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DOUBLE-EXPONENTIAL LOWER BOUND
FOR THE DEGREE OF ANY SYSTEM OF GENERATORS
OF A POLYNOMIAL PRIME IDEAL

A. L. CHISTOV

ABSTRACT. Let A be a polynomial ring in n + 1 variables over an arbitrary infinite
field k. It is proved that for all sufficiently large n and d there is a homogeneous
prime ideal p C A satisfying the following conditions. The ideal p corresponds to a
component, defined over k and irreducible over k, of a projective algebraic variety
given by a system of homogeneous polynomial equations with polynomials in A of
degrees less than d. Any system of generators of p contains a polynomial of degree
at least d2°" for an absolute constant ¢ > 0, which can be computed efficiently. This
solves an important old problem in effective algebraic geometry. For the case of finite
fields a slightly less strong result is obtained.

INTRODUCTION

In the classical paper [7], Hilbert proved that any polynomial ideal is generated by a
finite number of polynomials. Hence, this is true for a prime polynomial ideal p of an
irreducible component of an algebraic variety given by a system of polynomial equations
in n unknowns of degrees less than d. The problem arose to give upper and lower bounds
for the degrees of the generators of p as functions of d and n. Notice that the degree
of the ideal p itself (see the definition of the degree of an ideal below) is bounded from
above by d"™ by the Bézout theorem. It is known that there is a system of generators of
p with degrees dZO(n); see Remark 2 below (the case of a nonhomogeneous prime ideal
reduces easily to that of a homogeneous prime ideal). One of the most important open
problems in effective algebraic geometry has been to obtain a similar lower bound for
the degrees of any system of generators of an ideal p. In this paper we solve this old
problem over an arbitrary infinite field; see Theorem 1 below. This implies also the same
lower bound for the stabilization of the characteristic function of a homogeneous p; see
Theorem 1 and Remark 1.

So far, double-exponential lower bounds have been known for binomial ideals; see §1
for more details. These ideals are far from being prime: they have many primary com-
ponents. All attempts to reduce the case of a prime ideal to the known case of binomial
ideals failed. Our construction is simple but ingenious in this sense. We managed to ful-
fill this reduction! The key to all is Lemma 2. But how did we make this discovery? We
did not just stumble upon it. We investigated the problem of effective normalization of
algebraic varieties. It turned out that the construction of a normalization of an algebraic
variety reduces to solving a linear equation aX + bY + c¢Z = 0 over a polynomial ring.
Simultaneously, as a consequence of our results, we got Lemma 2. We hope to return to
the normalization of an algebraic variety from an algorithmic point of view in one of our
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next papers. Notice that the problem of solving the equation a X 4+ bY + ¢Z = 0 over a
polynomial ring is close to that formulated at the end of the Introduction.

Let k be a field with algebraic closure k. Let n > 0, and let X, ..., X, be variables.
Let a C k[Xo,...,X,] = A be a homogeneous ideal that is not an (Xo, ..., X, )-primary
ideal. Denote by h(p, m) = dimy(A/a),, the characteristic function of the ideal a, where
(A/a),, is the vector space of homogeneous elements of degree m > 0 in the ring A/a.
Recall that there is a polynomial P =" ... p;Z" (all p; € Q) of degree deg P =n—s
such that h(p,m) = P(m) for all sufficiently large m > 0. By definition, P is the
Hilbert polynomial of A/a. The degree of the ideal a can be defined by the formula
dega = (n — s)!p,_,. Denote by Z(a) c P*(k) the set of all common zeros of the
polynomials from a in P"(k) (similar notation will be used below with other ideals or
families of polynomials and other projective or affine spaces).

Below, in the statements of the theorem, the proposition, the lemmas, and the corol-
lary, the existence of constants ¢, ng, dy, cg, ¢1, and so on, is claimed. All these constants
can be computed efficiently. We prove the following result.

Theorem 1. There are constants ¢ > 0, ng > 0, and dy > 0 such that, for every
infinite field k, for all integers n > ng and d > dy there are homogeneous polynomials
fi,-- o, b €A, v<mn, such that deg f; < d, 1 <1i < v, and a homogeneous prime ideal
p C A satisfying the following conditions.

(a) The set of zeros Z(p) C P"(k) of the ideal p coincides with a component, defined

over k and irreducible over k, of the projective algebraic variety Z(f1,..., f,) C
P (k) of all common zeros of the polynomials f1,. .., f,. Hence, the ideal k@yp C
k @y A is prime. Moreover, p is a primary component of the ideal (f1,...,f,) C
A, the height ht(p) is equal to v, and the projective algebraic variety Z(f1,..., f.,)
has ezactly two components irreducible over k: Z(p) and some linear subspace
L C P*(k) defined over k.

(b) Suppose that the characteristic function h(p,m) is stable for m > my, i.e., it
coincides with the Hilbert polynomial of A/p for such m. Then mgo > d*".

(¢) Let ay,...,am be an arbitrary system of generators of the ideal p. Then

2cn
maxj<i<m degXo,u-,Xn a; > d .

It is quite probable that the word “infinite” in the statement of the theorem can be
removed, thus yielding the result for an arbitrary field; see Remark 5 at the end of §4.
Also, here Remark 4 at the beginning of §3 may be useful. But in this paper we only
prove the following result.

Proposition 1. In the statement of Theorem 1, let us replace the words ‘“infinite field”
by the words “‘finite field” and d*" by d>" in conditions (b) and (c). Further, in
condition (a) let us delete the phrase “‘and the projective algebraic variety Z(f1,..., fv)
has exactly two irreducible over k components: Z(p) and some linear subspace L C P (k)
defined over k. Then the resulting statement holds true for finite fields.

Remark 1. Tt is known, see [5l, §86 and 7], that for any homogeneous ideal a C A the
following assertion is valid. If the characteristic function h(a,m) is stable for m > my,
where mg > 0, then for any admissible ordering of monomials, the reduced Grébner basis
of a with respect to this ordering of monomials consists of homogeneous polynomials of
degrees at most my + 1. Hence, there is a system of generators of a with degrees at most
mo + 1.

Here, probably, some details related to the last remark are needed. We shall use the
notation of [5] (but replace n by n+ 1). In [5], the constants by > by > -+ > by42 =0
corresponding to the ideal I = a are considered. Let the integer my > 0 be the smallest
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DOUBLE-EXPONENTIAL LOWER BOUND 985

possible such that the characteristic function h(a,m) is stable for m > mg. Then either
mg = bg or mg = by — 1. More precisely, if mg = b; — 1, then by = b; and there is no pair
(h,u) in a O-standard exact cone decomposition of Ny with |u| = 0 and degh = b; — 1.
On the other hand, by [B, Lemma 7.2], the degrees of the polynomials in the reduced
Grobner basis under consideration are bounded from above by by. The assertion of
Remark 1 follows from this.

Note also the correct version of a formula before Lemma 7.2 in [5]: by = min{d > b; :
V.>a@(2z) = ¢(2)}. In [B], z > d occurred in place of z > d, which might mislead the
reader. The original version contradicts the definition of b; on p. 765 of [5].

Remark 2. Let 8 C A be an arbitrary homogeneous prime ideal of height ht() = s,
0 < s < n, and of degree d. We shall suppose additionally that the ideal k ®j B C
k ®y, A is radical, or equivalently, the variety Z(%B) is defined over k. Then, by Lemma 9
and Corollary 1, the characteristic function h(3,m) of this ideal is stable for m >
min{(sd)o("_s"’l)nfs,dQO(n)}, and P has a system of generators with degrees at most
min{ (sd)Om=s+1""7" 29"

Problem. Are there constants ¢ > 0, ng > 0, dg > 0 with the following property:
for all integers n > ng, d > dg and every field k, there is a homogeneous prime ideal
p C k[Xo,...,X,] with degp = d and ht(p) = 2 such that assertion (c) of Theorem 1
holds true for p.

§1. LOWER BOUNDS FOR THE STABILIZATION OF THE CHARACTERISTIC FUNCTION OF
A BINOMIAL IDEAL IN ARBITRARY CHARACTERISTIC

A power product in the ring k[X;,..., X, ;] is a monomial X' --- X'"7' for some
integers i; > 0. By definition, a binomial in k[X1, ..., X,,_1] is a difference of two distinct
power products. A polynomial ideal g C k[X1,...,X,_1] is said to be binomial if and
only if it has a system of generators ¢i,...,q, consisting of binomials. In a similar way,
the binomials and binomial ideals are defined for the ring A©) = k[Xo,...,Xn—1] and

other polynomial rings.

Lemma 1. There are constants ¢1 > 0, ng > 0, and dy > 0 such that for any field k (of
arbitrary characteristic and not necessarily infinite) and for all integers n > ng, d > do,
there is a homogeneous ideal b C k[Xo, ..., X—1] = A©) such that b is generated by a
system of homogeneous binomials by, ..., b, of degrees degb; = m; < d and p = O(n).
Suppose that the characteristic function h(b,m) is stable for m > my, i.e., it coincides
with the Hilbert polynomial of A /b for these m. Then mo > d*>™".

