optical fibres and transverse effects in
nonlinear optical systems [3,56,57,62,63,76,81]. They have been of particular interest also in the field of
“optical solitons” [1,4,37,38].

In recent years there have been many studies of the propagation of pulses in nonlinear optical fibres. In a
singie mode optical fiore, the nontimear Scrddinger equaton

i, + S + WP =0 (1.2)

governs the pulse propagation in a polarization-preserving, nonlinear optical fibre with cubic “Kerr-type”
nonlinearity. Typically in optical applications ¢ and x are replaced with z and 7. The nonlinear Schrédinger
equation (1.2) is a well-known completely integrable equation solvable by inverse scattering [86] which
possesses soliton solutions. Since solitons can propagate without dispersion, it has been proposed that they be
used in long-distance optical communication systems.

For a nonlinear optical fibre with birefringence, the evolution of two polarization envelopes is governed by
a system of coupled nonlinear Schrodinger equations which in nondimensional form are

il,ﬂg + i&//T — Ky + %'/’xx + ']>:¢“\'y + %‘prr + (|’r/’k2 + a|¢|2) ¥+ ﬁ¢2¢* =0,
ipg ~ i8ps + K + Sux + Ly + L1bor + (alWf)? + [B]2) & + Byd™ =0

([56], see also [80,81]), where * denotes complex conjugation. Here ¢ and ¢ denote the pulse envelopes
along the orthogonal fast and slow birefringence axes, 7 is the normalised time, and ¢ the normalised spatial
distance along the fibre axis. The coefficients o and B represent the strength of the nonlinear coupling, which
by symmetry arguments satisty o + 8 = 1. The parameters «, & and 8 are the phase velocity, group velocity and
nonlinear birefringence coefficients, respectively (for further details, see, for example, [4] and the references
therein).

There have been a number of studies of the 14-1-dimensional coupled nonlinear Schrodinger equations

i + Y+ o (W] +ald?)y =0,
i + b+ o (@ + #])) =0, (1.3)

where ¢ = 1 and « is a constant. This equation can be derived from Maxwell’s equations (cf. [49,57,62,76])
and exact solutions of (1.3) are discussed in [57,62,63]. The integrability of the system (1.3) has been
discussed by Radhakrishnan, Sahadevan and Lakshmanan [67] (see also [6,77]) who show that the system
(1.3) satisfies the Painlevé test due to Weiss, Tabor & Carnevale [83] only if @ = 1. In this case (1.3) was
shown to be solvable by inverse scattering by Manakov [48] and Zakharov and Schulman [85]. Some recent
studies of soliton solutions of (1.3) with @ =1 include [45,65,66].
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Typically solitary wave and one soliton solutions of PDE arise from classical symmetry reductions as
travelling wave solutions, while N soliton solutions arise from classical reductions corresponding to generalized
(Lie Bicklund) symmetries. We discuss symmetry reductions in the next section and nonclassical reductions in
the one that follows. In this paper we find a rich supply of nonclassical reductions. Determination of properties
of exact solutions arising from these reductions, and whether any correspond to solitary wave solutions or
solitons not obtainable by the classical methods, is an important problem for future work.

1.1. Symmetry reductions

Increasingly, fully nonlinear qualitative, exact analytic and asymptotic methods are used to explore the range
of phenomena possessed by solutions of nonlinear equations. Unfortunately, mathematical techniques applicable
to wide classes of nonlinear differential equations are few. One such method, the use of classical Lie symmetries
to find canonical forms of equations, coordinates in which scaling similarities exist, and reductions and special
exact solutions, is increasingly popular. Computer algebra relieves the researcher from the excessive calculations
involved in obtaining Lie symmetries of an equation in the initial stages of its investigation. Exact solutions
in terms of familiar special functions are more simply analysed for qualitative behaviours than large numerical
data sets. Moreover, the effects of varying parameters can be more cheaply investigated.

Much effort has been expended on the use of adaptive grid methods for differential equations which are
invariant under the action of a symmetry group. Numerical methods which do not reflect the symmetry
structures of the partial differential equations they are approximating can exhibit poor performance in the
long-term behaviour of the methods or in the computation of singularities. The reason is that solutions invariant
under a symmetry often act as global attractors for more general solutions, with a variety of initial data, and
accurately reflect the intermediate asymptotic behaviour after the initial effects have died down and before
boundary effects become important [5]. Numerical methods which compute the natural variables governing the
evolution of the solution, such as adaptive time-stepping on a moving mesh, can be more effective than the
standard methods.

Exact solutions are useful not only in the design of numerical code but also in their testing. Exact solutions
for nonlinear equations are rare, and methods which can generate families of them are not only increasingly
popular, but increasingly sought.

If the Lie algebra of symmetries leaving a PDE (or system) invariant has been identified, then it is possible
to seek the subset of its solutions invariant under a member of its Lie algebra. The classical vector field
vanishes on these solutions, and this yields an auxiliary first order PDE or system called the Invariant Surface
Condition (ISC). Integration of the ISC and substitution into the original PDE yields its reduced form under the
given vector field. Such symmetry reductions, which are generally more analytically tractable than the original
differential equation, have been used extensively in applications.

Gagnon [29] studied symmetry reductions of the 2+ 1-dimensional coupled nonlinear Schrédinger equations,

Wt t+iy+o (llﬂl2 + a|¢|2) ¢ =0,
¢+ dxx+ Py + o (a|(//|2 -+ |¢|2) ¢=0,

where o = £1 and a is a constant. Gagnon also obtained some exact and approximate solutions. Parker [62]
has a discussion of symmetry reductions of the associated 1+ 1-dimensional system. The model is of particular
interest in the field of transverse effects in nonlinear optical systems (cf. [3] and the references therein).
Recently Sciarrino and Winternitz [78] studied Lie symmetries of the vector nonlinear Schrodinger equation

i, + G+ b, + D=0,

where ¢ is either a two or three component complex vector.
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In a series of papers, Gagnon and Winternitz [30,32-36] (see also [28,31]) studied symmetry reductions
of the 34 1-dimensional nonlinear Schrédinger equation

i + ey + ¥y + U + WP =0, (1.4)

This system arises in the Landau-Ginzburg model of phase transitions [24] and in nonlinear optics. It also
arises in the propagation of slowly varying electromagnetic wave envelopes in a plasma.

1.2. Nonclassical reductions

It has been recognised for some time that similarity solutions obtainable by classical Lie symmetries do
not give the full range of possible invariant solutions. There are now many studies in the literature that seek
to generalise classical Lie symmetry analysis, and the finding of new exact solutions to nonlinear equations
in particular. A sampler of such methods with physically significant examples has been given by Olver and
Vorob’ev [44], Chapter 11.

In this article we are particularly interested in the so-called Nonclassical Method of reduction due to Bluman
and Cole [9]. Interest in the method rekindled in 1989 when it was realised that the catalogue of new exact
solutions to the Boussinesq equation found by the Direct Method of Clarkson and Kruskal [20] could also
be obtained by the Nonclassical Method [46]. It has now been shown that the Nonclassical Method is more
general than the Direct Method [60]. Many authors have successfully used the method to obtain new, exact
and interesting solutions to equations of mathematical and physical interest, and we refer the reader to the
reviews [19,21,27].

The nonclassical method, in contrast to Lie’s classical method, seeks so-called nonclassical vector fields
which leave invariant the joint solution set of the original PDE and its invariant surface condition. Naturally
any classical vector field is also a nonclassical vector field, since classical vector fields leave the ISC invariant.
However, there are many examples of genuine nonclassical vector fields which do not leave the entire solution
set of the original PDE invariant. Just as in the classical method, one can obtain reduced solutions of the
original PDE. For genuine nonclassical vector fields these generally cannot be obtained by Lie’s classical
method. Further discussion of the method is given in Section 3.

One of our motivations for seeking nonclassical reductions of (1.1) is that Clarkson [ 18] had demonstrated
that the 34 1-dimensional nonlinear Schrodinger equation (1.4) possesses symmetry reductions that are not
obtainable using the classical Lie method.

1.3. Computer algebra packages

The calculations in this paper made considerable use of computer algebra packages written by the authors
which analyse overdetermined systems of nonlinear differential equations. Indeed, the results given here would
not have been possible without the use of computer algebra. For the two main nonclassical cases, systems of
856 and 238 nonlinear differential equations for the infinitesimals needed to be solved. The packages used, rif
by Wittkopf and diffgrob2 by Mansfield, seek integrability and compatibility conditions of overdetermined
systems in a systematic manner. The output is a system equivalent to the input, in that the analytic solutions are
the same, but which is either in a reduced involutive form or a differential Grobner basis respectively, subject
to the restrictions of the available theory.

