;“ Order 19: 239-263, 2002. 239
“ © 2002 Kluwer Academic Publishers. Printed in the Netherlands.

Combinatorial Aspects of Total Weight Orders
over Monomials of Fixed Degree

ANDREA VIETRI
Department of Mathematics, Universita La Sapienza, Roma, Piazzale A. Moro 2, 00185 Roma,
Italy. e-mail: vietri@mat.uniromal.it

(Received: 15 August 2001; in final form: 11 September 2002)

Abstract. Among all the restrictions of weight orders to the subsets of monomials with a fixed
degree, we consider those that yield a fotal order. Furthermore, we assume that each weight vector
consists of an increasing tuple of weights. Every restriction, which is shown to be achieved by some
monomial order, is interpreted as a suitable linearization of the poset arising by the intersection
of all the weight orders. In the case of three variables, an enumeration is provided. For a higher
number of variables, we show a necessary condition for obtaining such restrictions, using deducibil-
ity rules applied to homogeneous inequalities. The logarithmic version of this approach is deeply
related to classical results of Farkas type, on systems of linear inequalities. Finally, we analyze the
linearizations determined by sequences of prime numbers and provide some connections with topics
in arithmetic.

Mathematics Subject Classifications (2000): 06A05, 06A06, 13A99, 90C05.

Key words: g-linearization, coloring, Grobner bases, linear inequalities, logical consequence, mono-
mial ordering, primes, weight order.

1. Introduction

We denote by N the set of nonnegative integers. If k € N, the elements of N*!
can be naturally put in one-to-one correspondence with the monomials in k& + 1
variables xo, ..., x; by associating u € N1 to x% := x;°, x{', ..., x;*. In this
paper, we analyze certain linear orders defined over the monomials x% of a fixed
degree, in a fixed number of variables. In particular, we deal with monomial orders
and weight orders.

DEFINITION 1.1. If F is a field, a monomial order on Flxy, ..., x;] is any re-
lation < on N**! or, equivalently, any relation on the set of monomials {x%, u €
Nk+1} | satisfying:

(1) < is a total order.

(i) fu <vandz € N thenu +z < v +z.
(ii1) < is a well-ordering.
Monomial orders are basic ingredients in the theory of Grobner bases of polyno-
mial ideals (see, for example, [1]).
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DEFINITION 1.2. Letr := (ro, ..., ) be a vector in R¥t!, whose coordinates
are positive. Then, for any u, v € N**!, define

u<,v iffr-u<r-v.
The relation <, is called the weight order determined by r.

If ro, ..., rc are linearly independent over Q, then <, is a total order, and con-
versely. In this case, as a consequence of Dickson’s Lemma, we have that <, is in
fact a monomial order (see, for example, [1], pp. 69—72). Robbiano ([5]) has shown
that every monomial order on N¥ is the lexicographic product of s weight orders.
Therefore, weight orders contain much information related to monomial orders.
In this paper, we will be concerned with the weight orders determined by some
increasing sequence of weights; in other words, if r is the tuple determining the
weight order, then we assume that r; < r; for any i < j. Our object of study is the
intersection over all possible choices of such weight orders restricted to each subset
of monomials of a fixed degree 4 in k 4 1 variables. Using the above rephrasing, in
place of monomials we consider the corresponding subset of (k+ 1)-tuples, namely
D;,‘ C N¥*! Theorem 2.3 characterizes each intersection as a partial order (DF, <)
which has a simple combinatorial definition. Among all the linearizations of a fixed
Df we focus on the restrictions of weight orders. These particular linearizations,
which we term B-linearizations, turn out to be achieved by some monomial order
whose restriction over the monomials of lower degree is uniquely determined by
the linearization itself. Subsequently, the B-linearizations are interpreted as system
of inequalities of the form

ug uj Uk V0 V1 Vg
Xo s X 5 eees X <XO s X s X

with ) . u; =), v;.

In Section 3 we enumerate all the S-linearizations of a fixed D%. The case
k > 3 is investigated in Sections 4 and 5 with the help of a further class of posets.
Although our approach does not provide any enumeration in this case, it leads
to a necessary condition for the existence of such linearizations. This condition
can be easily checked in the cases D3, D; and Di. More precisely, we exhibit
a class of inferential rules which generate all the inequalities deducible from a
single inequality. The idea of describing inferences by means of certain rules has
been extensively developed, so far, in the case of linear systems (see, for exam-
ple, [2, 8, 10]). Since the logarithmic version of the above inequalities consists
of linear inequalities, our necessary condition is in fact derivable from a classical
result, namely the Kuhn—Fourier Theorem (see [8]). The cited theorem provides
a characterization for solvable systems of linear inequalities (for this reason, the
theorem is classified as a result of ‘Farkas type’). In the present work, we provide
an independent proof of the above necessary condition. Our argument yields, as an
immediate consequence, a better understanding of deducibility rules in our specific
context. In Section 6, we show that prime numbers in place of real numbers are
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enough to define all the weight orders <,. In Section 7, we describe some curious
symmetries of certain B-linearizations, which have been a further motivation to
develop the present analysis.

In the related case of binary strings, monomial orderings have been studied
by Maclagan (see [3]), obtaining a complete enumeration for smaller values of
the length. A concept similar to B-linearization, namely the coherent Boolean
order, has been investigated in the cited paper. Monomial orderings on binary
strings are a basic ingredient for the construction of Grobner bases over exterior
algebras.

2. The Posets D,’l‘ and their g-Linearizations

We define a class of finite partially ordered sets (D¥, <).

DEFINITION 2.1. If # e Nt and k € N, D’,j stands for the set of (k + 1)-tuples
u = (ug, ..., uy) such thatu; € Nforalli, and Y, u; = h. Given u, u’' in D}, we
write u <* u’ (equivalently, u" >* u) if u; = u; + 1, u;1 = u;, | — 1 for some
indexi <k—1,andu; = u’] otherwise. The relation <* is extended by reflexivity
and transitivity so as to obtain a relation <. If u < u’ (resp. u > u’), we say that

u is under (resp. over) u'.

By defining r(u) = Y o, - u;, we have u <* ' = r(w) = r(@w) — 1,
whence « is antisymmetric. Furthermore, (4,0, ...,0) = 0, which means that
r(u) counts the elementary steps connecting u to the minimum; in particular, their
number does not depend on the path chosen. Thus, each (D¥, <) is a ranked poset.
It can be easily shown that each Dﬁ is a lattice. The proof of this fact is postponed
to Section 5. Throughout this paper we will often denote vectors by sequences of
entries with no parentheses, nor commas (e.g. ugu; . .. ug). In Figures 1 and 2, the
Hasse diagrams of D2, D; and Di are shown (from left to right, instead of the
usual top-down representation).