Proof. We show, cf. [II], that the reduced Grébner basis of any binomial ideal with
respect to any admissible ordering of monomials consists of binomials. Indeed, one can
construct this Grébner basis by the Buchberger algorithm. Each new polynomial in
the Buchberger algorithm comes from either (i) the reduction of a binomial by another
binomial, or (ii) by the S-polynomial of two binomials. In the two cases (i) and (ii), the
result is again a binomial. This proves the claim.

Moreover, if ey, . .., e, is the reduced Grobner basis of the binomial ideal (¢1,...,¢,) C
Q[X1,...,X,—1] with respect to an admissible ordering of monomials for any fixed field
k of zero characteristic (say, for the field of rational numbers k = Q), then, by the same
argument, e; mod p,...,e, mod p is the reduced Grobner basis of the ideal (¢; mod
Dy, qymodp) C kp[Xa,...,X,_1] with respect to the same ordering of monomials
over any field k, of characteristic p for every prime integer p. Hence, the number of
elements o and the maximum degree maxi<;<q €; of the reduced Grobner basis do not
depend on the choice of the field &, in particular, on the characteristic of the field k.
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In [I1], the following assertion was proved (actually, with Q[X1,...,X,] in place of
Q[X4,..., X,_1], but for us it is convenient to formulate it for Q[X7, ..., X,,—1]). There
are constants cg > 0, ng > 0, and dy > 0 such that for all integers n > ng and d > dg there
is an integer ¢ = O(n) and binomials g1, ..., g, € Q[X1,..., X,,—_1] (they are constructed
explicitly) of degrees degg; < d, 1 < i < p, satisfying the following condition. Let the
ideal g = (g1,...,9,) be included in Q[X7,..., X, 1], and let ey, ..., eq be the reduced
Grobuer basis of g with respect to some admissible ordering < of monomials (this ordering
can be chosen arbitrarily). Then max;<;<q dege; > d?>*". By the preceding arguments,
the same is true with an arbitrary field k in place of Q. In what follows, we shall denote
by e1, ..., eq the reduced Grébner basis of the ideal (g1,...,9,) C k[X1,..., Xp_1] with
respect to the ordering < of monomials.

For every 1 < i < u, we define b; = chggigi(Xl/Xo,...,Xn_l/Xo) e A to be
the homogenization of g;. Hence b; is a homogeneous binomial in k[Xy,..., X,,—1]. By
definition, let b = (b1,...,b,) C k[Xo,...,X,—1] be the corresponding homogeneous
ideal. We shall assume without loss of generality that the ordering < of monomials is
degree-compatible, i.e., for all monomials vy, vy € A the condition degv; < degwvy implies
vy < vy. Next, consider the admissible ordering of monomials from A(®) that extends
the ordering < on the monomials from k[X7,..., X, _1] and is such that X§ < X; for
all 1 < j <nandi>0. Let €], ..., €) be the reduced Grébner basis of the ideal b
with respect to the above ordering of the monomials. Then the definition of the Grébner
basis implies immediately that €} (1, X1,..., X,_1),...,€5(1,X1,...,X,,—1) is a Grébner
basis with respect to the ordering < of the ideal (g1,...,g,). Since the ordering < on
the monomials in k[X1,..., X,_1] is degree-compatible, we have

lréliagx)\ degel(1,X1,..., Xpn_1) > 11%1?;(& dege; > d**".
Therefore, max;<;<» deg e > d®°". Now the assertion of the lemma follows from Re-
mark 1. The lemma is proved. O

A survey of the results on this subject can be found in [IT]. All the works here are
based on the initial ideas from [9], where fields of zero characteristic were considered (or,
more precisely, the field of rational numbers). In [9], the proof of Lemma 2 concerning
all possible binomials in a binomial ideal was given for the case of zero characteristic.
D. Yu. Grigoriev (private communication) noticed that there is another simple proof of
that lemma in arbitrary characteristic. It seems that there are no other obstructions for
extending these results to the case of nonzero characteristic. Hence, all lower bounds for
binomial ideals are valid in arbitrary characteristic. In our proof of Lemma 1 we do not
even use Lemma 2 of [9] in nonzero characteristic.

§2. PROOF OF THEOREM 1: CONDITIONS (a) AND (b)

The ring of polynomials A = k[X, ..., X,] is graded by the degree with respect to all
the variables Xj,..., X,,. For a graded A-module M and an integer v, denote by M (v)
the graded A-module with the shifted grading. Namely, we can identify the homogeneous
components M (), = M, 4, for every m and this identification induces an isomorphism
of A-modules M (v) ~ M. This isomorphism is an isomorphism of degree v of graded
A-modules M(v) and M.

Let Xy41, Z1, ..., Z, be new variables. Let

= XX, Xpp1 + X0+ X7,

We introduce the rings of polynomials A1) = A[X,,,] and the ring By = A1) /(D).
Now A, AN AW (7, ..., Z,] are rings graded by the total degree with respect to all the
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variables Xo, ..., Xp41, Z1, ..., Zy; i.e., the homogeneous elements of degree m in these
rings are homogeneous polynomials of degree m with respect to all these variables. In
what follows we shall view each graded A()-module (respectively, each AN [Z,...,Z ul-
module) M = P, c;, Mm as a graded A-module with the same grading { M, }mez. The
polynomial @ is homogeneous. Hence, By and Bs[Z1, ..., Z,] are also graded rings.
Denote by KW and K’ the fields of fractions of A() and Bg, respectively. For an
arbitrary rational function P/Q € K () such that P,Q € AM and ® does not divide Q,

we denote by (P/Q) mod ® the image of this rational function in K.

Lemma 2. Let k be an arbitrary field. Let a C A be a homogeneous ideal such that
X,€aora=A. Put

X2
Ba - {<20+21Xn+1+22 ;4_1) mod & : 20, %1 GA&ZQ Gﬂ} CK,'

n

Then By is a ring graded in a natural way and a finitely generated A-module. Next, for
the graded A-module B, we have By ~ A® A(—1) @ a(—1). The ring k ®y B, is integral.
The field of fractions of By is K', the tensor product k@i K’ is a field, and the extension
of fields k @ K' D k(Xo, ..., X,) is finite separable.

Proof. The element X,QLJrl mod ® belongs to B, because X,, € a. For all 1,22 € a we
have

1X2 1/ Xn mod ® = (—21 X2 — 71X X,11) mod @ € B,
$1$2Xﬁ+1/X72L mod ® = (—$1.]32Xan+1 — $11‘2X0X72L+1/Xn) mod & € Bcu

and By is an A-module. Hence, B, is a ring. We introduce the vector space (Bgq)m, m > 0,
of homogeneous elements of degree m of By as {P/X,, : P € (AM),,;1 & P/X, mod ® €
B,}. Thus, B, is a graded ring. The remaining assertions are also straightforward. The
lemma is proved. O

Let b € A© be the ideal as in Lemma 1. We shall suppose without loss of generality
that ng > 1 in Lemma 1, so that n > 2. Set b’ = bA+ (X,,) to be the homogeneous ideal
of A. Set a = b’ in Lemma 2 and B’ = By,. We have A/b’ = A() /b. Hence, if dim(B’),,
is stable for m > my (i.e., coincides with the Hilbert polynomial of A(®)/b for these m),
then my > d®>*" + 1 by Lemma 1.

We shall use recursion to construct graded rings B(®Y) = B’, BM ... B® with the
following properties for all 4.

(i) The ring k ®;, B is integral.
(ii) The extension of rings B(*) O A is integral.

(iii) Denote by K the field of fractions of B(). Then the extension of fields

kop KO > E(Xo, ..., X,,) is finite separable.

(iv) For ¢ > 1 there are nonzero \; 1, A2, Ai,3, Aia € k such that the polynomial

@i = Z" T N XS Zi+ Xio XS X+ Nis X X
+ Xia(biX2 1 /X,) mod @ € BV (7]
is an irreducible element of the ring k @, KU~1[Z;]. By definition, put
B = BUV(Z]/(44).

Then B® ~ BG-D @ BG-D(-1) @ .- ® B~V (—m;). This is an isomorphism
of graded A-modules.
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For ¢ = 0 these properties follow from the definition of the ring B’. Let 1 <4 < u and
suppose BU~1 is constructed. We construct B®). Obviously (i)-(iii) follow from (iv).
So, it suffices to construct a polynomial ¢; as in (iv).

Denote by E¢~1 the integral closure of the ring k @, B¢~ in its field of fractions
kE ®p KG=D. Notice that EC-D[Z;] D k ®, BU~Y[Z;]. Denote by V=1 the normal
affine algebraic variety with the ring of regular functions E¢~1[Z].

Let o € k be a nonzero element. We introduce the following elements of the ring
k@, BU-D(Z;):

P = X" Xo, 1y = X" Z;, 3 = X" Xy,
U1 = aZ M 4 X7 X, by = XJ 7,
Uy = X X1 + a(b X2, /X,) mod ®.

