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Abstract

Buchberger’s algorithm was already studied over many kinds of rings
such as principal ideal rings, noetherian valuation rings with zero divi-
sors, Dedekind rings with zero divisors, Gaussian rings, ... . In this
paper, we propose the Buchberger’s algorithm over Ve| satisfying to
€2 = 0 where V is any noetherian valuation domain and we give some
applications in Z,z[e] where p is a prime number and Z,z = {% | a €

7, b¢ pZ}.

Keywords: Grobner bases, dual noetherian valuation domain, S-polynomials,
Buchberger’s algorithm

1 Introduction

In 1965 Bruno Buchberger introduced the theory of Grobner bases in poly-
nomials ring over a field in order to solve the ideal membership problem (see
[1, 2]). This theory was generalized by many authors in different ways such as
5, 8, 9], ... for the noncommutative case and [4, 6, 7, 10, 11] for the commu-
tative case.

In [6, 10, 11] authors presented Buchberger’s algorithm over noetherian
valuation rings with zero divisors and over Dedekind rings with zero divisors.
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Both methods don’t cover the ring V[e] since this ring is neither a valuation
ring nor a Dedekind ring.

It is also proposed in [4] an interesting method for computing a Grébner
basis over many kinds of rings with zero divisors, such rings cover Z, where
n is not a prime number as well as Z,[i| satisfying to 7> + 1 = 0, this method
cover many others rings with zero divisors but does not cover the ring of dual
valuation domain V|[e] satisfying to €2 = 0 where V is a valuation domain.

In this paper we propose a method for computing a Grobner basis over the
ring of dual noetherian valuation domain V[e] and we present some applications
in Z,ye] where p is a prime number.

This paper is organized as follows:

Section 1: We study some elementary properties of the ring V]e| and we
recall some necessary tools for computing a Grobner basis.

Section 2: We adapt the Buchberger’s algorithm in V[e].

2 Basic notions

Throughout this paper, we denote by V a noetherian valuation domain, V[¢|
the ring of dual valuation domain satisfying to €2 = 0, whose elements are of
the form a + b with a,b € V and J. = € - V[g| = {ea/a € V} the set of zero
divisors of V[e|. If R is a ring and F a subset of R, we denote by (E) the ideal
generated by E.

1. Division in V[e]: An element z; = a; + eby divides zo = ag + eby in V|[¢]
if and only if a; divides as in V and a; divides by — b1% in V.
a1

2. Let R =V[e][Xy,...,X,,] be the free associative algebra with commut-
ing variables X1, ..., X,,, defined over the ring Vle].

e A monomial in R is a multivariate polynomial of the form g =
X7t X2 where a; € N We denote X = X7 -+ - X2 where

a = (aq,...,q,) and by M the set of all monomials in R.
e An element of the form zX* where z € V[e][Xq,..., X,,] is called
a term.

e A term 2X° divides 2’ X” in R if and only if z divides 2’ in V[¢] and
X divides X” in R.

3. Monomials order: A total order < in M is said to be a monomial
order if it is a well ordering and If X® < X# then X7 < X7 for all
a, 3,7 € N".
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e Lexicographic order: we say that X® >, X7 if the first left non
zero component of o — (3 is > 0.

e Graded lex1cographlc order: We say that X > ., X7 if |a| >
|B] or if |o| = Zai = Zﬁ, and X® >, XP for a =
=1 =1
(a17“‘7an)7 /6:(/817"'7/671)‘

4. Let f = ZzaXo‘ be a nonzero polynomial in R. Let I = (fi,..., fs)

be a finitely generated ideal of R and let us fix a monomial order < in
M, then:

The multidegree of f is mdeg(f) := max{a/z, # 0}.

The leading coefficient of f is Le(f) := Zmdeg(s)-
The leading monomial of f is Lm/(f) := X™dee(f),
The leading term of f is Lt(f) := Lc(f) - Lm(f).

(Lt(1)) == (Lt(g)/g € T \{0}).

5. Division algorithm (see [3, 10])

We recall the division algorithm in R. Let < be a monomial order
and fl,... ,fs € R. Then there exists ¢i,...,qs,7 € R such that

f= Zq,f, + r with mdegf > mdeg(q;f;) for ¢;f; # 0 and r = 0 or

each term occurring in r is not divisible by any of Lt(f;) V1 <i < s.

Input: fi,..., fs, f and <.
Output: ¢p,...,qs,7.
Initialization: ¢; :=0,...,¢s:=0; r:=0 and p := f.
While p # 0 do:
1:=1
DIVOCCUR:=False
while 7 < s and DIVOCCUR:=False do
If Lt(f;) divides Lt(p) then
Lt(p)
Lt(f3)

G ‘= ¢q; +
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Lt(p)

=q; — fz
Lt(fi)

DIVOCCUR:=True

Else
1i=1+1
If DIVOCCUR:=False then
ro=r+Lt(p); p:=p— Lt(p)
Example 2.1. In Zozle][z,y] with © <i, y, let us divide f = (3 +
S5e)wy? + 3ey by f1 = (5 — 2¢)x — ey? and fo = (7 — 3e)xy. We find:
o [ = (g 31 e)- fi+ ( ey* + 3ey) if we start the division by fi.