Algorithms to complete systems to involutive form were developed by Janet, Riquier, Vessiot, Cartan and
others, beginning a century ago (a modern explanation can be seen in [79]). The so-called Formal Theory of
Differential Systems of Spencer and co-authors grew out of such considerations. Modern work following on
from the ideas of Cartan can be seen in [12]. Recent authors have adapted advances in the analysis of nonlinear
algebraic systems, especially the theory of Grobner bases [7] and the algorithm to obtain a Grébner basis due
to Buchberger [13], to differential systems; see for example [11,15,47,54,61]. There have been a variety of
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adaptations, as there is more than one possible way of viewing a differential system as an algebraic system.
Some ideas are more practical than others, some suitable only for particular applications or for particular types
of systems, some of purely theoretical interest. There are many open problems. However, the best future results
in the development of algorithms will come from testing the limits of those that we have, in applications such
as the present one.

The utility of casting a system into an involutive or similar equivalent form is well known. The initial
application, due to Riquier, was for obtaining formal series solutions which could be obtained coherently and
which converged. Applications of Riquier’s theorem to symmetries of differential equations have been given
in [68-70]. The classical algorithms have been modernised, improved and implemented in the MAPLE package
standard form [72].

Reid et al. [73] also give an algorithmic approach to nonlinear systems which incorporates aspects from
both geometric and algebraic approaches (see [74] for a theoretical exposition). This approach has been
implemented by Wittkopf in his MAPLE package rif.

The calculations for a differential Grobner basis can be seen to occur in these classical algorithms, albeit
cast in a different form, and the theoretical advantages of a Grobner basis for various applications can often
be carried over to differential systems. For example, by adapting lexicographic term orderings in algebraic
Grobner basis theory, systematic eliminations can be achieved. Thus, one can answer questions such as “what
are the equations, implied by the input system, for a given subset of the dependent variables?”, or, “are there
any equations, implied by the input system, in which derivatives with respect to just one of the independent
variables appear?” Such questions can be answered definitively for linear systems. The results for nonlinear
systems, obtainable by the algorithms implemented in the MAPLE package diffgrob2 used here, are given
in [22] and discussed in [50,54]. With an elimination term ordering, the output of the algorithm is called
a triangulation of the system, as it is reminiscent of the triangulation or echelon form of a matrix. And the
output can be solved in much the same way; from the bottom up. For examples of what can be achieved using
our differential Grobner bases, we refer the reader to [50-53]. In addition, for systems of PDE with a finite
number of parameters in their general solutions, elimination orderings can reduce the integration of the system
to the integration of ODE. Further, algorithms can be given for finding all rational solutions when the input
systems are linear and have rational function coefficients [71].

The packages used in this paper followed two different philosophies. The rif algorithm and its predecessor
standard_form are based on an automatic philosophy. While diffgrob2 can be used automatically, especially
on linear systems, complex nonlinear systems are better analysed interactively. The difficulty of analysing large
or complex systems should not be underestimated, and both approaches have their advantages and disadvantages.
We stress that although both packages implement algorithms, the algorithms allow for many choices at each
stage. The theorems governing the properties of the output are independent of these choices, but efficiency,
expression swell and memory use are not independent. Thus, the development of heuristics to guide the choices
is an important open problem.

Using diffgrob2 on a highly nonlinear system, typically one seeks at first, interactively, simple integrability
conditions. These usually lead to substantial simplification of the analysis of the remaining equations. Semi-
algorithmic methods for seeking such conditions which have worked in practice are discussed in the manual.
Automatic procedures are best invoked on simple subsystems and the results used to simplify the remaining
equations. The choice of term ordering may be crucial in controlling memory swell; experimenting with the
term ordering is easily done in diffgrob2. If an integrability condition is obtained which factors, then each
factor leads to a separate branch of the solution set. The automatic procedures in diffgrob2 have an option
which allows one to choose the desired factor of every condition obtained. A simple exposition of the theoretical
principles underpinning the algorithms, which must be followed to guide interactive use of the package, can be
found in [53].

Judicious interactive integration of some, but not all, simple subsystems en route may yield substantial
simplification. We warn that the introduction of functions of integration generally increases the number of
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dependent variables. It can also change the type of functions in the system, from functions easily handled
by campueer algebra, such as galyaamial fuactions, ta aues which ace aat, for examgle, cambinatians af
trigonometric and root functions.

The rif and standard form algorithms employ a primarily automatic approach. Integration is generally
not used and the package has a number of automatic strategies for picking out simple subsystems. For example
the greedy strategy attempts to reduce the entire system at once, and can often lead to memory explosion. The
conservative option reduces the current subsystem, together with what it views as the simplest equation of the
rest of the system, and continues until the whole system is in rif or standard form. One disadvantage of such
an automatic philosophy is that its criteria for a simple equation may be too rigid. For example, conditions may
te missed whictt wauld be easily tecagaized by an exgericaced Qumaa as a key @ substandadly stmglityiag the
system.

The plan of the paper is as follows.

In Section 2 we give the classical symmetries of the CNLS system (1.1). In Section 3 we discuss the
automatic generation of the determining equations for nonclassical vector fields and the action of the classical
symmetry group on these vector fields. The nonlinearity of the determining system leads to the necessity to
treat cases. For the generic case, 7 = 1, Section 4 gives the solution of the determining equations and the
corresponding reduced forms of the CNLS systemn. The determining equations for the case ©=§ are tntegrated
in Section 5, and the corresponding ISCs are integrated in Section 6. The resulting reduced forms of the CNLS
system are given in Section 7. We conclude with a discussion in Section 8.

2. Classical symmetries

In order to apply the Lie algorithm to obtain symmetries of (1.1), the equations comprising the system need
to be analytic functions of the independent and dependent variables and derivative terms. One possibility is to
write the system in terms of @, ¥ and their formal complex conjugates ®* and ¥* as

iV, + V¥ + (V¥ + 9d*) ¥ =0,
—iVr + VI 4 (VT + BV =0,
i®, + V& + (V¥ + Pd*) D=0,
—i®} + V2" + (V¥* + dD*) D' = 0.

Iln this article we chose an alternative representation, resulting from ¥ = U+ Q. ¥ =/ —{J. & = V+ (S and
@ =Y —33 2p wodn e TS sysiem 0s sepresenied Ty Toe 202D sysiem 03 Sour eouaiions,

A U +VQ+RQ=0,
Ar: Q,-VU-RWU=0,

Av: V+V3S+R!S=0,
Ay: 8, -VV-RWV=0, (2.1)

with R? = U? + Q% + V? + §2. Classical Lie theory is an analytic theory and all quantities can be regarded
& comneR, ancding depandent and anduepandan swiabihon IR dne systant (2207 I8 e genarat G e
system (1.1, which it yields a3 the speciad case wheve U, @, ¥ and § are 1eal. One may take the view tha U,
Q. V and S should be real, given real independent variables. However, in this article we consider all variables
to be complex. The reason is that for a particular application, the system to be studied may actually only be
(1.1) after a change of variable, in which case the associated reality condition will be different.



466 E.L. Mansfield et al. / Computer Physics Communications 115 (1998) 460-488

To apply the classical method to the system (1.1), we consider the one-parameter Lie group of infinitesimal
transformations in (x,U) = (x,v,2,t,U,Q, V. §) given by

F=x+eb (2, U)+0(), U=U+ep(x,U)+0(e),
F=y+ear(x,U) +0(?), Q=Q+eh(x,U)+0(e?),
T=z+e&s(x,U)+0(h), V=Vieps(x,U)+0(),
T=t+er(x,U)+0()), S=S+eds(x,U)+O(),

where € is the group parameter. The corresponding classical vector field which generates the flow of the
transformation is

£10y + €20y + &30, + T, + 10y + h20g + P3dy + Pads .

The conditions that this is a classical symmetry vector field are obtained by requiring that the prolongation of
the vector field leaves invariant the set

Sy = {U(x),0(x),V(x),8(x) : Ay =0,A,=0,A3 =0, A4 = 0} (2.2)

of solutions of the system (2.1).

Lie’s algorithm [10,59] yields a linear system of overdetermined PDE for the infinitesimals &;(x,U), i =
1,2,3, 7(x,U) and ¢;(x,U), j =1,2,3,4. It has been implemented in many computer packages [40]. The
calculations in this section were carried out in MAPLE V Release 5, on a 333 MHZ Pentium II PC running under
Linux. When time derivatives in (2.1) were chosen as the terms to be substituted in the prolongation, Hickman’s
program Symmetry [41] automatically generated a raw classical determining system for the system (2.1). This
system of 1888 linear PDE was generated in about 16 seconds using about 9 MB of RAM., When second
order derivatives in x were chosen as the terms to be substituted in the prolongation, Symmetry automatically
generated an equivalent raw determining system of 1144 PDE in about 8 seconds, using about 5 MB of RAM.
Many programs, such as Hickman’s, are not only able to produce raw (unsimplified) determining systems, but
are also able to carry out simplifications during the production of the system. This can result in significantly
smaller determining systems, and significantly less use of RAM. Indeed Alan Head’s remarkable Mu-Math
program Lie [39], using such strategies, was able to perform large symmetry calculations on vintage PCs with
tiny memories in the late 1980’s. The rif algorithm [73] reduced the classical determining system of 1144
equations to standard form in about 20 seconds and 4 MB of RAM. (The corresponding statistics for the
equivalent system of 1888 equations were 40 seconds and 6 MB of RAM.) Application of the initial. data
program [69] to the standard form obtained, showed that the Lie group of symmetries of the system (2.1) was
15-dimensional. Then the program commutation relations [68,70] was used to determine the commutation
relations of the symmetry algebra given in Fig. 1.