Then

VO N Z (1,4, 03) € VO 1 2(Z;, XoXa).
Hence, by (ii) for i — 1,

(1) dim (V=Y 1 Z(¢y, 2, 93)) < dim(VED) — 2

Next, by (iii) for i — 1, the family Xo, X7 Xy, X§" X2, Xa, Xu, ..., Xn, XJZ; i
a separable basis of transcendency of the field k @5 K1 (Z;) over k. Therefore, the
morphism

(2) V(iil) - AJ(E)a z = (7/’1(2’); ¢2(Z)7’¢)3(Z))

is separable dominant, or equivalently, the differential of this morphism at some smooth
point £ is an epimorphism.

We show that there is a nonempty Zariski open subset U” C k (obviously, the number
of elements # (k \ U") is finite) such that for all a € U” the rational morphism

3) VD S P2(R), 2 (1(2) @ () ¢ s(2))

is separable dominant. Indeed, consider the morphism

¢ VYD 5 A3E), 2 (¥1(2),00(2),13(2)).

Suppose V=1 ¢ A™+2(k), ny > n+ 1, and A" 2(k) has coordinate functions Z;, X,
oy X, Let hy, ..., hs € k[Z;, Xo,. .., Xp,] be a system of local parameters of the alge-
braic variety V1 at the point £&. Then the differential of the morphism (2) at the point
¢ is an epimorphism if and only if the differentials d¢hq,. .., dechs, detp, df?/)g, dfd)g are
linearly independent over k. Therefore, the differentials dfhl, ., dehg, d5¢1, dEwQ, df?/)g
are linearly independent over k for all o in a nonempty Zarlskl open subset of U" C k.
Hence, the morphism w is dominant and separable for all o € &”. The natural morphism

A?’(E) \ {0} — P?(k) is dominant separable. The morphism (3) is equal to 7 o 1.
Hence, this morphism is also separable dominant for all o € &/”. This proves the claim.

Let V', V" C A™(k) be arbitrary affine algebraic varieties. Recall that, by definition,
the intersection of V/ and V" is transversal if and only if for every irreducible (over k)
component W of the intersection V' NV" there is a smooth point z € W such that z is a
smooth point of V/ and V" simultaneously, and the intersection of the tangent spaces of
the algebraic varieties V' and V" at the point z is transversal, where the tangent spaces
are viewed as subspaces of A" (k).

In what follows, unless it is not stated otherwise, we assume that the field k is infinite.
We choose and fix a € U” N k. Recall that V¢~ < A™*2(k). The morphism (3) is
separable dominant, (1) is fulfilled, and n > 2. Hence, we can apply the first Bertini
theorem (see [12, 1], cf. []), to the morphism (3). By that theorem, there is a polynomial
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 that is a linear combination of 121, 122, 1;3 with coefficients from k in general position
and is such that the intersection of V0=V and Z(p) is transversal in A™+2(k) and
irreducible over k.

Since E(~1)[Z,] is integrally closed for any nonzero element ' € E¢~1[Z;], the ideal
(¢') € BEG=D[Z] is unmixed; i.e., all the associated prime ideals of (¢’) have the same
height 1.

In our situation this implies that the ideal () C E(~1D[Z;] is prime. Hence, the
polynomial ¢ € k ®; K01 [Z;] is irreducible, because E(=1 is integrally closed. Mul-
tiplying ¢ by a nonzero factor from k, we shall assume without loss of generality that
the leading coefficient with respect to Z; of the polynomial ¢ is 1. Now we put ¢; = ¢.
Hence, condition (iv) is satisfied. Also, we get A\; 3 = a~ ! and Aia = a);2, whence
Ai2 = Ai3Aia.

We put B = B and denote by K the field of fractions of B. Then k ®; K is the
field of fractions of k ®; B. By (iii), the extension of fields k ®, K D k(Xo,...,X,) is
finite separable.

By (iv), the ring B is generated over k by its homogeneous component B; and
dimg By < N+ 1, where N =n+ 1+ pu=0O(n). Put X,,414; = Z;, 1 <i < p. Suppose
PN (E) has homogeneous coordinate functions Xg, ..., Xy. Then, by our construction,
k ®; B is a homogeneous ring of a projective algebraic variety V' c PN (E) defined over
k and irreducible over k. Set P’ to be the homogeneous ideal of the projective algebraic
variety V/. Put f; = ® and

firr = X X 4 X a X0 X X4 + M2 X0 X1 X,
+ X3 X Xo X + Niab X2 € KXo, ..., Xn], 1<i<y

cf. the formulas for ¢; above. Now B = k[X, ..., Xn]/FP,
(4) fl,...,fHJrlek[XO,...,XN], degfi<d’:0(d),1§i§u+1, N:O(n)

Next, Z(%') is a component of Z(fi, ..., fu+1) defined over k and irreducible over k.
More precisely, we have a decomposition into the union of two components irreducible
over k : Z(fi,..., fur1) = Z(P') U Z(X,,, X;41). Finally, by our construction, 5’
is a primary component of the ideal (fi,..., fut+1) C k[Xo,..., Xn], with the height
ht(P’) = p+ 1 and the dimension dim Z(P’) = n. Hence, assertion (a) of the theorem
holds true for N, (fi,..., fut1), B’ (in place of n, (f1,..., f,), p).

By (iv), we have an isomorphism of graded A-modules B ~ P, ; B'(—«;), where
the number of elements #I = (m; +1)---(m, + 1) is not greater than d* = d°™ and
0<o; <(mi+---+my) <(d—1)p=0(nd).

Let o = max;ey a;. We show that dimy B, is stable for all m > mg if and only if
dimy, B’ (—a'),, is stable for all m > mg. Indeed, let m{; > 0 be the smallest integer
such that dimy Bj, is stable for all m > myg. Observe that m{ > 0 by Lemma 1. Then
dimy, B’ (—a;)m is stable for all m > my if and only if mg > m{, + «;. Hence, dimy By,
is stable for all m > m{ +a’. Put I' ={i € I : oy = o'}. Now, if i € I\ I, then
dimy, B'(—a;)m is stable for all m > m{ + o’ — 1. Suppose that dimy B,, is stable for all
m > m{ + o’ — 1. We have an isomorphism of graded modules

B~ (iS%/B’(—aZ—)> @ ( g?B’(—a’))

Therefore, dimy, B’ (—a'),, is stable for all m > m{ + o’ — 1, a contradiction. The claim
is proved.
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We have B’ ~ A A(—1) @b’ (—1) and b’ = Ab+ (X,,), where b is the ideal occurring
in Lemma 1. Hence, if dimy, B,,, is stable for m > my, then dimy((A® /b)(—a’ — 1)), is
stable for m > mg. Therefore, mg > d*" + o’ 4+ 1 by Lemma 1.

Remark 3. Let B C A be a homogeneous prime ideal. Let A’ = A[X,11,..., X,/] for
n’ > n. Consider the homogeneous prime ideal P’ = PA'+ (Xp41,..., Xn) C A’ Then
the Hilbert function of A/ is stable for m > mg if and only if the Hilbert function of
A’/ is stable for m > mg. Next, the ideal P has a system of generators by, ..., b, with
degb; < v for all ¢ if and only if the ideal P’ has a system of generators b, ..., b, with
deg b, < v for all 7.

Now we can consider the prime ideal " = BA’. The Hilbert function of A’/ is
stable for m > my if and only if the Hilbert function of A’/B’ is stable for m > mo+n'—n
(this is proved by using induction on n’ — n; here mg or mgo +n’ —n may be negative).

The quantities n, d are arbitrary sufficiently large integers. Hence, using our construc-
tion, (4), and Remark 3, and changing the notation (replacing N, %, d’ by n, B, d,
respectively; we leave the details to the reader), we get the following assertion.

(%) There are constants ca > 0, ng > 0, dy > 0 (they may differ from those in
Lemma 1) such that, for all integers n > ng, d > dy and every infinite field k,
there are homogeneous polynomials fi,..., fu+1 € k[Xo,..., Xy], 1 < n, with
deg fi < d and a homogeneous prime ideal P C k[Xo,...,Xn] satisfying con-
ditions (a) and (b) of Theorem 1 (in which now v should be replaced by p+1 and
p by PO ) with ¢y in place of c. Moreover, in accordance with our construction,
ht(P©) = pu+1 < n—1. The polynomials fi,. .., fu+1 depend on the choice of the
family of the elements o and the elements X; j, 1 <@ < p, 1 <j < 3; see above.
Finally, B is a primary component of the ideal (f1, ..., fu+1) C k[Xo, ..., Xn],

and the projective algebraic variety Z(f1,--., fu+1) has exactly two components
irreducible over k : Z(P©) and some linear subspace L) C P*(k) defined
over k.

§3. PROOF OF THEOREM 1: CONDITION (c)
Now our aim is to consider (a), (b), and (c) together.

Remark 4. Tt would be of interest to ascertain that 3(?) also satisfies (c) with a constant
cs > 0 in place of ¢, and after that take ¢ = min{cg,c3} (actually co > ¢3). Since
2u+1 = O(n), this would imply, as in the proof of Proposition 1 (see below at the end of
this section) that the following is true. Let us delete from condition (a) the phrase “and
the projective algebraic variety Z(f1,..., f,) has exactly two components irreducible over

k: Z(p) and some linear subspace £ C P"(k) defined over k”. Then this new statement
of Theorem 1 is also true for any finite field k, i.e., without any restrictions on the field k.