Notice that (ug, ..., ux) <K (vo,...,v) if and only if (ug, ug—1, ..., ug) >
(Vks Vg1, - - - » Vo). The next result is a basic tool for proving the subsequent theo-

rem.
020
002—011< >]10—200
101
0020 0200
0002 — 0011 < 0110 > 1100 — 200C
0101 1010

1001
Figure 1. (D%, <), (D3, <).
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0040 013
0031 1030
0022: 0121 0211
OOO4OOI3< 0112 [RRN1 . e >31004OOC
0103 0202 1021
1003 0301
1012: 1102

2002
Figure 2. (D3, X).

LEMMA22. u < vifandonlyify , ;u; <) . ;vjforalli <k—1.
Proof. (=) Suppose that u < v. Then, there exist z, .. ., z, such that

U=z, <z, <K'z

If n = O there is nothing to prove. Otherwise, let z,, ; denote the jth entry of zZ,
Since the definition of <* implies that >, z,—1,; < >_;5; Zn,j foranyi <k —1,
by induction on n we obtain iji 20,j < iji Zp,j foralli <k —1.

(&) If u # v, then consider the rightmost coordinate where u and v differ.
Let i be the index for this coordinate. The inequality » =il = > j=i vj implies
that u; = v; — ¢ for some r > 0. Thus, we may replace v by v’ such that v, =
v, —t, v._; = vi_; +tand v; = v; for j # i,i — 1. Now v’ still satisfies the
hypothesis, but this vector agrees with ¥ in more coordinates than v, and v' < v.
If i = 2, then v’ = u, so we are done. For larger i, we use induction on the position
i defined above, since we may replace v by v’ to reduce from i to i — 1, and the
transitivity of < yields u < v. O

THEOREM 2.3. Givenu # v in Dl};, u K v if and only if

k k
[Ta" <[4 1)
=0 i=0

for every increasing sequence of k + 1 real numbers 0 < gy < q; < -+ < g.

Proof. Suppose that u < v. Letn > Obe such thatu = z, <* z, <" -+ K
z, = v. We reason by induction on n. Let us set w := z, | and define a as the
unique index such that v, = w, + 1, v,—; = w,_; — 1; by also using the inductive
hypothesis we get

Hq;“ < l_[ ql.wi < qu‘w,‘ . 9a l_[qivi.
i i i i

qa—1 B

Conversely, it is enough to prove that if ¥ and v are incomparable, then there exists
a sequence 0 < gg < --- < g such that

[Ta" > [1a" @)



COMBINATORIAL ASPECTS OF TOTAL WEIGHT ORDERS 243

Indeed, if u > v, then we use the previous argumentation to get (2). Let b be the
greatest index such that u;, # v, and assume that u;, > v,. A sequence satisfying

(2) is built as follows: fix an increasing sequence {g;, 0 < i < b}; then, choose
b—1 Vi —Uuj

g» > gp—1 in such a way that ¢, > [[;, ¢; and, if necessary, complete the
sequence with any increasing sequence of numbers greater than ¢,. By doing so,
we obtain a suitable sequence, because

b—1 b—1 b—1

uj up Vi up—1 Vi Vp
[Ta" @ >11a" o " =]1a" @
=0 i=0 =0

and for each index j > b (if any) u; = v;. Now, assume that u;, < vj,. Leti be
some index contradicting the assertion of Lemma 2.2. Write U, V, respectively, in
place of iji uj, ijl. v; and define 0 < gg < --- < g;—1 in any way (notice that
i >1). Let § > 1 be such that

1) Hq;'/ > Hq;-)j. (3)
j<i j<i
u_
Using the hypothesis U > V, choose g; in such a way that ¢,” Y 8, or

U
equivalently g,” / /8 > gq;. Now, if necessary, complete the sequence under the
condition

1
i <giy1 < < gk = V=

We get
[1a) z4a" =8af =] ]q;"
Jj=i j>i
and also using (3), we can conclude. O

As a consequence of the above theorem we obtain the following characterization
of each (D¥, «) in terms of weight orders.

COROLLARY 2.4. For every fixed DX, the relation < is the intersection of all the
weight orders <,, restricted to Dﬁ, such thatry < -+ < ry.
Proof. If u < v # u and <, is such a weight order, then

H(eri)ui < H(eri)vi = Zriui < Zrivi = U<,
i i i i

where the first inequality is due to Theorem 2.3. On the other hand, if u & v,
then the same theorem enables us to find an increasing sequence of real numbers
{s;} such that []; s;" > [, s;". Furthermore, we may assume that s > 1, because
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any sequence {os;}, with & > 0, clearly induces the same inequality of {s;}. Since
u Z(logsy,...logsy) V- the vector u does not precede v in the intersection of all the
weight orders. O

If h = 1 ork < 1, then Df is easily seen to be totally ordered by <. Let us suppose
that /2, k > 2 and consider the set

Wi = {{u,v} € Dy x D : u L v A u3 v}

IfL = {u,v} € W;]f and o € NT, then we define oL := {au, av}. Notice that
oL € Wk, by Lemma 2.2. Furthermore, we set L := {v, u} and say that L is equal
to L with reversed orientation.

DEFINITION 2.5. A B-linearization of (DF, <) is an extension of < to a total
order, obtained by defining for each {u, v} € W,’l‘

k k
u<ve [Ta" <[la",
i=0 i=0

where ¢ is a fixed increasing sequence of k + 1 positive real numbers, which neces-
sarily yields only strict inequalities. We say that g induces the S-linearization A,.

Theorem 2.3 implies that the notion of fB-linearization is well-defined. Since the
multiplication of g by any positive number does not change the corresponding
B-linearization, we may assume that go > 1. Thus, we see that A, corresponds to

.....

dence over Q of {log g;} translates to
(q(z)o .qlzl .--q]fk = 1’ Zi S Z) = Zi :Ovi.

It may happen that g induces a B-linearization of some D¥, whereas it yields only

a partial ordering over a certain D’h‘/, because some element L € W;f/ gets no
orientation. For example, the above situation occurs when

h=2, h' =3, k=2, q = (2,4,32), L =1{(1,0,2), (0, 3,0)},
or when
h =3, h =2, k=2, q =(2,4,8), L =1{(,0,1),(0,2,0)}.