The above information was obtained without integrating the determining equations. We then explicitly ob-
tained the generators as follows. The Taylor algorithm [72] was applied to the standard form with the given
initial data to expand the infinitesimals &, &2, &3, 7, &1, @2, ¢3 and ¢4 to order two in Taylor series about an
arbitrary point (x°, U°). Expansion to order three yielded no additional terms. Since the expansion was done
about an arbitrary point this meant that the expansion to order two gave the exact form of the infinitesimals.
Choosing convenient (in fact mostly zero) values for the coordinates of the arbitrary point (x°, U%) gave the
following exact form of the infinitesimal generators:

Ly =4y, Ls=4d,, Ly=4d;, Lio=0d,
L3 =20, — x0, , Ly =yd — x0,, L7=128 —yd,,
Ly =13y — $Qxdy + $xUdp — §Sxdy + §Vxds,
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[L1.L20= 5L — L. 160 L3l ==Ly [L1.L4l=~Ls. (L. Lul=—Ly.
[L3.L3) = —Lyg. (L2 Lg)=—Lg. [LaLigl=—L [Ly. Ll =4La.
(L3, L4l = L. 1L£3. L9 = Lg. [L3. L8 = —Ly. {L£3.Lg) = ~ L.
[La.Lsl=—Ly. Lalgl=—Ly. [(L4Lq]=—=L3.

[Ls. Ll =42y — YL 1Ls L9 ==Ly, |Ls.Lygl=—Ls,

(Lo L7]==Lo.  (Ls-Lio) =—Ls.  |Le.L1]= Lo

Ly Lyl = —Ls.  [£9.Lg) = —Lg.

(L Lol=4Ci - 4Ly, 1Cs.Lyi) = ~Ls.

Lo Liol = ~Lg. Lo Liyl =Ly,

[L1p- L1} ==2Lyp. [Lp2o L3l =Lys. (L. Lysl=—Li3.

[Ly3. Lagl = —Lys . [£13.L15) = 2Ly +2L44. [Lis. L15h = —Ly3.

Fig. 1. Nonvanishing commutation relations for CNLS system.

Lo =tdy — 30ydy + $yUdg — 3 Sydy + 3Vyds.,

Ly =13, — 3Q2y + 52Udg — $Szdy + V205,

L1y = —x85 — ydy — 29, — 23, + Udy + Qdg + Vay + Sds ,
L1y = —Qdy + Udg . L1a = Sdy — Vs,

Ly = —Vay — Sdg + Udy + Qs .

Lis = —Sdy + Vg — Qdy + Uds.

Our example calculation above is typical of calculations for classical symmetries of differential equations,
especially for systems not containing parameters or arbitrary functions. Such calculations are now largely
automatic, and as above, much of the information can be obtained without integration heuristics.

Having determined the infinitesimals, the symmetry variables for the reduced equations are found by solving
the invariant surface conditions

W =EU+EU+EU, + 17U — ¢ =0,

P =610 + 620 + 60 + 70— $2=0,

by =EVe+EV + &V + 7V — 3 =0,

Pa =615+ &Sy + 68 + 785 —da=0. (2.3)

()

Several packages are now available which include heuristics to integrate the determining equations; an excellent
survey article by Hereman gives the details of what is currently available [40] (see also [44], Chapter 13).
For equations containing parameters, the package diffgrob2 and rif can be used to find the special values
of the parameters for which additional symmetries exist [53,69]. For equations containing arbitrary functions,
so that a classification problem needs to be solved, there are several ways to proceed, but the most efficient
appears to be via the use of the equivalence group. We refer the reader to [43,47,52].

As far as the authors are aware, the only computer algebra package which can integrate first order partial
differential equations, that is, invariant surface conditions, in a form suitable for use in a reduction calculation,
is the REDUCE package crack, written by Wolf and Brand [84].
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3. Nonclassical reduction method

Bluman and Cole [9], in their study of symmetry reductions of the linear heat equation, proposed the
so-called “nonclassical method of group-invariant solutions”. This technique is also known as the “method of
conditional symmetries” (cf. [46]). This method involves considerably more algebra and associated calculations
than the linear classical Lie method since the associated determining equations are an overdetermined, nonlinear
system. This has led some to question the feasibility of the method. Further, the associated vector fields arising
from the nonclassical method do not form a vector space, still less a Lie algebra, since the invariant surface
conditions (2.3) depend upon the particular reduction.

In the nonclassical method it is only required that the subset of Sy given by

Saw ={U(x),0(x),V(x),85(x) : 4, =0,4,=0,4;=0,44=0, 461 =0, =0, y3=0, ¢4y =0},
is invariant under the transformation generated by the vector field
€10y + E20, + €30, + 70, + d10u + P2dp + P3dv + Pads.

This yields a nonlinear system of determining equations for the nonclassical infinitesimals &, &3, ..., ¢4. Here
S, is as defined in (2.2) and ¢ =0, o =0, 3 = 0 and ¢4 = 0 are the invariant surface conditions (2.3).

As we showed in [23], the standard procedure for applying the nonclassical method (e.g., as described
in [46]), can create difficulties, particularly when implemented in symbolic manipulation programs. These
difficulties often arise for equations such as (1.1) which require the use of differential consequences of the
invariant surface conditions (2.3). In [23] an algorithm was proposed for calculating the determining equations
associated with the nonclassical method which avoids these difficulties, and we use that algorithm here. Further
we showed how the MACSYMA package symmgrp.max [17], which was written to calculate the determining
equations for the classical method, can be adapted to calculate the determining equations for the nonclassical
method.

This algorithm proceeds by reducing the system (2.1) with respect to the invariant surface conditions (2.3),
and then applying the classical Lie algorithm to the result. In order to minimise expression swell and keep
the subsequent calculations tractable, one considers various cases separately. The generic case, Case 1, occurs
when the component 7 in the nonclassical vectorfield is nonzero: 7 # 0. Since the form of the ISC (2.3)
is unchanged when multiplied by a nonzero function, there is no loss in setting 7 = 1, and the number of
dependent variables is profitably reduced by one. Elimination of U,, Q,, V; and S, from (2.1) using (2.3) and
then application of Lie’s classical algorithm on the reduced system yields the determining equations for the
nonclassical infinitesimals. The calculations for Case 1 and the reduction obtained is described in Section 4.
If 7 = O there is no loss in setting one of the & = 1. Thus in Case 2 we choose 7 = 0 and & = 1. All
derivatives of functions with respect to z are eliminated from (2.1) using (2.3) until no z-derivatives appear.
Lie’s classical algorithm is then applied to the reduced system to yield the nonclassical determining system for
Case 2. That system has two fewer dependent variables than the classical determining system and is smaller but
more nonlinear than that for Case 1. The nonlinearity of the system means that there will be several solution
branches caused by obtaining integrability conditions that factor, as well as the singular cases obtained by
setting separants and leading coefficients to zero. Here we obtain solution branches &, # 0 and &, = 0.
The solution branch &, = 0 has three sub-branches given by ¢ =0, 1 + & # 0 and 1 + ff = 0. This last
sub-branch splits into three cases, £, =0, 1 — ¢3 # 0 and 1 — £ = 0. The calculation and exposition of the
various cases can be tedious, and does not always lead to genuinely different reductions. In this article we
present the calculations for the generic subcase £, # 0, and the singular subcase &, =0, 1 + & # 0 and
&rx # 0. This leads to ten separate reduction families. For Case 2 reductions, the variable ¢ is automatically
one of the similarity variables.
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Because permutations of the independent variables x, y and z leave (2.1) invariant, the case & = & =0 is
equivalent to Case 3, which is 7 = & = 0 and & = 1. We do not attempt this case here, nor do we consider
Case 4, which would be 7= §3 =& =0 and ¢ = 1. The determining equations for these highly singular cases
are typically intractable [58].

Two classical reduction solutions are said to be equivalent if one can be obtained from the other by the action
of some member g in its classical symmetry group. Equivalently, the classical vector field ¢ of one reduction
solution is obtained from the vector field of the other reduction solution v by the adjoint action of g: 7 = g 'vg.
Thus we can simplify the presentation of classical reduction solutions, and their corresponding vector fields, by
choosing just one representative from each equivalence (or so-called conjugacy) class. This use of the action
of the classical group to remove unnecessary parameters is well established and has been shown to be effective
in applications, for example by Patera, Winternitz and Zassenhaus [64].