However, we shall obtain another result, which suffices to prove the theorem.

The set of all (n— s)-tuples (Lsi1, ..., Ly) of linear forms L; € k[Xo,...,X,], s+1 <
j < n, will be identified with A=) (L),

Let B C A be an arbitrary homogeneous prime ideal of height s = ht(3),0 < s <n—1,

and of degree degP = d. Let V = Z(P) C P"(k) be the projective algebraic variety
of all common zeros of the polynomials from B in P*(k). Then dimV = n —s. We
shall suppose additionally that the ideal k ® P C k ®4 A is radical, or equivalently, the
variety V is defined over k. Denote by 9 = (Xj,...,X,) the maximal homogeneous
prime ideal of A. The following lemma is known for the case where the algebraic variety
Z(B) c P*(k) is irreducible over k (and actually this case suffices for our purposes).

Still, we would like to prove the lemma in the general case.
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Lemma 3. There is a nonempty Zariski open subset U C AP+HDM=9) (k) with the fol-
lowing properties. Let an (n— s)-tuple of linear forms (Lg11, ..., Ly) belong to U and all
L; belong to A. Then:

(i) for every integer s < i < n the intersection of V and Z(Lsi1,...,L;) is trans-
versal or, which 1is equivalent in the case under consideration, we have
dim(VNZ(Lsy1,...,L;))) =n—1i and degV =deg(V N Z(Lsy1,...,L;));

(ii) for every integer s < i < n the number of components of V; = VNZ(Lsy1,...,L;)
irreducible over k is equal to the number of components of V irreducible over k;

(iii) for every integer s <1i < m the algebraic variety V; is defined over k;

(iv) for every integer s < i < n the projective algebraic variety V; is irreducible over
k and corresponds to a homogeneous prime ideal P, L CE[Xo,..., X, of
height i;

(v) fori=n the projective algebraic variety V, is a finite set of points in P (k) defi-
ned over k; this finite set corresponds to a homogeneous radical ideal By, L, C
k[XQ,...,Xn],’ B B

(vi) hence, the ideal k @ Pr, ..., C k @k A is radical for all s +1 < i < n;

(vil) for every s+ 1 < i < n the ideal B + (Lg11,...,L;) of the ring A is equal to
PBrLosryLi VL o1,....L;» where Q. 1, is an M-primary ideal or Qr,_, ... L,
= A (we use the same notation (Lsi1,...,L;) for the ideal and the (n — s)-tuple
of linear forms, but its meaning is always seen from the context);

(viii) hence, X]N‘BLS“,_“,Li CP+ (Lst1,---,L;) for all 0 < j < n and all sufficiently
large N > 0.

s+1--

FERTIS

Proof. There is a nonempty Zariski open subset (*) ¢ A(=#)("+1) () such that for every
(Lsit,- -5 Ln) € U the intersection of V and Z(Le, 1, ..., Ly) is transversal, i.e., (i) is

true (here we leave the details to the reader). Let k ®; B = (), p; be the irredundant
primary decomposition of the ideal k @, 93, where p; C k®, A, j € J, are prime ideals.
Then it is known (it is a corollary to the first Bertini theorem; see, e.g., the Appendix
in [4], Theorem 4 (iii) therein) that if we replace U, k, A, B by U;, k, k[Xo,..., Xy, D;
(for an arbitrary but fixed j € J), respectively, then statements (i)—(v), (vii), and (viii)
will hold true. Put U = U NN, Uj.

Let (Lst1,--.,Ln) €UN A™ 5. Now (i) and (ii) are fulfilled. The homogeneous ideal
of the algebraic variety V; is ﬂjeJ PjLoir,...L;- We have ke B+ (Loyr,...,Ln)k@rAC
NjesPs+ (Lot1s- -, L,)k @, A). Hence, by (vii) for p;, we have

(5) k@p B+ Loy, Ln)k@r A= () p; N2,
jeJ
where Q' is a k ®), M-primary ideal, or Q' = k @, A.

We prove (iii). There is a nonzero linear form Ly € A such that V; \ Z(Ly) is a
dense subset in V; open in the Zariski topology. By (5), the ring of regular functions
on V; \ Z(Lg) defined over k is k[V \ Z(Lo)]/(Lst1/Lo,- -, Li/Lo). Hence, V; \ Z(Lo)
is defined over k. Denote by k; the separable closure of k. Therefore, the subset
(Vi\ Z(Lo))(ks) of V; is dense with respect to the Zariski topology and is invariant
under the action of the Galois group Gal(k/k). Hence, by a well-known criterion, V; is
defined over k. Assertion (iii) is proved, together with (v).

To prove (iv), we note that the Galois group Gal(k/k) acts transitively on the ir-
reducible over k components Z(Pj,Loi1,...,L,) of the algebraic variety V;. Hence, V; is
irreducible over k and (iv) is proved together with (vi).

We prove (viii). By (5), we have

XYBroiin € (@ B+ (Log1, .., Li)k @ A)NA =P+ (Lsy1,..., L)
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and (viii) follows. Obviously, (viii) implies (vii). The lemma is proved. a

Let w ={u;;},1€{0,s+1,s+2,...,n+1}, 0 < j < n, be a family of algebraically
independent elements over the field k, i.e., the transcendency degree of this family over k
is (n—s+2)(n+1). Denote by k, = k(u) the extension of the field k by the elements of
the family u. Put U; = ZO<j<n u; j X € ky[Xo,...,Xy], s+1 <1 <n, to be the family
of generic linear forms over k. Then the (n — s)-tuple (Usy1,...,U,) is a generic point
of U, see Lemma 3, and (Usy1,...,U,) € U(k,). We extend the ground field k up to k,,
and, again, denote by 3 the ideal of k, ® P C k, ®x A (this will lead to no ambiguity).
Now the ideals By, . ,,...,v; are defined for all s <i < n.

i

We denote by k[u] the polynomial ring with coefficients in k and variables in the family
u, and by k[u, Xo, ..., X,] the polynomial ring with coefficients in k and with variables
belonging either to u, or to the family Xo,...,X,, (similar notation will be used with
other variables). Let s+1 < i < n be an integer. Denote for brevity B;_1 = Bu., ... .v,_,,

mi = mUs+17.~~,Ui' Put
ki ={P/Qek,: P.Q k)& deg, P <0, deg, Q=0};

i.e., kI is the subfield of k, formed by all elements that do not depend on u;,. Notice
that the ideal 3;,_; has a system of generators p1,...,p, € kl/[Xo, ..., X,] (actually one
can choose all p; € k[u, X, ...,X,] with deg,, , pj =0 forall iy € {0,4,...,n+ 1},
0 < j1 <n). We introduce the multiplicatively closed sets

S’I‘i—l = kZ[XOa e aXn] \ (pla e 7p’y) - kZ[XO, cee aXn]a
Sim = klu, Xo, ..., Xn] \ Usklu, Xo, ..., Xn] C K[, Xo, ..., X,
S={X!:0<ie€Z}Ck[Xo,... A X
The localization S;;k:[u,Xo,...,Xn] includes ky,[Xo,...,X,]. If z is an element of
S;,}k[u,Xo, ..., Xy], then we can substitute u;,, = (— Zogignq u;, i X;)/ X, in z. De-

note by 7(z) the result of this substitution. Then, obviously, 7(z) € k! (X, ..., X,) and
the mapping z — 7(z) is a homomorphism

7 S ku, Xo, ..., Xn] = ki (Xo, ..., Xn)
of kll-algebras. If z € kl!/(Xo, ..., X,), then n(z) = z. Obviously,
Ker(r) = U;S; k[ Xo, ..., Xy].
Lemma 4. In the above notation, suppose that X, & B. Then for all z € ky[Xo, ..., Xn]
we have T(z) € S{;il_lklu'[Xoa ...y Xn]. Neat, if z € P, then
m(z) € Syr, (ku[Xo, .-, Xn] N Pi1).
Finally, if z € k[u, Xo, ..., X, NPy, then w(2) € S™H(k[u, Xo, ..., Xn] N Pi_1).