Nevertheless, it turns out that each B-linearization A, is always the restriction of
some total weight order <,. To see this, let us assume that the (k + 1)-tuple ¢ (with
go > 1) is such that ). ¢; logg; = 0 for some rational numbers {c;}. Notice that
log g can vary in a suitable neighborhood X > log ¢; without altering the related
B-linearization (here we use the finiteness of D’,j). Since

| X| > Ro = |{p : {logqo, ...,logqgi_1, p} are lin. dependent over Q}|,
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it follows that we can find some x € X such that <(jog,,....10g._,,x) 15  total weight
order over the whole N¥*!. Furthermore, by the definition of monomial order
(see Definition 1.1(ii)) we may easily deduce that every total weight order, which
extends some fixed B-linearization, is uniquely determined over | J,_, Dé‘. To sum-
marize, we have thus established the -

PROPERTY 2.6. Every B-linearization of D’,j can be extended to some total weight
order on N**1. Any two such extensions coincide over | J, < D}.

Given the real numbers 0 < go < -+ < i, let Af(qo, ..., qr) stand for the
subset of R* made of all the products of & elements chosen in {g;} with repetitions
allowed. If |A% (qo, - - ., qx)| = | Df| (that is, if ¢ induces a B-linearization over Dy)
the two structures are given a natural bijection, while the relation < is a first indica-
tor of how much the position of the totally ordered elements in (A’,‘l (qos---»q1), <)
is conditioned by the underlying combinatorial structure.

The obstruction to the choice of a f-linearization among all the available lin-
earizations can be interpreted by means of systems of inequalities. For example,
let us consider D3 or D3, depicted in Figure 1. In the former case only one pair
is incomparable, namely {(0, 2, 0), (1, 0, 1)}. That is, the order « captures almost
completely the behavior of (A%(x, v,z), <) forany 0 < x < y < z, because we
can find both 0 < x’ < y' < Z’ such that 'z’ < y? and 0 < x” < y” < z” such
that x”z" > y” 2: hence, the totally ordered set has one of the following forms:

Zz>yz>y2>xz>xy>x2; z2>yz>xz>y2>xy>x2.

Instead, in the latter case, five pairs are incomparable, whence there are at most 23
ways of obtaining the final linearization. Nonetheless, some obstructions (more or
less evident) actually reduce the choices. Thus, we need to know which systems of
inequalities are satisfiable among the 32 ones, of the form

2% % yw, VZ %y XW, y? %3 X2,

Zrgaw, Y s xw,
where *; € {<,>}and 0 < x < y < z < w. Theorem 2.3 does not face this
question, for it only deals with single inequalities. Nevertheless, it ensures us that

all the combinatorial obstructions are in fact arithmetical constraints. We formalize
the above discussion by associating to each L € W/f the inequality

k k
— ui Vi
BL = l_[xi < l_[xi .
i=0 i=0

A B-linearization of (D¥, <) can be interpreted as a suitable choice of one inequal-
ity between 8, and Bz, for each element L.

DEFINITION 2.7. Let @ C R*. The inequality B;/ is Q-derivable from B if
Br is satisfied by every increasing sequence {gy < --- < qi, ¢; € 2} which
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satisfies B;. We write B, =q Br. If @ = R we simply write 8; = B, and
say that B, is derivable from B;. An analogous terming is used for systems of
inequalities in place of single inequalities.

Every B-linearization is to some extent related by the above derivability conditions.
In the next three sections we will therefore investigate such conditions, in order to
get some more knowledge about the allowed linearizations.

3. The B-Linearizations of Di

In this section we enumerate the B-linearizations of (D?, <) for any fixed h > 2.
Let us denote the variables by p, g, r. If L € W7, then B is equivalent to either
pert < g or pUr? > ¢t witha +b < h,a > 0,b > 0, and conversely.
Thus, a satisfiable system {8, : L € W7} can be set up in at most 2"~/ ways.

LEMMA 3.1. The system

parb < qa+b’
S:
{pa’rb’ > qa
having positive real numbers as exponents, can be satisfied by some real numbers
0 < po < qo < roinplace of p, q, r respectively, if and only ifb/a < b’ /a’. Under
this condition, each inequality of the form p® r?" < q@"**" (resp. p®'r?" > g% ")
witha”, b” > Qis derivable from S if and only if b" /a” < b/a (resp. b" Ja" > b/a).
Proof. An equivalent condition for a sequence 0 < p < g < r satisfying S is

!

14 Y
) <i-()- ®

withy :=a/b,y’ := a’/b'. Clearly, (4) does not hold if y < y’. On the other hand,
when y > y’, asuitable sequence can be produced by choosing any 0 < p < ¢ and
subsequently finding a number r such that (4) holds. We will prove only the case
< of the second assertion (the other one is similar). Suppose that b”/a” < b/a. By
the first inequality of S we get

pg//rg//b/a < qg//_,’_a//b/a. (5)
Since a”b/a — b" > 0, the provable inequality

a//b/a_b// a//b/a_b//
"o Z 4o

yields, together with (5), the desired inequality. On the contrary, if b”/a” > b/a
we show the existence of 0 < p; < ¢q; < r; which do not verify the requested
inequality, though they satisfy S. To this end, set y” := a”/b" and observe that y”
and y’ are both smaller than y. Set 7 := max(y’, y”). Then, the condition

(%)y r (QI)y
P1 q1 P1
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is satisfiable, by the previous argumentation; moreover, the solutions are suitable

for S, though p¢'r?" > ¢@+" O

COROLLARY 3.2. The system

a’; b a’»—i-b;.

plirt < quthil 1 <i<I,
S.
plirti > q%imi, 1 <j<J,

where all the exponents are positive real numbers, can be satisfied by 0 < py <
qo < ro in place of p, q, r respectively, if and only if

b, (b,

maxy—, 1 <i<It="M <M :=min{ =, 1<j<J¢,
a; aj

having defined M := 0 if I = 0, M' = +oo if J = 0 and using the rules of

extended arithmetic. Under this condition, the inequalities of the form p‘r¢ <

gt : ¢,d > 0 and those of the form pr? > g+ : ¢/,d’" > 0 can be derived

from S ifand only if d/c < M and d'/c’ > M’, respectively.

The easy proof of the corollary is omitted. As a consequence, we can enumerate
the B-linearizations of (D?, <) : they depend uniquely by the choice of M, which
assumes either any rational value b/a with b > 1,a > 1,a+ b < h — 1, or the
value zero; in this case, we have M’ = 1/(h — 1). In general, M’ is the number
following M in (Q" U {+00}, <) among the admitted values. If M = h — 1, then
M’ = oo. By the previous analysis we get the

COROLLARY 3.3. The B-linearizations of (D?, <), h > 2, are indexed by the
rational numbers of the form b/a, withb > 0,a > 0,a + b < h — 1. Thus, their
number is equal t0 2y, _; _,_, ¢ (i), where ¢ is the Euler function.