In integrating the determining equations for nonclassical reductions, it has been observed on several occasions
that certain constants of integration are, in the reduction equations obtained at the end of the process, removable
by the action of the classical Lie group. The ability to remove such constants in the integration process of
the determining equations themselves would lead to a considerable simplification of the calculations involved.
Further, the integration of the ISCs would be much simpler. Vorob’ev [82], Section 4, gives a proof that the
determining equations for nonclassical infinitesimals of a system inherits its classical symmetries. The proof
uses the notations of the formal theory of differential systems. A simpler discussion can be found in [44],
Section 11.3.4, where it is shown that a classical symmetry acting on a nonclassical vector field by its adjoint
action vields a nonclassical vector field. We fruitfully apply this result in Section 4. QOur understanding of the
result is as follows.

The adjoint action of one vector field on another is given by

a?

3
e “we” =w + [w,v]a+ [[w,v],v]§+ [[[W,V],V],U]%'F"' .

Let v and w respectively be classical and nonclassical vector fields of a nondegenerate locally solvable system
of PDE A = 0. Let F be the (sufficiently) prolonged jet space locus of A = 0. Let 7 be the (sufficiently
prolonged) locus of the Invariant Surface Condition (ISC) of w.

Since €” is a classical symmetry then locally e*F = F. Since €* is a nonclassical vector field we have both
e*I=Tand e (FNI)=FNZ LetZ=¢e""Z Then

e lee’T=eYe*T=e'T=1
50 T is the ISC for e~“¢”e. Also

e Yeve” (]-"ﬂ f) =e Ye” <e”}' N e”f) =e """ (FnI).
Since e” (FNTI)=F NI, we have

e Ye”e” (}"O f) =e " (FNI)=e'Fne*I=FnI.

~

Consequently both e “e¥e’(F N f) = FN7T and e~*e¥e'T = T, so eYe”e” is a nonclassical vector field of
A=0.

4. Nonclassical reductions, Case 1: 7 =1

The nonclassical determining equations for the case 7 = 1 were automatically generated using the MAPLE
program [41] using the algorithm described in [23]. As in Section 2, the calculations in this section were
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carried out in MAPLE V Release 5, on a 333 MHZ Pentium II PC running under Linux. Hickman’s MAPLE
program Symmetry [41] automatically generated a raw nonlinear nonclassical determining system of 856 PDE
in about 8 seconds using about 5 MB of RAM.

An incomplete run of the rif algorithm [73] showed that the system contained a simple subsystem of single
term equations. Specifically this subsystem consisted of a system with all second order partial derivatives of
d1. @2, d3 and ¢4 with respect to x, y, z and ¢, equal to zero. Thus by simple integration

&1 G Gi2 Gi3 Gus 1y Gi

é2 | _ | Gu Gn Gaz Gos Q n G, @1
¢3 | 7| Ga Gin Gy Gy v Gy |’ '
&4 G4 Gay Gaz G N G

where Gy = Gjx(x,y,2,1) and G; = G;(x,y,z,t) are functions of integration.

Wittkopf’s rif algorithm was then applied to the system resulting from substitution of (4.1) into the
determining system. Using its automatic case splitting option, in about 120 seconds and 4 MB of RAM, his
algorithm yielded 4 cases. Each case was in rif-form and one was inconsistent. The initial data algorithm
was applied to the remaining three cases. The exact forms of the classical symmetries were substituted into the
rif-forms to determine the number of parameters in the subclass of classical symmetries which satisfied each
case. If this was the same as the number calculated by the initial data algorithm, then the case was rejected
as not yielding a genuinely nonclassical vector field. On this basis only one of the three consistent cases was
identified as being genuinely nonclassical. For that case the initial _data algorithm yielded 9 parameters,
whereas the subclass of classical solutions only contained 8 parameters. The rif-form for this case is given in
Fig. 2. We mention that it is possible to determine whether a case is genuinely nonclassical without integration.
Instead of substitution of the exact classical solutions used above, reduction of the rif-form of the nonclassical
system with respect to the rif-form of the classical determining system is used.

The leading nonlinear subsystem in the rif-form consisted of the single equation G5, + G3, = 0 together
with the pivot condition A = G4 + G3; # 0. The last condition is equivalent to G4 ¥ 0, since G3; = Gy
occurs in the rif-form. The ranking used in the reduction was graded first by total order of derivative, then
lexicographically by derivative (dy > 9, = d, > d; > dy > dg > dv > ds) and finally lexicographically on
dependent variable (f[ - fz - {53 =7 G = Gro=Giz3 = Gia > Gog = -+ > Gyg > Gy = - > Gyq >~
Gy = > Gag > Gy = Gy = Gs > Gy).

4.1. Integration of the determining equations

There are two cases: G4 —1G42 = 0 and G4; + iG42 = 0. Since the solution set of the determining system
depends on finitely many parameters, we know that if a ranking of lexicographic type [16,75] is used, then the
rif-form is guaranteed to contain a parameterized ODE [54,71]. Recursively applying this procedure reduces
the integration of the system to the integration of ODEs. We used MAPLE’s dsolve, to solve these ODEs. This
easily led to the following exact solution for the case G4 — 1G4y = 0:

§_2b1t—x—ib6 §*Zb2t~y—ib7

S YD PR 2T -2t

2b3t — 7 — ibg

= —_— =1,
& bs -2t

U—-Q(b byy+bsz + b e
b1 = Q(bix+ by + baz 4)+(V—1S)e'H,
bs — 2t
U(b b )

¢2=Q+ (bix+ by + 3Z+b4)—i(V——iS)elH,

bs — 2t
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Leading Linear PDE :
gy = 4Gaadify gy =4Gaadifr . gy = 4Gaadrén .

dfr = —Gas Ay =0, Ady =0, 4Gy = —6H1Gaz

A Gyy = €164y Gy = %f’:fl — £1Gas AcGaa =0,

aé =0, & =~Gu. A& =0, &Gy =-6Cn. HGp =664,
aGazy = §oiky — £2Gaq AyGag = 0.

d: € = 0. A€y =10, 83 = =Gy . 3Gy = ~£3Gyp

3:Gay = €3Gy . 3:Gyy = $16y — £3G44. 3:Gaq =0,

NGq = (] + & + €1 ~ 2G43)Gag + 3641 Gaq .
2 2 2
Gy = 3G42Gas + (2643 — & — &5 — €3)Gay .

2
1Gg3 = 2G43G4q 3 Gaq = 2Gyy .

A€y = 0. gy =0, gy = 0. Gy = 0. AyGay =0,
dEl =0, dpbr=0.  agEy=0. Gy =0. 3Gy =0.

e =0, k=0, =0, Gy =0. &Gy =0,

Agé) = 0. dky =, Agfy=0.  dgGy =D, dsGay =0, 35Ga3 =0,
T=1. Gy = Gaq Gy = ~Ga3. Gi3 =Ga. Gia = —Gay .

Gz = —Gyy Gy = —Gaz Gy = —Ga . Gz =Gy« Gz = Gya -

Gy=0, Gy =1. Gy =0. Gy =1
Leading Nonlinear PDE :  Gj, + Gj, = 0

Pivot Conditions : (G + G32 ¥

Gy =0, AyGag =0,

dpGaa =0,  3pGa =0.

Ay Gaq =0,

A5Gag = 0.

Gy =Ga3. Gy = Gaq .

Gis = —Gaz .

Fig. 2. Reduced Involutive Form, Nonclassical Case 1 (Section 4).

V—S(bx+ bzy + b3z + by)

- — (U —1i iH’
&3 -y ( iQ)e
v b b .
b= S+ (blxz-bzyzj* 32 + bs) +i(U—iQ)elH,
< —

where

(bs — 2t) (xé1 + y&2 + 263) + 5(x* +y* + 2%) —iG
bs — 2t

G = A(bs —2t) + B — C(bs — 2t) log (bs — 21) ,

A=by —i(b + b3+ bt

B = Li[(b +1ibibs)? + (b7 + ibybs)” + (bs + ibsbs)?]

C =1ibs + 3 + by (bg + ib1bs) + ba(by + ibybs) + by(bs + ib3bs) .

H =

’

., by are complex constants. The case G4 + 1G4y = 0 is treated similarly,
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4.2. Simplification of the vector field and integration of the characteristic equations

For convenience we multiply the vector field whose components are given above by (bs — 2¢). This yields
an equivalent nonclassical vector field,

w = (bs —2t) (£10x + £20y + £30, + 70, + $1dy + $2dg + P30y + hads) .

where the infinitesimals £}, etc., are given above. Using the explicit expressions for the classical Lie symmetries
Ly in Section 2, the vector field w can be written in the form

w=u-+n,
where u is a classical vector field and

u= L:“ — ib@C[ — ib7£5 - ibgﬁg + b5£10 + 2b]£2 -+ 2[)2[:6 + 2b3£9 + b4(£|2 - £|4) )
n=exp(iH)N,
N = (V —i8)(dy —idp) — (U —iQ) (dy — ids) .