Proof. Let z € ky[Xo,...,X,]. Then z = P/Q, where 0 # @Q € k[u] and P €
k[u, Xo, ..., Xn]. We have m(P) € S™'k/[Xo,..., Xn] C Sy Ki[Xo,..., Xpn]. Let
deg,, @ = r. Then X 7(Q) € kj[Xo,...,X,]. Hence, it suffices to prove that
X;W(Q) € Sgp,_,. The definition of the homomorphism 7 implies the formula 7(Q) =
q((= Xo<j<n1 Xjui,;)/Xn) for a polynomial 0 # ¢ € ky[Z]. Denote by ku(Z(Bi-1))
the field of rational functions on the variety Z(,_1) C P"(k,,), defined over k,,. We have
X, %8, and Ugqq,...,U;_1 are generic linear forms. Hence, X,, does not vanish at the
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generic point of the algebraic variety Z(B) N Z(Usy1,...,Ui_1) C P*(k,). Therefore,
X, €9B;_1 and, obviously, i — 1 < n. Let

k' = {P/Qeku : P,Q € klu] & deg,, , P <0, deg,, , Q@ =0, ogjgn};

i.e., k' is the subfield of k, formed by all elements that do not depend on all u; j,
0 < j < n. The algebraic variety Z(;_1) is defined over k! by Lemma 3 (with the
ground field k! in place of k). Hence,

— > (X Xa) € ku(Z(Fin0)
0<j<n—1
is a transcendental element over the field k,. Therefore, X 7(Q) & B;—1. The claim is
proved.
Let z € B;. Then z € S71(P;_1 + (U;)) by Lemma 3 (viii) with the ground field k,
in place of k. Hence we can write z = Z1§jgy pjq; + Uiq, where the p; are introduced
above and all ¢;, ¢ belong to S™'k,[Xo, ..., X,]. Therefore,

m(z) = Z p;m(g;) € Sq}ilil(k;’[Xo, e Xn] NPBig).

1<5i<~
Let z € k[u, Xo, ..., X,] NP;—1. Then, by what has been proven above,
7T(Z) S S_lk[u,Xo, . ,Xn] M Sij,lmi—l = S_l(k[u,Xm ey Xn] O‘Bi_l).
This proves the last assertion and all of the lemma. O

Lemma 5. In the above notation, suppose that for some s +1 < i < n — 1 the ideal
PBu,,1....,v; has a system of generators of degrees at most D with respect to Xo, ..., Xn,
where D > 2. Then the following is true.
(1) There exists a system of generators qi,...,qs € k[u,Xo,...,X,] of the ideal
w (here and below deg,, is the degree with respect to the variable uy, ) with a
universal constant in O(n — ).
(ii) There is a nonempty subset U, C U open in the Zariski topology and enjoying
the following properties. There is an absolute constant ¢ > 0 such that for every
(Lst1, .- L) €U NA™* and every 0 < j < n we have

(6) XqugLs+1,m,Li C mLs+1,~“,Li—1 + (LZ)

for some integer N < n(Dd)Cil("ﬂ'). Next, there is an absolute constant ¢4 > 0
such that for every (Lgi1,..., L) € Ul and for all m > n(Dd)**"=% the ho-
mogeneous components (Br, ,,...L,)m and (Br.,,....L._, + (Li))m (of the ideals
PBroor,L, andPr ., ...L,_, +(Li)) coincide.

Proof. We prove (i). Consider the morphism 7y : Z(B) — P*—5+t1(k,), (Xg: -+ : X,,) —
(Up : Usqyy = -+ 1 Upy1) of projective algebraic varieties. Then, cf. [3], the im-
age 1y (Z(P)) is closed in P*~*+1(k,) and defined over k,, degmy(Z(B)) = d. Also,
mu(Z(PB)) = Z(Fyp), where Fyp € klu, Zo, Zs11,. .., Zy] is a homogeneous polynomial
with respect to Zy, Zsi1, ..., Zy such that Fp(Uy, Usy1, ..., Uns1) vanishes on Z(P) in
P"(ky), the degree deg Fy is d, and 0 # lcz, ., Fiyg € k[u] (here we denote by lcz, Fy the
leading coefficient of Fiy with respect to Z,41). Since my(Z(B)) is defined over k, and
irreducible over k,, the polynomial Fi does not have multiple factors over k, and is irre-
ducible over k,,. Since 0 # lcz, ., Fip € k[u], the polynomial Fy is separable with respect

to Zpi1, ie., OFyp/0Z,41 # 0. Moreover, cf. [3], the morphism Z(P) — 7y (Z2(B))
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induced by 7y is a finite birational isomorphism of projective algebraic varieties defined
over k.

The polynomial Fiy is defined uniquely up to a factor from k[u]. In what follows, we
assume without loss of generality that the GCD of all the coefficients from k[u] of the
monomials in Xg, ..., X, of the polynomial Fip is 1. So, we fix Fiz up to a nonzero factor
belonging to k. We have deg,, .. Fyp =dforevery i€ {0,s+1,54+2,...,n+1};
see [3, Lemma 9].

Let Lo, Lst1,..., Lnt1 € k[u, Xo, ..., X,] be linear forms with respect to X, ..., X,
in general position. Denote L = (Lo, Ls41,...,Lpt1). Let L; = ZO<j<n l;;X;, where
l;; € ky for all 4,5. We substitute u; ; = [l; ; for all 4, j in Fip and denote the resulting
polynomial by Fy 1. € k[u, Xo, ..., X,]. Since Lo, Lsy1,. .., Lnt1 are in general position,
the polynomial Fiy j, is separable with respect to Z,, 11, deg Fip,1, = degzn+1 Fp o =d,
0#lcy, ., Fip,r € k[u], and the polynomial Fy 1,(Lo, Lsy1, - -, Lnt1) vanishes on Z(9).
Next, denote by 77 : Z(B) — P*5(k,), (Xo: - : X,) = (Lo : Lsy1: -2 Lyy1),
the morphism of projective algebraic varieties. Then the image 77 (Z(%8)) is closed in
Pr=s+1(k,) and defined over k,,, deg m(Z(%)) = d, and 71,(Z(R)) = Z(Fyp,1). Moreover,
the morphism Z(P) — 7(Z2(P)) induced by 7y, is a finite birational isomorphism of
projective algebraic varieties defined over k,. In particular, the polynomial Fiy j is
irreducible over k,.

Let s < i <n-1 Pu L' = (Lo,Ust1,-.-,Ui,Lix1,...,Lny1), where all L; €
k[Xo, ..., Xp] are linear forms in general position. Recall the notation B; = Bu,1,....U:-
Since Ly is in general position, in what follows we shall assume without loss of generality
that Ly does not vanish on any component of Z(%3;) irreducible over k. The polynomial
F = F’q&[/(ZO7 0,...,0, Zi+17 ey Zn+1) € ky [Zo, Zi—i—l; ey Zn+1] (here we substitute 0
for U;, s+ 1 < j < i) is nonzero of degree d, because the leading coefficient of F’
with respect to Z,41 is a nonzero polynomial from k[u]. Obviously, the polynomial
F’ vanishes on Z(3;). Since the linear forms L; are in general position, the polynomial
Fy, (Lo,Litr,....Ln.1) 18 defined and has properties similar to those of the polynomial Fiy 1
see above. Now, Fip, (10,L.41,....Las,) COincides with F’ up to a factor f' € k[u]. In
particular, the polynomial F’ is irreducible over k,.

We replace F’ by F’/f’ and denote by k!, the subfield of k,, generated over k by the
elements of the family v’ = {u, ;}, s+1 < v <4, 0 < j <n. Now all the coefficients of
F' belong to k.,

Put tj = Lj/L(), i+1<j3<n,and ¥ = F/(].,tiJrl,. .. ,tn,Z) S k[u,tHl,. . tn,Z]
The polynomial ¥ € ky(ti41,...,tn)[Z] is irreducible and separable with respect to Z,
deg, ¥ = d, and 0 # lcz ¥ € k[u]. Hence, for the field of rational functions defined
over k, we have k., (Z(9;)) =~ ku(tit1,...,tn)[Z]/(¥), in accordance with the described
construction. Put

csUi,n

(7) 0 =Zmod U € ky(tisr,... tn)[2]/(¥) = ku(Z(;)).

Obviously, the coefficients of ¥ belong to k,.

Put L” = (Lo, Us+17 ceey Ui, Li+17 cee 7Ln7 Un+1), where the linear forms Li—i—l; ey Ln
are as above. Put F"' = Fig 1/(Zy,0,...,0,Zi41,. .., Zpnt1) € kulZo, Zita, ..., Ly (here
we substitute 0 for U;, s +1 < j <14). The rational function F"'(1,t;41,...,tn, Uny1/Lo)
vanishes on Z(P;) \ Z(Lg). Hence, the polynomial F”(1,t;11,...,tn, Z) has a root
Z =&y in the field &y, (ti41,. .., t,)[0], and

gU = 5(_10) Z ( Z gv,jej )UnJrl,va
0

<v<n *0<j<deg, ¥
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where all £(©) Eojarein kfu/ tiq, ..., t,],0< 5 <mn, €0 £ 0, and the greatest common
divisor GCD,, ;{£(9), ¢, ;} is equal to 1 in the ring k[u', t;41,. .., tn]. B

Thus, there is a generic point of the algebraic variety Z(*Bu._,,....v,) C P"(ky) of the
form

X, 1 -
(8) L_:&’:E Z gv,jej Ek;(tiJrlv"'atn)[e]a 0<wv<n.
0 0<j<deg, ¥

Next we use estimates for degrees of factors from the algorithm for factoring polynomials;
see [2 Chapter 1, §2, Lemma 1.3]. That lemma is deduced as a direct consequence of
the construction in Theorem 1.1 of [2, Chapter 1, §1]. We apply that lemma to the
following data: the variable Z; the field k; the field k,(ti41,...,t,)[0]; the element 6;
the polynomial ¥; the polynomial F"'(1,t;11,...,tn, Z); the numbers d + 1, d + 1, and
d + 1; the family consisting of all elements u, ., tj, respectively, in place of the variables
Xo,...,X,; the field H; the field F'; the element n; the polynomial ¢; the polynomial f;
the numbers 7, 71, and ro; the family 77, ...,T;; see the notation in the Introduction in
[2]. As a result, we get: deg, ¥ = d, and all the degrees

deg, ¥, deg, ¥, deg, £, deg; & ;, deg,, £, deg, &,

are bounded from above by (d +1)°(), with an absolute constant in O(1) for all j v, w.
Let Is be the set of all (ig, ..., i,) such that all 4,, > 0 are integers and ig+- - -+, = 9.
Let
F= > Fiy .i,X X
(i0,..sin)ELs
be a homogeneous polynomial of degree 6 < D with arbitrary coefficients F;, . ;, from
the field k,. Then

if and only if F' vanishes on Z(By,,,,....v,). Let Jy be the set of all j = (jit1,---,Jn,j0)

such that all j,, > 0 are integers and 0 < jo < deg . Then, by (8) and (7), relation (9)
is equivalent to

(10) 5 ( S g Fa, )t - tingi 0,
(i(),..