Proof. We prove only the second assert, by induction on A. If i = 2, then the
admitted rational numbers are 0 and 1; hence the basis holds, because 2 = 2¢(1).
Let us assume that 7 = H > 2 and that the assert holds if 4 = H — 1. The admitted
rational numbers whose numerator is equal to H — 1 are as many as the numbers
smaller than H — 1 and coprime with it. Thus, there exist ¢ (H — 1) such numbers.
We do a similar calculation with the denominator in place of the numerator. Now,
using the inductive hypothesis, we can conclude. O

In the previous section we have shown that every B-linearization of D} is induced
by the restriction to (J,_, D} of some total weight order, and that the restriction
does not depend on the order. On the other hand, the above corollary has the
following two consequences:

PROPERTY 3.4. If h > Hh/, then there exist several restrictions of total weight
orders to | J,_,, Dj, which yield the same B-linearization over Dj.
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Proof. Since the restrictions to | J,., D? of all the total weight orders <,, with
rg < r1 < rp, correspond to all the B-linearizations of D,zl, the number of such
restrictions is a strictly increasing function of 4. Therefore, at least two restrictions
defined over  J,_,, D? must coincide over | J,., D3. O

If £ > 2, a weaker result can be established.

PROPERTY 3.5. Ifk > 3, then for every h > 2 there exists some h' > h such
that two distinct restrictions of total weight orders to \ J,., D% yield the same
B-linearization over Dﬁ.

Proof. A fixed B-linearization A, of Dy, induces the B-linearization A s, s,) On
Di, ~ {u € DX, : u; = 0Vi > 2}. Thus, the restrictions of total weight orders
to Uy Dé‘ are at least as many as the S-linearizations of D? . Since there are
finitely many restrictions of total weight orders to | J,_, D%, whereas the number

of B-linearizations of Dg, increases with /', we get the assert. O

As a further application of the above corollary, let us consider the poset D% and in
particular the three pairs of elements having rank 2, 3, 4 respectively (since D% and
D; are isomorphic posets, the reader may refer to Figure 1 using different labels).
The linearizations of this poset are at least 23, because the above pairs lie on distinct
levels. The obstruction is therefore evident, being 8 > 4 = |{0, 1/2, 1, 2}|.

We may consider sequences of the form 1 < § < 7 in order to represent all
the B-linearizations in the right upper quadrant of R, over the bisector. In the case
h = 3, Figure 3 provides such a representation. The sectors I, ..., IV are bounded
(clockwise) by the curves € = 1, = £°,n = &2, = £%/2 and the bisector (we
have used different scalings for the two axes). The points lying in the interior of a
sector represent all the triples which induce the same B-linearization. As a further
suggestion, we have drawn the dotted line L which represents all the sequences
{x;} such that x; — xy = x» — x1. We see that L lies in the third and fourth sector;
this means that the arithmetical progressions made of k + 1 = 3 numbers induce
only two linearizations among the four available.

Figure 3. Sequences (1, &, ) in the case h = 3.
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More generally, for any 2 > 2, it can be easily shown that each sector is defined
by 144/ < < g11alb where b/ Ja’' = M.
We conclude this section with a worth mentioning fact.

PROPERTY 3.6. The B-linearizations of D2, with h > 3, form a proper subclass
of all the linearizations.

Proof. The distinct pairs {(1,0, h—1), (0,2, h—2)}, {(h—1,0, 1), (h—2, 2, 0)}
give rise to the same inequality, namely pr < ¢>. This is of course an obstruction
to the free choice of an orientation. On the other hand, all the four choices give rise
to some linearization. O

4. Results for the Casek > 3

The previous discussion seems more difficult to set up when k& > 3, because S,
cannot be reduced to a unique form. Hence, in this section we introduce a further
class of posets, in order to describe at least a necessary condition for obtaining
a B-linearization in every D). The main result (Theorem 4.3) provides a charac-
terization of all the inequalities 8, which are derivable by some inequality B;,
where L, M belong to the same set Wf. Actually, this result might be established
with few difficulties using the Kuhn—Fourier Theorem (see also the Introduction),
which asserts that a system of linear relations is solvable if every legal linear
dependence leads to a relation always true, as for example 0 < 3 or 0 = 0 (by
definition, a system possesses a legal linear dependence if, using some correct
linear combinations, one can obtain a new relation with all zero coefficient of
the variables). In our proof, the concept of linear combination is used as well.
Furthermore, the techniques developed in our argumentation bear some conse-
quences (namely, Lemma 4.6 and Corollary 4.8) which do not seem to be easily
derivable from the classical result. These consequences are worth mentioning in
the present context; indeed, in Section 5 we avail of the cited lemma, whereas the
corollary is a sharpening of the Kuhn—Fourier Theorem in the particular case of the
system

BL.

0<xg<x; <-+0 <X
Let W} stand for the subset of U2§0§ n WX with the property that
VOVL € WiaIM € Wi, 3c: L =M + {c,c}, ¢; > 0Vi.

Every inequality 8, L € WY, is therefore equivalent to a unique By, M € W/f,
whose degree is the smallest admitted. The subset W/f can be also defined by the
simpler condition {u, v} € Wé‘ cu;v; =0Vi, eg.

{(1011), (0300)} € W3, {(102), (021)} ¢ W2, {(101), (020)} € W3.
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Clearly Wf C ‘WY if h < h'. Let {¢;}o<i< stand for the canonical basis of R¢*!
and E’g be the set of (k + 1)-tuples u = (uy, ..., uy) such that each u; is an integer
and ), u; = h. We define four classes of maps from W/f to U1<9<h+1(E§ x EX)
as follows. If L € 'Wf, then

A;(L) 3=L+{§i_§i+1’g}’ 0<i<k;
B;(L) := L + {0, _§i+€i+1}’ 0<i<k;
Ci(L) :=L +{e,e; .} 0<i<k;
Ci(L) ;==L —{e;, ¢;_,}, 0<i<k.

In the sequel, we will extend the symbol {u, v} to the pairs of elements of £ ’g Let
Z denote the class of all the maps defined above. We endow ‘W) with the following
partial order <. Firstly, we write L <* L' if f(L’) = L for some f € Z. Then,
the relation < is defined as the reflexive and transitive closure of <*. An argument
similar to the one adopted for (DX, <) can be used for proving that (WF, <) is
ranked and that < is in particular antisymmetric. However, these new posets have
no maximum nor minimum in general (they may be even disconnected, as W23 in
Figure 5). The rank function is defined as r({u, v}) := § + >, i (u; — v;), for some
suitable integer §.

The following relation does not extend < as a partial order, for we will quickly
check that it is not antisymmetric.