We know from Section 3 that the action of the classical group on w will produce another nonclassical vector
field. We will use the classical group action to remove parameters and simplify w. Since w has a large classical
part u, which depends on most of the parameters, we first simplified & with respect to the classical group.

Theorem 1. Under the adjoint action of the classical group of the CNLS system the vector field u is equivalent
to the vector field L.

Thus effectively the troublesome parameters &, bs, ..., bg can be set to zero.

Proof. To prove this result one applies appropriate adjoint actions using the iterated commutator formula and
the commutation relations in Fig. 1. Application of the adjoint action of time translation effectively sets bs to
zero. Then application of spatial translations effectively sets bg, b7 and bg to zero. A slightly more complicated
calculation based on applying the adjoint action of £, puts b; = 0. Similarly, application of the adjoint actions
of L¢ and Ly, respectively, enables us to take b, = 0 and b3 = 0. Now @ has the form Ly, + b3(L2 — L14).
Application of the action of £, transforms & to the form L)) + bs(L12 — L14) + a L5, for some nonzero «. From
Fig. I, [£5, L] = —%(E,z — Lia), and [[ Ly, £1], £1] = 0. This implies that the application of the appropriate
action of £, to u can transform it to L) +aLy+ BL;. The terms in £y, £, can be removed by applying spatial
translations, and this completes the proof. ]

The above calculations were easily and quickly accomplished by hand. Application of the the same adjoint
actions to the full nonclassical vector field w yields the following result:

Theorem 2. Under the adjoint action of the classical group of the CNLS system the vector field w = u + n is
equivalent to the vector field W = £y, + 7 where it = at™'Zexp {i(x> + y> + 22) /(4 } N

To prove this result the same classical group actions are applied in the same sequence as in the proof of
Theorem 1. Simple computations show that there are functions f; such that [V, £;] = f;N, for j=1,2,...,15.
From Section 3, we know that nonclassical vector fields are mapped to nonclassical vector fields under the
action of the classical group. Together with [N, L;] = f;A this fact enables the proof of Theorem 2 to be
easily completed without explicitly computing the exact form of the adjoint actions, or the f;.
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Effectively, Theorem 2 means that we can set by, ..., bg to zero. Redefinition of by yields the constant a in
the theorem. Note that w is a classical vector field when a = 0.
Integrating the characteristic equations for w yields the similarity variables,

Z|=x/t]/2, Zz=y/fl/2, Z3=Z/t1/2,
and the form of the reduced solutions,

w(x, 50 =172 By(21,22,23) —4ar exp (§i0%) B (21, 22, 13)
v (x,y.z,0) =t 2Bi(21, 2. 23)
O(x,y,2,0) =t 2By(21, 2. 23) +4at™ exp (3i?) Bi(z1. 22, 23)
" (x,y,2,1) =t"'?By(z1, 22, 23) ,
where (2 =22+ 22+ 23, @=U+iQ, ¢*=U—iQ, ¥ =V +iSand ¥* =V - iS.
The above results correspond to the case Ga; — iGaz = 0. The case G41 + 1G4z = 0 is obtained from the above
resuits by applying the symmetry of the system (2.1) under conjugation, ¥ — ¥*, ¥* — ¥ & - @* and

P — @,
Finally substitution of the above expressions into the CNLS system yields the reduced form,

KBy =—4i(1+M)B),  KBy=—3i(1+M)By,
KBy =1i(1+M)Bs, KBy =1i(14+ M) By,
where K = 82 + 92 + 32 + B1 B3 + ByBy and M = 2,9, +218;, + 216,,. Note that a does not appear explicitly in

3
the reduced equations so the functions B; for a # 0 are the same as those for the classical case a = 0. Thus the
form of the reduced solutions for ¥, ¥*, @ and &* above can be regarded as a map from classical solutions
to nonclassical solutions.

Consider the obvious reality condition for the CNLS system where a = 0, and * denotes complex conjugation
and x,y,z,¢t are real. Then B} = B, and B} = B,. The case a # 0 is not consistent with this obvious reality
condition. However, the nonclassical reductions above for a # 0 are still potentially of use in applications where
the CNLS system does not have the obvious reality condition (such as after a change of variables).

The N + 1-dimensional CNLS system admits the classical scaling symmetry

N
Locat =~y X85, — 243, + Udy + Qdg + Vdy + S3s.

J=1

We have checked that the vector field
L
(2-N)/2 1 2
Loar + at exp{ o jzl:xj N

is a genuine nonclassical vector field for the N + 1-dimensional CNLS system, for N = 1,2,3,4. When N =3
it yields the nonclassical vector field studied in this section. We conjecture that it is a genuine nonclassical
vector field for general N. For N = 1, 3,4, the corresponding reduced solutions take the same form as above,
except that ~! in the expressions for @ and ¥ is replaced with 1'=M/2/(N —2),

5. Nonclassical infinitesimals, Case 2: 7 =0, £; 70

Setting &3 = 1, without loss of generality, the invariant surface conditions (2.3) simplify to
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U, +&HU+ U, = ¢,

§HQx + 60y +Q: =2,

EVi+EV AV, = da,

E15c + 68+ S, = . (5.1)

Analogous 1o the procedure in the generic case, we use (5.1) to eliminate all z-derivatives. Thus U,,, Q,;, V,.
and S, and other z derivatives are eliminated from (1.1), and the classical Lie algorithm is applied to the
resulting system.

The calculations in Sections 5, 6 and 7 were carried out using MAPLE V, Release 4, on a Silicon Graphics
Workstation operating under IRIX Release 5.3, with 48 MB of RAM and a 33 MHZ IP12 Processor. The
calculations were done in an interactive fashion, making extensive use of diffgrob2. Most terminated in
seconds or minutes, and required several MB of RAM. The MACSYMA package symmgrp.max [17] was used
to create the determining system. It contained 238 determining equations in 6 dependent and 8 independent
variables. As in the generic case, a subsystem of single term equations was simply integrated to give @, ..., ¢4
as in (4.1). A second subsystem of two term linear equations were solved by diffgrob2 [50,51]. The system
(4.1) immediately simplified to

& 0 Gi Gi Gu U
¢ | Gz 0 -Gy G 0
d3 | | =Gz Giu 0 Gu 2 I
& -Gy —Gi3 =Gz 0 M

where G;; = G;;(x,y,2,1).
5.1. Generic case &), # 0

Inserting (5.1) into the remaining equations yielded a number of nonlinear equations for &, and &;. Calcu-
lating integrability conditions on this subsystem yielded a system, given £ # 0, which was solved easily to
give
Z+ k() y+ ka(2) £ = —ki(t)z — ks(t)x + ks(2)
ki(t)y +ka(t) = x° ki(t)y + k(1) —x
Substituting these into the remaining equations yielded several first order linear equations for the G;;, which
were solved using the method of characteristics to yield

W12(§|,y,t) dk3 dk4 dk[ dkg
G = 2 hsdd} -n ,
2 kl(t)y+k2(t)—~x+2 (dt AT L8 ey

wis(€1, 5, 1) Gua = wia(é1, ¥, t)
ki (0)y + k(1) — x7 Ty + k() —x°

_ owuléLnt) dk; d d_k1 dk,
G34_l<,(t)y+k2(t)—x+ (dt fl( t))

where the w;; are arbitrary functions of their arguments. Calculating further integrability conditions yielded

&1 =

Giz=

dki _ o dks &’k ks
de ~ 7 de T drz = a2
ks = kiks + k3ka , Wijy = Wij; =0,

and four other nonlinear equations in the w;;. Integration of this system gave
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2 2 2 2 _
Wi — Wi = ¢, Wi T Wizt Wiy =02,
wiz(wi + wi2) = ¢3, wia(wia + wiz2) = ¢4, (5.2)
where the ¢; are constants of integration. Applying MAPLE’s Grobner basis package to (5.2) yielded a quartic
for was with coefficients in terms of the ¢;’s and then w2, w3, wis in terms of wi4. Thus the w;; are constants

unless the quartic is identically zero. Performing another Grobner basis calculation on the coefficients of the
quartic showed that ¢ = ¢ = 0, ¢3 + ¢ = 0 is the exceptional case. Thus we obtain two cases with &, # 0:

Case I: The w;; are all constant, and
Case ILI: wyy = —wyp and w?, + wiy + wi, = 0.