Jj€Jo in)€ls

where all a;;, ;, arein k[u] and the greatest common divisor GCD;;, . ;. {@ji0....in}
is equal to 1 in k[u]. Next, the bounds established for the degrees of £, and ¥ imply
that for every nonzero a;,...;, each index j, is dominated by (Dd)o(l)7 i+1<a<n,
and deguuyw jig. i, = (Dd)o(l) for all v,w. Hence, there is a subset J; C Jy such that
the number of elements #.J; is (Dd)?™~% and if @jio,....in. 7 0, then j € J;. There-
fore, viewing the coefficients F;, . ; as unknowns, from (10) we get a linear system
Z(iO,...,in)eIg @jig,..inFig,in = 0, 7 € J1, with respect to Fj, _,, , with coefficients
Qjio,...sin € ky. Solving this linear system, we find a basis y1, ...,y € k[u, Xo, ..., X,]
over the field k, of the homogeneous component (P, +1,...,U7¢)5 of degree § of the ideal
PBu,,1,...,v;- In accordance with the algorithm for solving linear systems, we get deguuyw Yj
= (Dd)°™=" for all v, w and 1 < j < . Assertion (i) is proved.

Now we prove (ii). Performing if necessary a nondegenerate linear transformation
of the coordinate functions Xy, ..., X, over k, we may assume that X; ¢ B for every
0 < i < n. Now, it suffices to prove only the first assertion in (ii) with N’ = (Dd)?"~%
in place of N = n(Dd)°™=%): the entire assertion (ii) for old coordinate functions will
follow immediately (we can take N = (n+ 1)N' — n).
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Let y = y; for some 1 < j < v, and let § < D. Then, see Lemma 4, we have
7(y) € STHWi—1Nk[u, Xo, . .., X)), whence y — 7 (y) € U; S~ k[u, Xo, ..., X,]. We have
proved that deg,, v = (Dd)°™=9 with an absolute constant in O(n — 7). Therefore,
XNn(y) € Pu.or,.vi, NE[u,Xo,...,X,] for an integer N’ = (Dd)°™~%). Hence,
X\ (y = 7(y) € Uiklu, Xo,..., Xa]. Thus, X' PBo,, 00 © Booorvi, + (U0).
Similarly, Xf’%UthUi C P, Uiy + (U;) for every 0 < j < n.

Let 61 = 6+N’. We have constructed a basis y1, . . . , ¥, of the homogeneous component
(Bu.s1....v,)s over the field k,. In a similar way, we can construct a basis y,...,y, €
klu, Xo, ..., X,] of the homogeneous component (By.,,,..v,_,)s,- Now for all p,j we
can write

1) XNy = " bpsata 05U bpja € ks by € kulXo, ..., X0,

1<a<o

To complete the proof, we use “specialization of the parameters” w,, ;. We leave to the
reader to check that the explicit construction described above admits “specialization of
parameters”; i.e., if (I, ;) belong to a nonempty subset of A(=s+2)(+1) (k) open in the
Zariski topology, then the substitution u, ; =, ; € k in (7), (8) results in a generic point
of the variety Z(¥r.,,,....z,) with all L, = Eogjgn ly,;X;. Here Lemma 3 is also used.
Next, again for a nonempty Zariski open subset, we can substitute u, ; = l, j iny1,..., ¥y,
obtaining a basis over the field k for the homogeneous component (By,,.....z,)s of de-
gree 0 of the ideal By ., . r,. This follows from the algorithm for solving linear sys-
tems. A similar assertion is valid for the basis yi, ..., y. of the homogeneous component
(Br..1,...i_1 )5, of the ideal ‘B, .1, ,. Forall 0 <4 < D, formulas (11), related to
a generic point (u,;), also admit “specialization of the parameters”. Finally, note that
we have a natural linear projection,

c - A(nfs+2)(n+1)(E) N A(nfs)(nJrl)(E),
(L07 Ls+17 ERE L’n+1) = (L5+17 ERE L’n)a

and for every Zariski open subset W of the affine space A —s+2)("+1) (L) its image (W)
is open in the Zariski topology in the affine space A(?—)(n+1) (k). So, using this projection
e, we get the required subset U;. This proves assertion (ii) and all of the lemma. O
Lemma 6. In the preceding notation, let s = ht(P) = n — 1. Let U C A" (k) be the
Zariski open subset of linear forms corresponding to the prime ideal B; see above. Then
for every L, € U N A" % the characteristic function h(Pr, ,m) = dimg(A/BL, )m s
stable for m > (n — 1)d —n 4+ 2. Also, for all m > (n — 1)d — n + 2 we have the
coincidence

(12) (Br,)m = B+ (Ln))m
of homogeneous components of degree m of the ideals P, and B+ (Ly).

Proof. There are homogeneous polynomials F,. .., F,, € k[Xo, ..., X,] of the same de-
gree d such that Z(P) = Z(Fy,...,F,,) in P"(k) and P is a B-primary component of
the ideal (Fy,...,Fy) C k[Xo,...,X,]; see [2 B]. Then for a linear form L, € U the
ideal B + (L) includes (Fy, ..., Fim, L) =P, NQ, where Q is an M-primary ideal or
9 = k[Xop,...,X,]. Hence, see [§], the homogeneous components (Fi, ..., Fn, Ly)m =
(B, )m of the ideals (Fy,...,Fn,,L,) and P, coincide for m > (n — 1)d —n + 2
and (12) is true. Therefore, see [8], the characteristic function h(, ,m) is stable for
m > (n—1)d —n+2; cf. also Lemma 8 below. The lemma is proved. O
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Lemma 7. Suppose that the conditions of Lemma 5 are fulfilled for all s+1<i<n-—1
with the same D. PutU' =\, 1<;<,,_1 Uj, see Lemma 5 (ii), and

Dy = max{n(Dd)**"=571) sd — s}.

Then, for every (Lsi1,...,Ly) €U N A" and every s < i < n — 1, the characteristic
function

(13) h(Br,ir,....;om) = dimp(A/Br o1, L)m
is stable for m > Dy.

Proof. Let (Lgt1,...,Ly) € U' NA" 5. Observe that k[Xo,..., Xn]/(Lst1, -+, Ln-1) 18
isomorphic to the ring of polynomials over k in s 4 2 variables, and U’ C U, where U is
the open set from Lemma 3. We apply Lemma 6 to the ideal

PBrovivLnr/Lsy1,-o s L) CE[Xo, ..., Xn]/(Lsy1y- -5 Ln1)

in place of P C k[Xo,...,Xn]. As a result, we see that for ¢ = n the characteristic
function (13) is stable for m > sd — s+ 1. Now (12) and the exact sequence (14) with
i = n, see below, imply that for ¢ = n — 1 the characteristic function (13) is stable for
m > sd — s. This proves the claim for i =n — 1.