DEFINITION 4.1. LetL, M € "W,]l‘ L is weakly preceding M (L <" M) if for
some H > h there exist 2n positive integers {a;}, {b;},i =0,...,n—1,andn +1
elements {L = Ly, Ly,...,L, = M}suchthata;L; < b;L;; foralli <n —1,in
(WK, <). The sequence {L;} is termed an inferential sequence related to L, M.

Remark 4.2. <% is not antisymmetric because for example L <" 2L <" L.
It is still transitive, as it could be easily seen. Moreover, L < M clearly implies
L <" M.

In the following theorem we show that the maps belonging to the class Z give rise
to all the possible inequalities which can be derived from an initial inequality B;.
Thus, we exhibit a class of algorithms for generating all the logical consequences

of By related to some fixed Dﬁ .
THEOREM 4.3. By = Br ifand only if L < M.

The proof of the ‘only if” part of the theorem will be split into two lemmas. Let /;,
0 <i < k—1,denote the (k+1)-tuple ¢, | —¢;. Observe that E{ is a k-dimensional
Z-module having {/;} as a basis. Given L := {u, v}, M := {u/, v} in W}, let us
define z := v — u, ' := v’ — u/. Then, for some integers {a;}, {b;}, z = D, ail;,
Z =Y bil;. We will write (0 : ag, 1 : ay,...,k — 1 : a,_;) in place of L, with
the indices not necessarily increasing (this notation will be useful in the proof of
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Proposition 5.1). Also notice that the hypothesis of incomparability yields easily
a; < 0 < a; for some i, j, as well as by < 0 < b, for some s, t. The following
claim will be useful in the next section:

PROPERTY 4.4.
ai = (u,—v,), foralli <k-1.
r=0

The assert can be easily proved by induction, using the relations —ag =
Vo — Up,dp — A = V] — U, A —dy =V — U2, ..., g2 — Q-1 = Vf—1 — Uk—1.

LEMMA 4.5. If some positive rational number q satisfies qa; > b; (resp.
qa; < b;) foralli, then L < M (resp. L >" M).
Proof. We deal with the first case. If ¢ = c¢/d we have

L <"cL=cluv)=d{u, v} +{cu—du',cu —du'} +
+ {Q,cZaili —deizi}

=dM + {cu —du', cu — du'} + Z(cai —dbi){e;, e} —
— ) (ca; — dby){e;, ¢}

=dM+{t.t}+ ) _aile;. ¢i)

1

for some ¢, where «; := ca; — db; > 0 Vi. We use induction on ), «; for proving
that cL < dM. If that sum is zero, then o; = 0 Vi and we get t = 0 by the
following argument: if #; > 0 Vi then ¢; = 0 Vi by the definition of Wk else, if
t; < 0 for some i, then cL has some negative entry because u;v; = 0 Vi; this is
absurd. In conclusion, we get cL = dM. Now assume that o, > 0 for some s.
Define N := {x, y} := cL —{e,, ¢, }. First suppose that N has only non-negative
entries. We claim that N € th_l. Indeed, if by contradiction N was a pair of
comparable vectors, then by Lemma 2.2 ) =i Xi TV = 0 Vi (the other case does
not arise in this context, having subtracted {e;, ¢; |} from an incomparable pair).
On the other hand, the same lemma implies that ) IS I(du’j —d v;) < 0 for some
index /. Therefore, because

N=dM+{t.0)+ ) alej i)+ (@ — Dieg e,
J#s
the same index 7 is such that ) > ;(xj —yj) < 0, which is absurd. Moreover,

Xg41 = Uy = 0,y, = vy = 0. Thus, N € WX _|. Since sty —1<
> i % it follows that N < d M by induction. Finally, since cL = C;(N) < N, we
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have that cL < dM, by transitivity. Now assume that N has some negative entry.
Then, necessarily, one of the following three cases holds: x; = —1, y;11 > 0;
xs > 0,901 = —1;x, = —1, ys41 = —1. In the first case, define N’ := ¢L +
{0, ¢, — ¢, }. This element has no negative entries, because y,;,; = 0 implies that
cvsy1 > 0. Furthermore,

N =dM+({t+e.t+e)+ Y ajle. e} + @ — Die,. e}
J#s
Therefore, reasoning as above, we see that N’ € th, and applying induction we

get N' < dM. Finally, using the map By, we obtain cL = B;(N') < N’ and conse-

quently cL < dM. In the second case we consider the element cL +{—¢,+e,, ;, 0}

in place of N’, and reason as above. In the third case we use N := cL +{e |, e,},
observing that

N'=dM +{t+e +e, . t+e +e )+
+) ailej. e} + (@ — Diey ey )
J#s
The case ga; < b; in the assertion of the lemma is treated similarly. O

Before introducing the second lemma, we give some definitions. The system
{BL. Bs;} can be written as

k—1 X a; k—1 X: bi
1 i+l , 1 2t 6
<N(%) - -0 ®
Indeed,

Br=1< l—[xl.”"_”" =1 <xp @ x0T xR
1

and we reason similarly with B37. It is useful to consider the variables y; :=

Xi+1/xi, where each y; is supposed to be a real number greater than 1. Notice

that every given vector y can always be associated to some suitable sequence {x;}.

Thus, we write the system as

¢(y) > 1,
1 < v, 1> yf’i = =
U 1,_[ vy <1,
having introduced the functions ¢, ¥r. We do similarly with {87, Bux}.

LEMMA 4.6. If there exists no q € Q% such that qa; < b; (resp. qa; > b;) for
all i, then B # By (resp. Bu 7 BL)-
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Proof. In order to prove the first assert, let us assume the following hypothesis:
(H)y=b; <0 < a;orb; <0 < aq; for some index i.

Observe that the hypothesis of the lemma is implied by the given condition. Since
¢ = ¢A>yl” LY = @yf’ " with @, ¥ not depending on y;, a sequence Y such that
oY) > 1, ¥ (Y) < 1is easily obtained when b; < 0 < a;, by choosing Y; large
enough. Else, if b; = 0 then i does not depend on y; and Theorem 2.3 enables
us to find a suitable sequence Y’ such that ¢/ (¥Y) < 1; now, if necessary, increase
Y/ so as to get ¢(Y') > 1. If ¢; = O a similar argument is used. Now suppose
that (H) does not hold and that (¢; = 0 = b; > 0),(b; = 0 = a; < 0). We
claim that for some indices 7, j the following five conditions hold: a; > 0, b; > O,
aj :=—A; <0,b; := —B; < 0and a;B; > A;b;. The first four conditions are
satisfiable because L, M belong to W/f and therefore a; > 0, b; < 0 for some i, j;
if we suppose that the last condition does not hold whenever the others are satisfied,
then a number g which contradicts the hypothesis can be exhibited by defining

b;
q = min{— ca; >0, b; >0}.