In Case I, there are no further equations to solve. We now restrict ourselves to Case II. A differential Grobner
basis calculation with the remaining equations shows that the w;; are proportional to each other and satisfy the
following ordinary differential equation:

d*w

dw
[(1+ KD)E — 2kikaéy + 1 + k3] & + 201 + kD &) - 2kiks] r =

There are four solution branches of (5.3) depending on the values of k; and kj.

Case Ila: If 1 + k2 + k3 # O and 1 + k} # 0, then

1+k)E —k
wz__q_'___arctan<( kDG ]k3>+a2. (5.4)

0. (5.3)

V1 + k4 k3 VI+kE+ kS

Case IIb: If | + k2 + k3 =0 and k; # =i, then
) + ay. (55)

ay
w=
(1+Kk2) (&1 + ki /k3
Case Ilc: If k) = &1 and k3 # O, then

w=ayIn(Fksé + 1+ 13) + az. (5.6)
Case IId: If k; = +i and k3 = 0, then
w=aiéi +az. (5.7)

5.2. Singular case: £, =0, 1 +& #0, &, # 0

Inserting (5.1) and £, = O into the determining equations yields ¢ = &;(r), and a subsystem for &.
Assuming that &, , # 0, then this subsystem has solution
_&S(Dx+z+h(D)
s -y
where h(t) and g(t) are arbitrary functions. A set of linear first order equations for the G;; are also obtained.

An integrability condition of that system implies that £, ; = 0. The system can then be solved by the method of
characteristics to yield

_ w6 t) l(d_’j_fd_) G _wi(é, 1)
g(n—y ~z\ar °%ar” ST -y

_wial(é2, 1) _ w6y 1 /dh , dg
g -y’ G = g(t) —y * (dt fzdty)’

& ) (5.8)

12

14
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where the w;; are arbitrary functions of their arguments. Substituting these into the remaining equations yields
equations of the type

Wwia (8(1) — ¥)* = (wialwiz + waa) g,

where the subscripts denote partial derivatives. Using this equation and the form for &, above shows that
wis, = 0. The same argument applied to the remaining w;; shows that they depend only on &;. Using this fact
in the remaining equations yields

d’g d’h

dr " de?
and a set of four equations which are easily integrated to yield the same system (5.2) as obtained before.
Following the same reasoning as in Section 5.1 yields that the w;; are all constants, unless w); + w3y = 0 and
w, + w?y + wi, = 0. Using wi, + w34 = 0 in the previous equations yields

wih(1+ &+ €1) +2w) & + 2wiaw]y — 2wiaw]y =0,

wis(1+ & + £3) + 2wis&r + 2wiawly — 2wiaw(, =0,

Wi (14 & + ) +2wi,& + 2wisw), — 2wpw|y =0,

where /' = d/d¢,. One obvious nonconstant solution is that the wy; are all proportional, so that

w1; = 7y, arctan (ﬁ) ) (5.9)

together with y? + 3 + ¥3 = 0. (Recall all variables are complex.) Attempting to show that this is the only
nonconstant solution for the wy; using integrability conditions leads to tremendous expression swell. Instead,
we write (w2, w13, wi4) as a vector v and the system in terms of the vectors v”, v’ and ¢’ x v. Then |v|*> = 0,
implies that v’ -v = 0. Using the identity (¢’ x v) x v = —'|p|? + (v’ -v)v shows that the system can be written

as ((1+ &+ &) x v)’ = 0. The result that the wy; are proportional is easily obtained.
In summary, for 1 + ff # 0 and &, # 0 we obtain two further cases:

Case III: the w;; are all constant, and
Case IV: wyy = —wyy, wl, + wi; + w?, = 0 and the w;; are of the form (5.9).

The case &3, = 0 implies ¢ = 0. This a subcase of Case 3 which is not attempted in this paper (see the
discussion in Section 3).
6. Integration of the invariant surface conditions, Case 2, 7 = (

6.1. Generic case £, + 0

Using the infinitesimals obtained in Section 5, the invariant surface conditions can be written in the form

U, Uy U, U, & 0O % 72 7 U
Ox Q_\' 0. O é:Z _ W(fl) —Yi 0 =Y3 Y2 0
Vi vy Vz V! 1 - k1y - X+ kZ —Y2 V3 0 Y4 Vv
Sx S_\‘ Sz Sl 0 —Y3 —Y2 — Y4 0 hY
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01 0 O U

ka—&Ek2 ] -1 0 0 O Q
+———2 00 0 1 v | 6.1)

0 0 -10 S

where «; = dk;/dt is a constant, and the y; are the constants of proportionality between the w;;. In Case I,
w(&) = 1, while in Case II, y, = —y4 and ¥> + y3 + ¥ = 0.

Set
0 7 7 7 01 0 0
K| 7 0 -7 Jo = -10 0 0
-y2 ¥3 0 v |’ 0 0 0 1
._fy3 _72 ——')/4 0 0 0 _1 0
In all cases [K, Jo] =0. In Case II, v, = —v4, and defining J; for i = 1, 2, 3 by K=y J;+vy2do+ y3J3 yields

[Ji1,J2] =2)s, [J2,J3]1 =2]y, (J3, il =21y,

and thus K is an element of a 4 x 4 representation of sI(2,C). The condition y} + ¥3 + 3 = 0 implies that
K2=0.

The right-hand side of (6.1) can be written in terms of s{(2,C) and Jy. In particular the right-hand side of
(6.1) is given by

0 Loy — ) Y2 73
w(é)) —3(y1 —va) 0 —73 ¥2
kiy — x+k; ~Y2 Y3 0 —3(y1 — 4)
~73 A R D)) 0
+1 —Wiél")—“(’}’l +y4) + ks —Erkr | Jo=a’A+B'Jo,
2 k,y—~x+k2
which defines A € 5[(2,C) (in Case II, A = K), where
1 Y1+ Y4
T 4 e £ S Case I,
a' = p—— yw(§1) P B=4q"7 (kly —x+k a §1K2> . (6.2)
1y =Xtk 3 (k4 — E1K2) Case IL

We have deliberately used primed « and B variables as they are shortly to be integrated. Thus the right-hand
side of (6.1) is of the form of a sum of an element A in a 4 X 4 representation of s{(2,C) and Jy. In addition
A” = k2ly where k2 = — [L(y1 —v4)? + 73 + 73] and [A, Jo] = 0.

The system is solved by the method of characteristics. It does not decouple, but is linear. Let U = (U, Q, ¥ S )T
and set X = x — ky, Y =y, Z = z + k4. This amounts to using classical symmetries to set k; and k4 to zero.
The characteristic system of equations (6.1) is the system of ODEs,

Y dz
-d—{(—=Z+k3Y, d—:—kIZ—qu, —=kY-X,
;\ aU da dA (6.3)
_ oo _ I} /
d/\_0, m (kY —X) (d’A+B'Jo)U.

Invariants of the first four equations are
t, xi=kX+Y—kZ, X2=X+Y 4272 (6.4)

The third and fifth equations can be combined to yield
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dU )
— =aA 'Jo.
az “FATEd
In each of the cases, one writes a’ and B8’ as a function of (Z, x,, x2,1), and integrates them with respect to

Z, with the y; and ¢ regarded as constants, to obtain

U =exp(aA) exp(Blo)u, (6.5)
where

d ’ d —_ i

7= d—ZB-ﬂ. (6.6)

We now calculate @ and B in Case I and the four subcases of Case II. The integration of &’ leads naturally to
four subcases of Case I, detailed below.

Case Ia: w(&)) =1, u=14+k}+k3 # 0, 1 + & # 0. In this case, from (6.4) we have (k;¥ — X)? =
(L+ &Y (x2 - x3/p) — u(Z + k3 x)/w)*. Eliminating X using k| X +Y = y; + k3Z yields an expression for
Y in terms of Z, y, and y». Hence we obtain the identity

k3Y+Z_ ki k3 " kix: +uZ
kY =X 14k (1+k)V/A+E) (x2 - X2/ w) — m(Z + ka1 /)2

From this expression we can integrate o’ and B8’ with respect to Z regarding x; and y7 as constants as required.
Thus

a= —1— arcsin ( KZ + kax )
VE VI+ R uxs—x

_ntve) K4Z  KoX Kakj

— Ty 1.

A 2 T T2 Taa+mey X

Case Ib: w(£)) =1, p=1+kl+k3=0, 1+k} # 0. In this case, we have (kY — X)? = —x} = klys —2x1k: Z
and

k3xi kiks
kY +Z = kY —-X).
3Y + 1+k]2+l+k12(l )
Using these expressions gives
kY-—-X | K2 Kaks + K2k
=— , =5 e ()Y - X))+ ————— 2.
a o B 2(71+74)a'+2(1+k12) (ki )+ T

Case Ic: w(&)) =1, k3 # 0, 1 + k% = 0. In this case, we have ki)Y — X = ki (ki X +Y) = ki (x1 + k3Z).
Eliminating X? from

X4V =x2-2% (Y -X)=~(x1 +kZ)?,
gives
1 x2— 22
= Em + %(Xl + k3Z) .