We shall use descending induction on ¢. Assuming that this characteristic function is
stable for m > Dy for some s+ 1 < i < n — 1, we prove that it is stable for m > D also
for i — 1 (in place of ). We have an exact sequence

0— (A/‘BL5+17~--»L1'71)7H—1 — (A/mLs+1,~-7Lz‘71)m

1) (A Frszs + (L)) 0

of vector spaces, and

(A/(gan+1,~-7Lq‘,—1 + (LZ)))m = (A/mL,g+1,...,L7,)m for -m > n(Dd)&l(niSil)

by Lemma 5. Hence, (13) is stable for m > D; by the inductive assumption. The lemma
is proved. O

End of the proof of Theorem 1. Put B = PB©); see (). Hence, by (), now ht(P) = s =
u+ 1 and, by the Bézout theorem, degP = degPB©) = d; < d*, instead of degP = d.
We have s < n — 1 because ht(‘li(o)) < n — 1. Let D be the smallest integer such
that the conditions of Lemma 5 are fulfilled for all s +1 < i < n — 1 for P = PO,
with d; in place of d. Let U], s +1 < i < n — 1, be the sets occurring in Lemma 5
(ii) and let U' = (N, ;1<i<n_1U;j. We apply Lemma 7 with d; in place of d. So, now
Dy = max{n(Dd;)*"=*=1 sd, — s}. For i = s, by (¥) we get D; > d?>*". Therefore,
for all sufficiently large n and d, we have D > dZC/" + 1 for an absolute constant ¢’ > 0.
Hence, for every (Lsy1,...,L,) € U' N A" %, there is an ig with s +1 < ig < n—1
such that any system of generators of the prime ideal B, . 1, contains a polynomial

of degree at least 2" 41 (the integer igp may depend on (Lsy1,...,L,)). We choose
and fix (Lgi1,...,Ly) € U' N A" such that Z(PO)N Z(Ley1,..., L) NLOY = F in
P"(k), where £ is a linear subspace as in (). Now we set p = PBLoir,...,L;, and ¢ = c.
Then Z(p) is a component, defined over k and irreducible over k, of the algebraic variety
Z(f1,- s fusi, Lsy1,- -, Liy); see Lemma 3. Put f; = L; for all p+2 < j < ip, and

let v = ip. Now all the polynomials f1,..., f, are well defined, and assertion (a) of the
theorem is satisfied. Obviously assertion (c) is true. By Remark 1, assertion (b) is also
true. Theorem 1 is proved. O
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Proof of Proposition 1. Let p be the ideal constructed in the proof of Theorem 1. Recall
that in that proof we used the first Bertini theorem several times, obtaining elements of k
instead of transcendental elements. Now we would like to avoid applying the first Bertini
theorem. Namely, we replace the family of elements A, ., 1 < v < p, 1 < w <4 (recall
that \j4 = )\;’31)\,»72 and A\;3 = A1 3 for all 1 <4 < ) by a family A satisfying the same
relations and such that A has the maximal possible transcendency degree over k. We
denote the elements of this family A again by A, ,,. Denote by k) the extension of the field
k by all elements of A\. So, now the transcendency degree of the field k) over k is 2u + 1.
Next, we replace the family of coefficients of ; ;, i € {0,s +1,...,n+ 1}, 0 < j < n,
of the linear forms Lsy1,...,L,11 by a family u of elements u; ; transcendental over
ky with transcendency degree (n — s + 2)(n + 1). Denote by ky ,, the extension of the
field ky by all the elements of the family u; ;. So, the transcendency degree of the field
kxu over kis 2u+1+ (n—s+2)(n+1) = O(n?). Let k be a finite field. After the
above replacement, by the construction in the proof of Theorem 1, we get a family of
polynomials fi,..., f, € kxu[Xo,-..,Xs] (we keep the same notation for them) and a
prime ideal p’ C ky 4[Xo, ..., X,] in place of p C k[Xo, ..., X,].

Denote by k[A,u, Xo,...,Xp] the polynomial ring over k with the variables from
the families A\, u, Xo,...,X,. Put p” = p’ N k[\ u, Xo,...,X,]. By construction, all
fi,---, fu belong to k[A,u, Xo, ..., X,], and all the degrees satisfy deg, , x, . x, fi <

d+1.
The ideal p” is not necessarily homogeneous with respect to all the variables. To
simplify the notation, we denote all the variables in the families A, u, Xo,..., X, by

Y1,...,Y,,. Let A™(k) be the affine space with the coordinate functions Yi,...,Y,,.

Being finite, the field k is perfect. Hence, Z(p”) C A™(k) is a component defined over k

of the algebraic variety Z(f1,..., f,) C A™(k). The variety Z(p”") C A™(k) is irreducible

over k, because the variety Z(p’) C P (ky,y) is irreducible over ky , by condition (a) of
the theorem.
Let Y; be a new variable. The homogenization of a polynomial a € k[Y1, ...,Y,,] is the

polynomial @ = Y38 %a(Yy /Yo, ..., Ym/Yo) € kYo, ..., Ym]. Let p”" C k[Yy, ... ;Y] be
the homogeneous prime ideal generated by all the elements a with a € p”. Let P™ (k) be
the projective space with the homogeneous coordinate functions Yo, ..., Yy,. The projec-

tive algebraic variety Z(p”") C P™(k) is the closure with respect to the Zariski topology
of the affine algebraic varieties Z(p”). Therefore, Z(p"") C P (k) is a component, de-
fined over k and irreducible over k, of the algebraic variety Z(f1,...,f,) € P"(k). By
(%), p is a primary component of the ideal fi,..., f,, and ht(p) = v. Hence, p” is a
primary component of the ideal (fi,..., f,) and ht(p") = v. Thus, see the formulation
of Proposition 1, over the finite field k£ the modified assertion (a) of Theorem 1 is valid
for m, fi,..., f,, and p’” in place of n, fi,..., f,, and p, respectively. Obviously, all the
degrees satisfy degy, vy, fi < d+ 1. For the proof of the new versions of assertions (b)
and (c), see the formulation of the proposition, we shall consider also fi, ..., f, and p”’.

Assertion (c) of Theorem 1 holds true for p’ over the field & , (in place of p over the
field k). Any system of generators of the ideal p” is a system of generators of the ideal
p’. Hence, for any system of generators aq, ..., a,, of p”,

pax degy, v, @i = ax degyx,  x, ai>degd®".

n

Therefore, for any system of generators af,...,al,, of p’”’ we have

/ 2071,
max de a;, >d° .
125 EYo,....Ym & 2

This implies assertion (c) in the new version of the theorem, because n > ng and d > dy
are arbitrary, m = O(n?), and deg f; < d+1 for all i; see Remark 3. Moreover, obviously,
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. 2cﬁ Zcﬁ . . . .

now in (c) we can replace d by d + 1, which yields a slightly stronger assertion.
Then the new version of (b) follows from Remark 1. The proposition is proved. O

Remark 5. Let k be a finite field and ¢ a transcendental element over k. Let p C
k(t)[Xo, ..., X,] be the ideal constructed in the proof of Theorem 1 over an infinite field
k(t). By the proof of Proposition 1, to prove Theorem 1 for k it suffices to verify that,
by applying the first Bertini theorem, one can choose all the coefficients A, ., € k[t] of
the polynomials f,11, and the coefficients I; ; € k[t] of the linear forms L; with degrees
deg; Ay and deg, [; ; bounded from above by .

Remark 6. There is a similar problem for an infinite field k. Let \, ,, € k and l; ; € k, see
the proof of Theorem 1, correspond to the ideal p. One needs to prove that the lengths

of Ay € k and [; ; € k are bounded from above by ar’.

A difficultly related to Remarks 5 and 6 is to estimate the size of the normalization
of an algebraic variety. I could not find an explicit estimate for the normalization in the
literature. However, we see that it can be given. We hope to return to this question
in a forthcoming paper. It seems that there are no other principal difficulties (cf. the
Appendix in [4]).

84. UPPER BOUNDS

We are able to give also upper bounds for the stabilization of the characteristic function
of a homogeneous polynomial prime ideal and for a system of generators of that ideal.
Let P be a prime ideal as in §3, but now we assume that ht() = s, 0 < s < n. Thus,
degP = d and the ideal k ®; P C k ®y, A is radical.

Lemma 8. Let Q C A be a homogeneous ideal such that the ideal Ee,Q Cc ke, A
is radical, the dimension of the variety of zeros dim Z(q) is equal to 0 in P"(k), and
degQ = d. Then the characteristic function h(Q,m) is stable for allm > d—1. In
particular, this is true for a homogeneous prime ideal B C A (in place of Q) with

s = ht(P) = n such that the algebraic variety Z(RP) C P*(k) is defined over k.

Proof. Denote for brevity A = k ®; A. We have h(Q,m) = h(k ®; Q,m). Let k ®; Q =
ﬂl<j<d m; be the irredundant primary decomposition of the ideal k ®, Q. Then all
m; C A, 1 < j < d, are homogeneous prime ideals of degree 1 and height n. Hence, it
suffices to prove that the characteristic function h((, ;<5 m;, m) is stable for m > ¢ —1.
We use induction on §. The case of 6 = 1 is obvious. There is an exact sequence of
homogeneous components of degree m induced by the exact sequence of homomorphisms
of graded A-modules,

o= (4( N mj))me(A/( N mj))mxm/(mmm

1<5<6 1<5<6-1

—><Z/(m5+ N mj>)m—>0.