1

Indeed, firstly this definition implies that ga; < b;, also in the case that a; and
b; are both negative. To prove this, consider a;, b; > 0 such that ¢ = b;/a;;
then,ga; = —qA; < —qBja;/b; = —B; = bj, so we are done. Furthermore,
the remaining case a; < 0 < b; is trivially satisfied by ¢. For showing that 8; #
B it is enough to exhibit an element Z such that ¢(Z) > 1 = Y (Z), because
we can subsequently obtain the desired sequence by slightly modifying Z (using
a continuity argument over (1, 00)¥). Let us write ¢, 1 respectively as ¢~>yl“ i y;lj ,
v yf’ i yfj . Thus, ¢, ¥ do not depend on y; and y;. According to Theorem 2.3, we
can find two sequences which satisfy B, and S5 respectively. As a consequence,
again due to continuity, there exists a sequence ¥ which makes ¥ (Y) equal to 1.

Letusset K :=¢(¥Y) =Y f" /Y if we choose any number Z j = Y; and define

Bj

7\ 1/bi
Zi = (7]> s ZS:=YSVi#S#j7

then we obtain a correct sequence Z still with the property that ¥ (Z) = 1. More-

over, for some positive number C,
Bj ai/bi B
_(Zi A vy — 7°

iBj/bi—Aj

and if we choose Z; large enough, the condition a; B; > A ;b; implies the existence
of a sequence Z' which makes ¢(Z) greater than 1. The second assert can be
similarly established. a
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Proof of Theorem 4.3. If L £* M then B, 7 Br as a consequence of the two
lemmas above. Moreover, the ‘if” part is easily derivable by the definition of weak
comparability. That is, each map of the class Z is easily seen to represent some
correct inference between the involved inequalities; thus, §; can be deduced from
B through a finite sequence of inferences. O

COROLLARY 4.7. If L, M, {a;}, {b;} are as above, then the following facts are
equivalent:

(a) L <" M <" L.

() BL < Bu.

(¢c) There exist q, q' € Q" such that ga; < b;, q'a; > b; for all i.
(d) M = qL for some g € Q*.

Proof. The equivalence between a and b is a straightforward consequence of
Theorem 4.3, as well as the two lemmas above, together with the ‘if” part of the
theorem, make a and ¢ equivalent. d implies of course b. It suffices to prove that ¢
implies d. By the assumption, it follows that a;b; > 0 for all i. Furthermore, since
a; > 0, a; < 0 for some indices s, ¢, we have

/

b; . | bi

q = max{—,ai > O} zmln{—,ai > 0} >q,
a; a;
b; b;

qg < min{—,a,- < 0} < max{—,ai < 0} <gq,
a; a;

whence ¢ = ¢'. Therefore, we obtain b; = ga; Vi, thatis v — u; = q(v; — u;) Vi.
The last equality, together with u;v; = u;v; = 0 Vi, leads to the conclusion. O

The argumentation used in the proof of Lemma 4.5 yields the
COROLLARY 4.8. The relation <" can be defined more simply through
L<"M=3c,d,HeN":cL,dM € Wy, cL <dM.

In other words, if we consider the logarithmic version of our inequalities, the above
claim characterizes the derivable inequalities by means of a proper subclass of
all the allowed linear combinations. In particular, the multiplication by positive
numbers (namely, d and 1/c) need to be performed only in the beginning and
in the end respectively, whereas the intermediate steps (related to the order <)
represent summations with the inequalities x; < x;,7 < j, together with possible
subtractions of the equalities x; = x;.

The proof of the following fact does not require any result of the above ones. It
might have been obtained directly by the definition of <. Anyway, the formalism
developed in this section will add some more clearness to the argumentation.

LEMMA 4.9. Each (D¥, <) is a lattice.
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Proof. Let u, v be incomparable elements of a fixed Dﬁ. Then, we have that
v—u € E(Ij Hence

Q+Za,~l,~ :Q+ijlj =3,

iel jeJ
A #0#J, INJ =0, a; >0Vi, b; >0V,].

Notice that u, v are both under z. We will show that z = u Vv v, by proving that any
w # z which is over these two elements, is also over z. By the hypothesis, there
exist some sets S, 7 such that

w—u=Y Al, w-v=Y Bl, A >0Vs, B >0Wt,
ses teT
and S N T is possibly non-empty. Therefore,
teT seS§ jeJ iel

whence, for example, I C S and A; > q; for all i € I. It follows that

ses

=u+Y Al+ Y Al
sel seS\1

=u-+ Zasls + Z(AS‘ - as)ls + Z Asls
sel sel seS\I

=2z + Z(Av - as)ls + Z Asls > Z.
sel seS\I

Similarly, the greatest lower bound can be proved to exist for every pair. a

5. A Sharper Result for D;, h < 4

Here we show that the weak comparability in "Wf can be defined by means of
inferential sequences which remain inside "Wf itself. Moreover, the extension from
< to <" carries only a slight change to the structure, whereas in the cases W},
h = 2, 3, the relation <" collapses to <.

PROPOSITION 5.1. Let L = {u, v}, M = {u’, v'} be elements of W34. IfL <M
then, an inferential sequence {Ly, ..., L,} related to L, M can be chosen in such
away that L; € W;‘for all i.

Proof. Since By = PBr, Lemma 4.6 guarantees the existence of a positive ra-
tional number ¢ such that ga; > a] for all i, where as usual v —u = >, , ail;,
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vV —u =) ;,al.If g =1, then we get the assertion because L < M after
a brief calculation. Now assume that ¢ := min{g : ga; > a. Vi} > 1; let a; be
negative, for some index i. Then, a. < a; (otherwise ga; < a;) and ¢ < a;/a;.
Furthermore, there exists some positive element a;. We claim that a; — a, < 4 for
all s, t. Indeed, aj — a;, = u| — v{ < 4, and a similar equality holds whenever s,
are consecutive. Furthermore, by Property 4.4, a; — ap = u| — v} +u), — v} < 4,
and we are done. As a consequence we have that a; > —3, for otherwise every
a; < 0is actually equal to zero, whence L ¢ 'W5'; the same argument yields a; < 3
(of course nothing changes if we replace a, with a;).