Thus ¢ = (k3Y + Z) / (k1Y — X) can be obtained in terms of Z, y; and x>, to yield
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o= log (x1 + kZ)
kik;

X1 - KBxa

=1 L — —2 (1 + 4z — —AL_ X2
Azntyoat gk - o k) L~ o o+ )

4k

Casedd: wlF) =), X =D ) +X; =D In s case weDave ;¥ =X =X, 00 amd Fo = DY 3D = D&y p0).
Hence

—kZ Kok Z?
a=—=., B=lytyat iz + 22
X1 X1

We now turn our attention to Case II. Recall Case II has v, + y4 =0, and A? = 0.

Case ITa: =1+ k2 +4&3 # 0, 1 + 4% # 0. We write kY — X and £, in terms of Z, the y; and ¢ as for
©Case Ja. Ine Junchon w1 e expression } b2 Yor o' is oF e Jorm }3.8). Peprce

2 2
1 . uZ + k3y 1 { ( pZ + kayx )}
o = — [arcsin = — jarctan { ————— y
2p { (\/14‘]‘%\/#/\’2—)(% 2u V(Y = X)
_Kk4Z _ K X + Kaky
-2 2 21+ )Y

B

Case IIb: =1+ k% + &3 =0, ks # 0. We write k;Y — X and £, in terms of Z, the Xi and ¢ as for Case Ib.

L AN

Tiie thncuon w 1n e expression (6.2} 16r @15 or'tie 10rm (3.3). rfiénce

Z K4Z K2

=, = - —(k EX).
o ol > 2k§( 1X1 + k3 X)

CaseNe: k; =D ) 9—):} =D We wine X, 7 —X 200 Fr w yerms 0F 2, ey an0 » as Jor Case Ic. The Juvcror
w in the expression (6.2) for o’ is of the form (5.6). Hence

2 _ 32 2
a=—— liog (Lﬂ_ ,
4kyks (x1+kZ)?
gz (1 +K)Z k__xi-kxe
) 4kyk3 4 Bki(x1+kz)’

CaseNd: X =D ) > )z} =D We wiie X, X and & v derms of 2, De 3 and # as Jor Lase 19 The
ffuaction w tn the exoression (6.27 for & s of the farm (3.7, Thea

z? B Ky Z K Z?
aXA=——-z=, = —_— .
ZX% 2 4k1X[

2. Singmarcase £, =) > E =D L, # D

Using the infinitesimals obtained in Section 5.2, the ISCs can be written as

Uu. U, U, U, & 0 v 77 U
Q: Oy O; Qs & | - w(&) -1 0-7v37m o
Vi v V Vi 1 gy—=y | -7 v3 Oy 1%
Sx Sy S, 8 0 -y —y2 —vys 0 S
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01 0 0 U

ks—&a [ -1 0 0 O 0

L) 000 1 ||V (6.7)
0 0 -10 S

Here £, is a constant, & is given by (5.8), «» = dh/dt and k4 = dg/dt are constants, and the y; are the constants
of proportionality between the w;;. In Case III, w(&;) = 1 while in Case IV, y; = —y4 and ¥} + 93 + ¥} = 0.
Following the argument in the previous subsection, setting

X=1x, Y=kt + K6 —Yy, Z =7+ Kkt + ks, (6.8)

where the «; are constants, the invariants of (6.7) are y; = X/é1 —Z and y2 = (61X + Z)2+ (1 +£3)Y2. We
note again in this singular case, &) is a constant. Then the solution of (6.7) giving the reduction in this case
is (6.5), (6.6), where now

w(&r)
a = v B =5((vi +ya)a' + k1 — kab2) .
As before, we need to write a’ and B’ in terms of Z and the y;, and then integrate with respect to Z to obtain

the final form of (6.5). From (6.8) we have

yo VXe— @+ U+EH2)°
VI8
Further, we can write
_VI+E @+ (1 +6D)27)
V- (Ex+0+Hz)7
Case III: Since w(&) =1,

&

1 ) §1X+Z) 1 i 1
a = —=———=arcsin | ——— |, B=5(y1+vy)a+ sk2Z — 5K4Y.
VI+ & ( N2Z 2 2 2

Case IV: In this case v + y4 = 0 and w(£7) is given by (5.9). We obtain

2
oo () s

7. The reduced equations, Case 2

Let U = (U, Qo, Vo, So0)T where Up, Qo, Vo, So are functions of yi, x2,t and « and B are as calculated in the
previous section. Substituting

U =exp(aA) exp(Blo)u

into (2.1), we obtain the sought-for reduction equation with # as the dependent variable.
Since [A, Jo] =0, the exponentials of A and Jo commute.
In Cases I and III, setting ¥4 = %(‘y, — Y4) gives
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0 ya 7 7
A= | Ve 0 -yv: 7
-2 v3 0 -vyu
-y —v2 yiu O

and with k = \/—y?, — ¥2 — 5 we have exp(aA) = x~'sinh(xa)A + cosh(ka)ls. In Cases II and IV, A2 =0
implies that

exp(aA) =1+ aA.

Further. exp{B1n} is a rotation matrix

cos(B) sin(fB) 0 0

| —sin(B) cos(B) 0 0
exp(Blo) = 0 0  cos(B) sin(B)
0 0 —sin(B) cos(B)

In matrix notation, the system (2.1) becomes

—JU, + VU +RU=0.
Set & = Ma atid M = explar + Bl ). Nate that

J
—a—t"JoMu = —(a,Ado — Bla)Mu — JoM (x 11y, + Y2y, +u,) .

To calcuiate V20" we note thac

V:Mu = (V2aA + V*BJo) Mu + ((«’Va - Va -~ VB - VB) Iy + 2Va - VBAL)) Mu
+2M (Va - VxiAuy, + Va - VyoAu,, + VBV Jouy, + VB - Vxadouy,)
+M (VX1 Vi +2V00 Vg, + Ve - Vot + Vixiu, +Vixouy,) .
A simple calculation yields R? = U2 + Q3 + V¢ + S2 in all cases. Thus R? is invariant and we can replace

> in (1.0) dy any function of K" and’ stiil odrain a reduction. in particuiar, we may Rave a saturation term
R?/(1 + R?) instead of a cubic nonlinearity in (1.1).

Setting
(Uo+iQo>=¢ K:< 04 72+i73)
Vo +1Sp ’ Y2—iys -y )’
Say, W T Ut 302 = —% W Wi e 1 % 4 wnd 4 < 4w e 1educton 1% 2 and 2 x 2 form as
Jou « i@, Alou — ;‘:qa, Au — —iZ\(a. (7.1)

7.1. Generic case & x # 0

Recall the new independent variables are y) = k)X +Y — k3Z and y; = X2 + ¥?> 4+ Z2 where X = x + ky(1),
Y=y, Z =z +#(t) and 4, #3 are constants. In Case [, A% = «*l; where k% = — f%(yl —va)+vi+¥i. In
Case II, A> = 0, that is «% = 7% + 7% + 7% =0and y = —v4.

The template for the reduction is
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0= —Jou, + plty, y, +4x18y, 5, T X285,y
+(2Va - VxiA+ (2VB-Vxi — x1.)d0) ty, + (2Va - Vx2A 4+ (2VB-Vx2 — x2.)Jo + 6) uy,
+(V2aA + V2Bl — (a; = 2Va - VB)AJ + K’Va - Va+ B —VB-VB+R*) u,

where we have used u = 1 + k% + k3 and
Vi =0, Vix2=6, Vxi-Vxyi=u,
Vyi-Vxy:=2x, Vx2-Vy2=4x2.

Since ks = k2t + ks, kg = k4t + kg where the x; are constants, we have
X1 = —kiky — k3ky, Yo = =262 X + 24 Z .