1<j<6-1

(15)

There is a homogeneous polynomial ¢ € ﬂlgjgé—l m; \ ms such that degyp = § — 1.
Therefore, (A/(ms + (Ny<j<s_1™j))m = {0} for m > ¢ — 1. Hence, by the inductive
hypothesis and (15), the characteristic function h(), ;<5 m;, m) is stable for m > ¢ — 1.
The lemma is proved. O

Lemma 9. In the notation of the beginning of this section, suppose that 1 < s <
n—1. Then the characteristic function h(P,m) = dimg(A/P), is stable for all in-

tegers m > (Sd)(%(”*s))n_s_1 with an absolute constant c5 > 0. Therefore, by Remark 1,
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the ideal P has a system of generators consisting of homogeneous polynomials of degrees
at most 1 + (sd)(””(”*s))n_s_l. Finally, Lemma 8 now implies that for all0 < s < n
the characteristic function h(3,m) is stable for m > (sd)(=st)"™" and the ideal
B has a system of generators consisting of homogeneous polynomials of degrees at most
1+ (sd) esnst1)"

Proof. Without loss of generality we may assume that 1 < s < n, so that sd > 2. We
show that for all (Ls(1, ..., L,) in a nonempty Zariski open subset of A(®=*)("+1) (k) and
for all s <i <n— 1, the characteristic function (13) is stable for m > (sd)((n=s)""""
and hence, by Remark 1, the ideal B, ... r, has a system of homogeneous generators

of degrees at most 1 + (sd)(CS("_S))WP1 with an absolute constant c5 > 0. Indeed, this
is true for ¢ = n — 1 by Lemma 6. We shall use descending induction on i. Assuming
that our claim is proved for some s+ 1 < i < n — 1, we check that it is true also for
i — 1 (in place of i). We have the exact sequence (14) of vector spaces. Hence, by the
inductive hypothesis and Lemma 5 with D = (sd)©™=)" """ for all (Ls41,...,Ln) €
Nicj<n_1 Uj N A" (the set U; is defined at this step of induction in Lemma 5 (ii), and
similarly, the sets Z/lj’-, i+ 1<j<n-—1, are defined at the preceding steps of induction)
we have (A/(mLs+1,‘»~7Li—1 + (LZ)))m = (A/SI;LS-Fls"wLi)m with

m > (sd)(cs(”—s))"fi > (n(sd)(CE,(n—s))""i’ld)cu;(n—i)

for an appropriate constant c¢s5. Therefore, the characteristic function (13) with ¢ — 1 in

place of 7 is stable for m > (sd)(%("*s))n_i by the inductive hypothesis. The claim is
proved, together with the lemma. (I

Lemma 10. In the notation of the beginning of this section, there is an absolute constant
cg > 0 such that the prime ideal B has a system generators qi,...,qw € k[Xo,..., Xn]
with deg q; < aze" foralll <i<w.

Proof. We can assume without loss of generality that 1 < s < n, see Lemma 8, and
that d > 1. There are homogeneous polynomials F1, ..., F,, € k[Xq, ..., X,] of the same
degree d such that Z(B) = Z(F, ..., F,,) in P*(k) and 8 is a B-primary component of
the ideal (Fi,..., Fy,) C k[Xo, ..., X,]; see 21 [3]. Let Fi, ..., F, be linear combinations
of Fi,...,F,, with coefficients from k in general position. Then, by the first Bertini
theorem (see [12} ], cf. [4]) applied subsequently s times, in the ring k[Xo,..., X,] we

have

(Fi,....F) = (k@ P) NP,
where P is a homogeneous prime ideal of the ring k[Xo,. .., X,] with ht(f) = s and
deg(*P) = d®* — d > 0, and such that B is not a primary component of the ideal k ®, B.

Let k@B =N e P be the irredundant primary decomposition of the radical ideal
k ® P. There is a homogeneous polynomial F € ‘i \ U]EJ p; such that deg ' < d° —d.
Now k@3 P = {z € k[Xo,...,X,] : 2zF € (Fy,...,F,)}. Consider the linear equation

1<i<s

over the ring of polynomials k[Xo, ..., X,]. By [6, 0], in (k ®% A)**! the submodule
of solutions (Z, Z1,...,Zs) of equation (16) has a system of generators z;, z; 1, - - ., 2is,
i € I, consisting of polynomials from k ®; A of degrees deg z;, deg z;j bounded from
above by d?”°" for an appropriate universal constant ¢g > 0. Now, z, € k Qi A, i € I,
is a system of generators of k ®; P of the required degrees. Since the variety Z(*B) is
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defined over k, there is also a system of generators g1, ..., ¢ € k[Xo, ..., Xp] of the ideal
B with degq; < d?®" for all 1 < ¢ < w. The lemma is proved. O

Corollary 1. In the notation of the beginning of this section, there is an absolute constant
¢7 > 0 such that the characteristic function h(3, m) of the prime ideal P is stable for
m>d2".

Proof. Indeed, by Lemma 8 and [§], there is no loss of generality in assuming that
ht(P) = s <n — 1. By Lemma 10 with the ground field &, in place of k, the conditions
of Lemma 5 are fulfilled for all s+1 <i<n—1for D =d**" +1. Let (Lst1,---,Ln) €
Nss1<i<cn_1Ui NA"™%; see Lemma 5 (ii). Now the claim follows from Lemma 7. The
corollary is proved. O

REFERENCES

[1] M. Baldassarri, Algebraic varieties, Ergeb. Math. Grenzgeb., Heft 12, Springer-Verlag, Berlin, 1956.
MRO0082172//(18:508f)
[2] A. L. Chistov, An algorithm of polynomial complezity for factoring polynomials, and finding the
components of varieties in subexponential time, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst.
Steklov. (LOMI) 137 (1984), 124-188; English transl., J. Soviet Math. 34 (1986), no. 4, 1838—1882.
MRO0762101|/(86g:11077b)
, Efficient construction of local parameters of irreducible components of an algebraic variety,
Trudy S.-Peterburg. Mat. Obshch., vol. 7, Nauchn. Kniga, Novosibirsk, 1999, pp. 230-266; English
transl. in Amer. Math. Soc. Transl. Ser. 2, vol. 203, Amer. Math. Soc., Providence, RI, 2001.
MR1784700//(2002b:14081)
[4] , A deterministic polynomial—time algorithm for the first Bertini theorem, Preprint S.-
Peterburg. Mat. Obshch. no. 9, 2004, http://www.mathsoc.spb.ru/preprint/.
[5] T. W. Dubé, The structure of polynomial ideals and Grébner bases, SIAM J. Comput. 19 (1990),
750-775. MR1053942/(91h:13021)
6] G. Hermann, Die Frage der endlich vielen Schritte in der Theorie der Polynomideale, Math. Ann.
95 (1926), 736-788. MR1512302
[7] D. Hilbert, Uber die Theorie der algebraischen Formen, Math. Ann. 36 (1890), 473-534.
MR1510634
(8] D. Lazard, Algébre linéaire sur klz1,...,xn] et élimination, Bull. Soc. Math. France 105 (1977),
165-190. MR0491702//(58:10905)
[9] E. W. Mayr and A. R. Meyer, The complezity of the word problems for commutative semigroups
and polynomial ideals, Adv. Math. 46 (1982), 305-329. MR0683204 (84g:20099)
[10] A. Seidenberg, Constructions in algebra, Trans. Amer. Math. Soc. 197 (1974), 273-313. MR0349648
(50:2141)

[11] Chee K. Yap, A new lower bound construction for commutative Thue systems, with applications,
J. Symbolic Comput. 12 (1991), 1-27. MR 1124303 (92i:03046)

[12] O. Zariski, Pencils on an algebraic variety and a new proof of a theorem of Bertini, Trans. Amer.
Math. Soc. 50 (1941), 48-70. MR0004241 (2:345a)

(3]

ST. PETERSBURG BRANCH, STEKLOV MATHEMATICAL INSTITUTE, RUSSIAN ACADEMY OF SCIENCES,
FONTANKA 27, 191023 ST. PETERSBURG, RUSSIA
E-mail address: alch@pdmi.ras.ru

Received 10/APR/2008

Translated by THE AUTHOR

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=0082172
http://www.ams.org/mathscinet-getitem?mr=0082172
http://www.ams.org/mathscinet-getitem?mr=0762101
http://www.ams.org/mathscinet-getitem?mr=0762101
http://www.ams.org/mathscinet-getitem?mr=1784700
http://www.ams.org/mathscinet-getitem?mr=1784700
http://www.ams.org/mathscinet-getitem?mr=1053942
http://www.ams.org/mathscinet-getitem?mr=1053942
http://www.ams.org/mathscinet-getitem?mr=1512302
http://www.ams.org/mathscinet-getitem?mr=1510634
http://www.ams.org/mathscinet-getitem?mr=0491702
http://www.ams.org/mathscinet-getitem?mr=0491702
http://www.ams.org/mathscinet-getitem?mr=0683204
http://www.ams.org/mathscinet-getitem?mr=0683204
http://www.ams.org/mathscinet-getitem?mr=0349648
http://www.ams.org/mathscinet-getitem?mr=0349648
http://www.ams.org/mathscinet-getitem?mr=1124303
http://www.ams.org/mathscinet-getitem?mr=1124303
http://www.ams.org/mathscinet-getitem?mr=0004241
http://www.ams.org/mathscinet-getitem?mr=0004241

	Introduction
	1. Lower bounds for the stabilization of the characteristic function of a binomial ideal in arbitrary characteristic
	2. Proof of Theorem 1: Conditions (a) and (b)
	3. Proof of Theorem 1: Condition (c)
	4. Upper bounds
	References