Thus, we may distinguish three cases. (A) ¢; = —2,a; = —3. Then, any a;
positive is equal to 1, which implies that ¢ = 1 is large enough to provide the
weak comparability (notice that a; > 0 implies a; > 0, because ga; > a; by
hypothesis). It follows that L < M. (B) a; = —1,a; = —3. We use the same
argumentation. (C) @; = —1,a; = —2. Then, the hypothesis ¢ > 1 implies that
at least one couple {a;, a;} is equal to {1, 2} (here we also use a; < 2). Let k
denote the remaining index. Firstly, let us suppose that a;, < 0; then, the hypothesis
qax > a, implies that a, > —1, because in any case a; > —2 (otherwise
a; —a; > 5). lf qp = —1, then a4 = —2 and we get the assert; otherwise, if
a; > 0, then we decrease it to O (if a; > 0), multiply by 2 the element obtained
(namely (i : —1,j : 1,k : 0)) and, if a; < 0, decrease O to a,. Hence we obtain
the element (i : —2, j : 2,k : a;). Now suppose that a; > 0. Then, a; > 0, and
one can easily check that k, j must be consecutive; moreover, a, < 2 (otherwise
a, —a. > 5). It follows that ¢, = 2 is an admitted value (this is not trivial only
when a; = 1); we can therefore decrease ay to 1, in case, then multiply by 2 the
new element and finally decrease the k-th entry (equal to 2) to a;, if necessary.
Since the decreasing procedure gives rise to a greater element (with regard to the
order <), than the whole procedure yields a suitable sequence. The case 0 < g < 1
is interpreted as M >" L together with r := 1/¢q > 1 such that ra; < a; for all i.
Now an argument similar to the one above leads to the conclusion. a

In Figure 4 we provide a representation of (‘W;, <") based on a horizontal Hasse
diagram of (‘W;, <). The reader should identify the top with the bottom, so as
to get a cylinder. The pairs within the grey connected regions are the ones which
contradict antisymmetry. Also the thick segments come from the extension of <
by the weak comparability, though they are compatible with the rank function of
the initial poset. Notice that the extension involves pairs which contain always one
element of "Wf \ "W33 . Therefore, the weak comparability is precisely the relation <
in the cases "W,f, h=2,3.

It is worth observing that Theorem 4.3 sheds very little light on the classification
of B-linearizations, essentially because it takes account of the only combinatorial
structure of (D, <), leaving aside almost all the restrictions due to the infer-
ences among inequalities. The following brief analysis aims to emphasize this
aspect.
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Figure 4. (W3, <),

DEFINITION 5.2. A set S € (Wf, <¥) is an ideal if
(LeS,M <¥ L) implies M €S,
for every pair L, M.

In particular, if <" is a partial order, the notions of ideal and order ideal coincide.
Theorem 4.3 implies that a fixed B-linearization of (D}, <), say Ag, may be associ-
ated to an ideal of (WX, <*) which contains either L or L and not both, for every L.
This ideal is defined as {L : B, (s) holds }. If k = 3 and h = 2, 3, then every ideal
is an order ideal of (W}, <). Nevertheless, many ideals are not associated to any
B-linearization. Let us consider for example (W3, <), represented in Figure 5. If
we denote by L, M, N the elements with the same rank in the left component,
from left to right, then an elementary calculation yields 8, A By = By and
Bt N By = P37, which is an obstruction to the choice of order ideals representing
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0020 1001 1001 0200
L M ’
0200 1010 0110 1001 0020 0101 0101 0020 1001 0110 1010 0200
0200 1001 1001 0020

Figure 5. (W5, <) = (W3, <¥).

B-linearizations, e.g. {L, M, N, {0200, 1001}, {1001, 0020}} is not allowed. We
hope that some basic information is nested in some fixed level, as the middle one
in the above case. Probably, Theorem 4.3 together with an adequate investigation
on levels may lead to some more interesting conclusion. Notice that the above
counterexample is valid for every &4 > 2,k > 3. In the general case, the struc-
ture depicted in Figure 5 is properly contained in ‘WY, and the ideal generated by
L, N, M is not allowed.

Following the above example, we conclude this section with the natural gener-
alization of Property 3.6.

PROPERTY 5.3. Ifk > 3 and h > 2, the B-linearizations of (D¥, <) are properly
contained in the class of all the linearizations of the poset.
Proof. Assume that h = 2H. Then, the three pairs of elements

{2H€1»H(€o+§2)}a {H(gl +€2)»H(€o+€3)}a {2H€2a H(E] +€3)}

have rank equal to 2H, 3H, 4H respectively. One can therefore construct 2° lin-
earizations by firstly orienting these pairs. On the other hand, the obstruction car-
ried by the related inequalities (similar to the above one) reduces the choice of the
three orientations for obtaining a B-linearization. The same proof can be adapted
to the odd case, by adding 1 to some fixed coordinate throughout. O

6. The Interpretation inside N

If po < p1 < --- < pi are prime numbers, then the weight order determined by
(log po, . .., log pi) is a total order. This is a straightforward consequence of the
Unique Factorization Theorem. Indeed,

k

k
Zcilogpi =O<:>1_[pl.c" =1&c¢ =0Vi,

i=0 i=0
for otherwise, if the second equivalence did not hold, by separating the positive
exponents from the negative ones we could prove the existence of some natural
number having two distinct factorizations. As a consequence, <(og py.....log py) 1N~

duces a B-linearization in each Dj. In this section we prove the following ‘prime
number’ version of Theorem 2.3.
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THEOREM 6.1. Given u # v in Dﬁ,g & v if and only if (1) holds for any
increasing sequence of k + 1 prime numbers qy < q1 < --- < qi. Thus, for any
fixed Dﬁ, the relation < is the intersection of all the weight orders <(iog py.....10g p)»
restricted to Dﬁ, such that py < --- < py are primes.

The above result will be derived by the following proposition, whose basic number-
theoretic ingredient is Bertrand’s postulate (see, for example, [6]):

Vx e N\ {0, 1}dp prime : x < p < 2x.

PROPOSITION 6.2. [f there exists a sequence of real numbers 1 < xy < --- < x,
which satisfies finitely many inequalities of the form

for some nonnegative real numbers {a;}, {b;}, then there exist prime numbers
qo < --- < q, such that the same inequalities hold when each x; is replaced by
q; throughout.

Proof. A fixed inequality can be rewritten as [], xf
number N large enough can be chosen in such a way that

n N
<l—[ xf”'_“’) > 3D 2iai,
i=0

Let M be the maximal value of N among all the inequalities; we can assume that

x{)” > 2. Let us set ry := (xé” 1. By Bertrand’s postulate, there exists a prime

qo € (}’0, 27‘0). Then,

i —ai

> 1, whence some

xé"lgro<qo<2r0<3xéw.