Casela: u=1+k3+4k3#+0, 1+ k¥ # 0. Using the form for a and B obtained in the previous section, but
now regarding the y; as functions of X, ¥, Z and ¢, the reduced form of the CNLS system is

Kok 2Kk
O=—Jouy + petry, y, + 4 X 18y, 5, + X204y, + it 3 Jouy, + 2 lz,\quuX2 + buy,
1+ K 1+ K
4 2 2 2 2 k2
+ (_ (71 +)’4)2 Ay + T2 (y +‘}2’4) Kyt Ky K2 L +R2)u.
2(px2 — x7) dpux2 — Xi 4 4(1+k7)

Making the change of coordinates p = wy; — X}, o = x\, the reduction becomes

Kok p
0=—Jou, + um(Uge — 4uo) + m?Joua

i 2
+(_(71+74)AJ0+"%'Z(71+7’4) +K%+K3_ #"Zk%)_‘_Rz)u_

2p p 4 401+ k2
Using Table (7.1), the reduction can be written in the 2 x 2 form,

0=i(e, +d1¢, + b¢,)

&3 ( Yi (y2 +iy3)

top — 2 .
2800 p \(ra—1yv3) -

P
>¢+;4¢+55¢+|¢l2¢,

where the §; are constants. This is almost the 1+ 1-dimensional nonlinear Schrodinger equation, except for two
terms, both with a singularity at p = 0, and one with a coupling matrix in s[(2, C).
It is interesting to note that, in the notation of (6.3),

~ o dX 2+ d_Y 2+ d_Z 2
P=rX2= X=X A aa )

which is the infinitesimal arc length along the solutions of the characteristics of the ISC.
Case Ib: u=1+4% +k3=0, 1 + 4% # 0. The reduced CNLS system is
2kik2x)
1443
2,2 2 2
+<—7'+274AJ0+K4+K2 (Y1 +v4)° & )u'

0= —Jou: + 4x 18y, + 4X 20y, y, + Jouy, + 6uy,

+ - = +R?
X1 4 4x3 X|2
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Case Ic: k3 # 0, 1 + &3 =0 (so u? = k}). The reduced CNLS system is

K2 (k3 ~ 1
0= —Jou; + K3ty y, + 4 X1ty 0, +4X28p00s + i(’;?‘“—) Jozy,
4 Y1+ Ya k2 K% K%(I—Fk%)z 9
2 A+ + J WA VY -
* (k AR ( ks X kzk, 0 AT

Case Id: k3 =0, 1 + k2 = 0. The reduced CNLS system is

k xa(x} -
O0=—Jou, +4x18y, 5, +4X2Ux, 0, + —iJOuXI + —2—(—’\—11—L2)J0ux2 + 6uy,
K2 kix
k + LY +y4)?
+< LR st L) WIS S S Tk LY a2} 1Y
2x Xi xi 4 4xi

We now list the reductions for Case II. Recall that A% =0 in this case.
Case Ila: =1+ k3 + k% # 0, 1 + k7 # 0. The reduced CNLS system is

2/(11(3,\/1

kiksp Jou
T+i2 0

1+ &

2u K3+ K3 pkis 2)
+b6u,, + ( A+ - +R ) u.
x2 mx: — X3 4 4(1+ k)

Case IIb: g =1 4+ k¥ + k3 =0, k3 # 0. The reduced CNLS system is

0=—Jou, + plty, y, +4X10y y, +4X2Uyy, + Jouy, +

2k k2 )1

2
=—Jou; +dx1Uy, y, + dx2Upsy: Aqu - 2 JO“/\”
X1 k3
2 K2k1 K% + Ki 2
6y, + (5 A Ado + —= R
+u*‘+(ﬁ +(k ) AT

Case Ilc: k3 # 0, 1 + &2 =0 (so u? = k3). The reduced CNLS system is

0=—Jou, + kgquXl + 4X1uX|X2 + 4X2uX2X2 + lk1K2(1 - kg)JOuM + 6”,&

KzXl(kgﬂl)JOu < 2k k3 N «3 2(1+k3)2+722>u
X2

+
Ik — Ky, 4 162

Case IId: ki3 =0, 1 + k% = 0. The reduced CNLS system is

= —Jous + 4 x 1My, + A XUy x, + (kaka + kiia) Jouy, + 6uy,

2 2
Xi— X2 kikz Ky 2)
+K Jou,, + A+ —Jo+ > +R" |u

T Om ( xi 2x 4

7.2. Singular case £, =0, 1 +& # 0, & # 0

Recall the new independent variables are y; = X/€,—~Z and y2 = (61 X+Z)*+(1+€)Y? where X = x, ¥ =
Kat+x6—y, Z = 7+ Kyt +xs and £ is a constant. In Case ITJ, A’ = k215 where % = — [}(y1 — y4)2 + 7} + 73]
In Case IV, A® =0, that is, x* = ﬁ + 'y% + 'y% =0and y; = —y4.

The template for the reduction is
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1+ &
= —Jou; + —— £ £ Uy +4(1 + ED Xty y, + 2V - V1 A+ (2VB- Vi — x1.0do) uy,

1
+(2Va-Vx:A+ (2VB- V2 — x20do +4(1 + &) uy,
+ (V%A + VBl — (2, = 2Va - VB)AJy + k’Va - Va+ B —VB-VB+R*)u.

Case III: «? # 0. The reduced CNLS system is

1+ &

0=—Jou, + .._fzfl Uy y +4(1 +§%)X2unx2 +4(1 —i—.f]z)u/\,2

1

2 2 2 2
(71+)’4AJ L (71 +74) +K2+K4+R2>u
X2 X2 4X2 4
Case IV: k2 =0, y; + 74 = 0. The reduced CNLS system is
1+ 2 1+ 2 K2+K2

0= —Jou, + § f 2 ¥ +4(1 +§2)X2uX2X2 +4(1 +§2)uX2 ( Xfl A+ 2 4 4 +R2 u

! 2

8. Conclusion

This paper is a contribution to computer-aided algorithmic analysis of large nonlinear systems. We apply
a certain nonlinear generalization of Lie’s linear method for finding infinitesimal symmetries of PDE to a
generalization of the CNLS system (2.1). The resulting large nonlinear systems of determining equations for
nonclassical symmetries were analysed with considerable assistance from the software packages diffgrob and
rif. Many genuinely new nonclassical symmetries were obtained. We found the corresponding reduced forms
of the CNLS system. Our results show that the CNLS system is a rich source of such reductions.

Setting

0

—_—
S OO

U= (U0, VT, Jo=

S — OO

1
-1 0
0 0
0 0 -1
the system (2.1) can be written as

~JoU, + VU +R*U =0,

where R? = |¥|? + |®|2. For the 7 = 0 reductions, it is convenient to use this notation due to the prominent
appearance in the reduction equations of coupling matrices in a 4 x 4 representation of s[(2,C). The 7 = 0 case
detailed in this article yields a remarkable structure for the system of ISCs obtained as a result of solving for
the nonclassical infinitesimals, and in the consequent reductions. We investigated ten separate solution families
for the ISCs, yielding ten separate families of reductions. Remarkably in the 7 = 0 case, the expression R? is
an invariant, and the similarity variables obtained will also reduce equations of the form

—JoU, + VU + F(RHU =0 (8.1)
for F arbitrary. In particular, one may take

RZ
1+R2°

F(R?) =
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which is the saturated form of the system. The further reduction of our reductions to systems of ordinary
differential equations and their solutions will be examined elsewhere.

In this paper we analysed the determining system for nonclassical symmetries in the variables U, 0,V S
where ¥ = U +i1Q,® = V + iS. Alternatively and equivalently we could have analysed the systems in terms
of ¥, ¥*, @, d*, regarding these as independent analytic variables. We believe that this may have led to some
simplification of the calculations in the generic case.

It is an important and open problem not addressed in this paper to determine whether any of the nonclassical
reductions yield solutions of the CNLS system (1.1) with physically significant properties. Such properties
include being well-behaved globally, for example bounded without singularities and possessing suitable de-
cay properties. Perturbations of such well-behaved solutions can be used to investigate interesting physical
applications and typically involve a combination of analytic, numeric and symbolic techniques.

Lie’s linear method has been successfully applied to many physically significant equations, and their sym-
metries and corresponding symmetry reduced equations have been determined. It might be expected that Lie’s
classical method becomes dramatically more difficult to apply as the number of independent and dependent
variables increase. Indeed the determining systems for such high dimensional problems often contain thousands
of PDE. Yet partly because of the linearity and sparsity, computer algebra packages have been able to explicitly
solve many such systems.

While there has been significant progress and widely available software for the automatic analysis of linear
overdetermined systems of PDE, few packages are available for nonlinear systems, and only limited automatic
calculations have been done. These packages are still in the relatively early stages of development. The
determining systems for the CNLS system were large and we believe provide a good test for the feasibility
of the algorithms underpinning our packages. Despite the attendant case-splitting, we were able to use our
computer algebra packages to carry out a significant portion of the analysis of these systems.

Currently, there is no algorithmic method known that simplifies the integration of the nonclassical infinites-
imals, by exploiting known invariance properties of the original system of PDE. We mention the following
approach to this important open problem. Extending the results of Lisle [47] and Fels and Olver [25,26], it
should be possible to reformulate the nonclassical determining equations in terms of a moving frame which is
invariant under the classical group. Theoretically, calculations in this frame should simplify the integration of
the nonclassical determining equations, and we are exploring this possibility. Consider a family of differential
equations with unspecified functions of the dependent variables in it, for example, heat equations with nonlinear
diffusivity K(u). An equivalence group of the family is a group of point transformations which preserves the
family. Lisle [47] showed that use of a moving frame invariant under such an equivalence group, could lead to
substantial simplification of the problem of integrating classical determining equations. Again we are exploring
the possibility of extending such methods to the nonclassical case.
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