We choose ¢gq as the first prime of the sequence. The construction of the other
primes is done by induction: suppose that ¢; has been defined for some i < n. Set
Fiv1 := [qi(xi11/x))™]. Again by Bertrand’s postulate, we can find 7| < g;j1| <
2r;41 SO as to get

M M
diXit _ 2 3‘11xi+1
xT St < fgivl < 4rip < R

i i

Thus, the primes {g;} are increasing and verify

M M

Xitl qi+1 Xit1 .
xM<qo<3xM; - < 3=}, 0<i<n-—1.
0 0

Xi qi Xi
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Now the following calculation, performed for each fixed inequality, leads to the
conclusion.

n Cael n )
. ap i;()a," qi+1 j:;Haj
1_[%' = 4 l—[ '
i=0 i=0

n 1 n .
> ai Mga," 24 (xig M-:Zla'/
3i=0 X, i=0 l_[ 3j=i+1 [ T2 J=it
i=0 i
n

A

n

A IA
=
—= 3
T i
N— 2
=
| <
& L0
...,g S
- 7T
T e
Lz 3‘.3
= N———"
3<|; <
N _ _'T‘_
g _Q
|
¥ I
\@‘
=
¥
Y
)
—]
=
2
N—
<

A
§
:l

1 ;
Zb T QZ+1 j= H—l
_ qu

qi
We are now ready for the

Proof of Theorem 6.1. We prove the nontrivial implication. Assume that u & v;
then, by Theorem 2.3 there exists an increasing sequence of real numbers {x;}
which does not satisfy (1). We can suppose that x, > 1. Now Proposition 6.2
ensures the existence of a prime sequence which contradicts (1). The last assert is
proved in the same fashion of Corollary 2.4. O

As a further consequence of Proposition 6.2, we can define the classes of
B-linearizations by replacing real numbers with primes in Definition 2.5, according
to the straightforward

COROLLARY 6.3 (to Proposition 6.2). Every B-linearization is induced by some
sequence of primes.

Therefore, we also obtain a new proof of the first part of Property 2.6. Finally, the
proof of Theorem 4.3 can be adapted to obtain the

THEOREM 6.4. Let P denote the set of primes. Then By = p B if and only if
L <" M.

Proof. We proceed analogously to the basic case, using Proposition 6.2 in the
end of Lemma 4.6 to guarantee a prime sequence {x;} satisfying either (6) or the
system with reversed inequalities. By doing so, we obtain the ‘prime number’
version of Lemma 4.6. Subsequently, we follow the argumentation of the basic
case. O
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The above results show that prime sequences may provide a valid tool for relating
the B-linearizations to arithmetical questions. We will give some more details in
the next section.

7. Colored p-Linearizations

This section is devoted to the initial motivation which led us to the current analysis.
Admittedly we have not been able, so far, to find connections worth mentioning
between the coloring properties here described and the concept of S-linearization.

DEFINITION 7.1.  Let (x,X,—1..-X0)2, (JnYn—1--- Yo)2 be the binary represen-
tations of the nonnegative integers x, y for some suitable n large enough. The
exclusive or between x and y is the nonnegative integer x & y = (2,2,—1 - --20)2
such that for all i, z; := x; @ y;, recalling that @ is the exclusive or (XOR) between
two binary digits.

DEFINITION 7.2. For a fixed u = (uq, ..., ux) € Df,let I € {0,1,...,k} be
such thati € I < u; is odd. By definition, the map c} sends u to @@,, i if I # ¥,
to O otherwise, e.g.

c3(1001) =3 = ¢3(0110),  ¢2(4200) = 0 = c3(0131).

DEFINITION 7.3.  Let {gi}o<i<x be an increasing sequence of primes and
n € Ak(qo, ...qu). The color of n is defined as c(n) := c(u), where u € D}
and u; is the power of ¢; in the factorization of n.

If £k =3 and {¢;} = {2,3,5,7}, following the above examples we get c(14) =
c(15) = 3, c(144) = ¢(2625) = 0. Now we expose the two symmetries mentioned
in the Introduction.

FACT 7.4. Let {v;}1<i<35 be the enumeration of the elements of Ai(2, 3,5, 7) such
thati < j = v; < v;. Then, for any index i, c(v;) = c(v3¢—;). That is, the string
consisting of the colors of A3(2, 3, 5, 7), ordered with respect to the usual ordering
in N, is palindrome.

FACT 7.5. Let {n;}1<i<20 be the enumeration of the elements of Ag(2, 3,57
such that i < j = n; < n;. Then, for any index i, c(n;) = 3 — c(v21-;).

The latter fact can be regarded as a ‘reversed palindromy’, by associating the colors
as follows: 0 <> 3, 1 <> 2. The reader may check that the the two strings are

01021330220331120002113302203312010,
01021332203110021323.

These two symmetries are not a full consequence of the given combinatorial defini-
tions; one can easily see this by changing the prime numbers involved and checking
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0
/0 3
1 2
0 2 1
0—1< 3 0 .- >1—0
2 0 3
3 2
2 1
0

Figure 6. (Di, <) colored.

the strings obtained. We wish to understand whether the information carried by the
coloring is a proper tool for investigating the B-linearizations. In Figure 6 we have
depicted (D3, <) with colors in place of vectors (the coloring of any D; is easily
seen to be symmetric in the sense that c(s, ¢, u, v) = c(v, u, t, 5)).

By comparing the partial order in Figure 6 to the palindrome string obtained
for A3(2,3,5,7) one notices that all the elements of the same level are grouped
together, up to permutations, in the related S-linearization. For clearness, we write
the beginning of the palindrome string using separation marks:

0—-1-02—-133 -0220 — 3311 —20002 — - --.

It might be interesting to understand whether the above phenomenon occurs in
every f-linearization of D] and more generally in every D~. Which are the possible
colored linearizations or S-linearizations of a fixed poset? Which other sequences
of primes behave like 2, 3, 5, 7?7 Can palindromy provide a way for characterizing a
certain class of prime numbers? In the end of Section 3 we have shortly considered
arithmetical progressions with only three numbers. This kind of investigation might
involve arbitrarily long (finite) arithmetical progressions, by choosing Dﬁ with &k
large enough. As in the case h = 3, k = 2, it is desirable to show that only certain
B-linearizations may arise. Coloring these linearizations might provide some valid
information. We think that a satisfactory knowledge of the admitted lineariza-
tions might enable us to describe certain properties of N using a combinatorial
language.

To conclude, we remark that some work is in progress in order to rephrase the
above coloring inside a graph-theoretical environment. More precisely, the col-
oring of D} has been interpreted as the greedy edge-coloring of a suitable linear
(k+1)-uniform hypergraph (B~, <), where < is a total order given to the edges (for
the basic definitions related to greedy colorings, see, for example, [4]; for details
concerning the hypergraphs Bf, see [9]).
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