44
o f= (g 4_95)y fo + (3ey) if we start the division by fo.

6. Grobner basis: A subset G = {g1,...,q} of an ideal I C R is
called Grobner basis for I with respect to a monomial order < if I =

(G) and (Lt(I)) = (Lt(G)).

3 Buchberger’s algorithm

Definition 3.1. S-polynomials: Let f,g € R, and let us consider a
monomial order >. Denoting by Lt(f) = (a1 +¢eby)- X®, Lt(g9) = (ag+¢eby)- X"
where ay,as,by,by € V[e|; a, 3 € N*. Let v € N" with v; = max(«y, ;) for
each i, the S-polynomial of f and g is given by:

1. Suppose that f # g:

o Lc(f) € J. and Le(g) € J. then:

by X X7
Pl = /b
S(f.g) = X7 le .
xal 73,59 0l
o [fLe(f) € Je and Le(g) ¢ J. then:
ag X7 X7
fﬁf Xﬁ(eg) if bi/as
S(f,9) = ' b, X7
X f— 22 _(eg) if az/b
Xa 4y XP g 2/01.

If Le(f) € J. and Le(g) € Je then replace f by g and vice versa.
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o [fLc(f) ¢ Je and Le(g) ¢ J. then:

U2 (eD) ~ S (e0) if nfas
S(f.9)= )(lv a; X7 _
Xa( ef) — a:ﬁ(eg) if a1/as.

2. Suppose that f = g then:

[ efif Le(f) € J.
S5 1) = { 0 if not.
Example 3.2. Let us compute in R = Zag[el|x, y] the S-polynomials of f =
(34+5e)zy*+3ey, g = (T—3¢e)xy, hy = bex—(1+¢)y? and hy = 2ex*+(3—2¢)y
with respect to X <jep Y-

S(f,9) = g(ef) —y(eg) =0

S(F ) = () v = (14

S(hl, hg) = %l‘hl hg = —§$y2 — (3 — 2€)y
S(hl, hl) 5y2.

Lemma 3.3. Let < be a monomial order, and fi, ..., fs € R=V[e][Xq,...
such that mdeg(f;) = v € N™ for each 1 < i < s. Suppose that mdeg(z zifi) <
i=1

v for some z1,. .., zs € V[e|:

S

1. If Le(f;) € J. V1 < i < s then Zzzfz 18 a linear combination with
i=1
coefficients in V[e| of S-polynomials S(f;, f;) for 1 <i<j <s.
2. If there exists ig such that Le(f,) € Je then e Z 2 f; is a linear combina-
i=1
tion with coefficients in V(e| of S-polynomials S(f;, f;) for1 <i < j <s.
Furthermore, each S-polynomial has multidegree < .

Proof:

1. Suppose that Le(f;) = eb; € J. V1 < i < s and we can assume that
bs/bs—1/ ... /by since V is a valuation domain.
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2 b b by

zifi = z21(f1 — b_lfs) + 25(fo — —Qfs) + .ot zem1(fsor — b—lfs) +
i—1 s s

b b be_
(zlb—i +z2b—j +o izt . Lt 2) .

by bo b
By hypothesis, we have (z1 b, + ng +...+z 1 == zs) -€bs = 0 then,

by by bs—
(zlb—+22b—+ N b —G—Zs)fSEVH (fs: £5)-

We deduce that Y zifi = Y z;S(fi. f;)-

i=1 ij

Let Le(f;) = a; + €b; and suppose that there exists at least i for which
a;, 7 0 then:

SZZifz’ = Z zi(efi) + Z (efi)-
i=1 Le(f:)¢J- Le(f;)e e
k
Without loss of generalities we set: Z zi(efi) = Zzi(e fi) and
Le(fo)d - i—1

s

Z zi(efi) = Z zi(efi), then:
Le(f;)€J- i=k+1

Z Zi(gfi) = Z Zis(fiafi) (*)
i=k+1 i=k+1

Assume that Re(Lc(fy))/Re(Le(fr-1))/ ... /Re(Le(f1)) then:

S aieh) = (e - RN gy gy

3 Re(Le(0)
Re(Lc(fr-1)) Re (Lc(fl))+ RG(LC(f2))+
Re(Lc(fr))

tmalleho) o R

Re(Le(fi) | |
k-1 R€<LC(f]g)) + k)( fk)
Since by hypothesis 0 = 21 Le(fy) + ... + zsLe(fs) = e(zLe(fi) + ...+
zkle(fr)) = e(z1Re(Le(f1)) + ...+ zgRe(Le(fx))) then:

k

Zzi(efi) = Zziij(fi,fj) (**). Thus from (*) and (**) we get the
i=1 ij

desired result.



Grobner bases over a dual Noetherian valuation domain 545

Theorem 3.4. Let < be a monomial order and G = {¢1,...,gs} be
a finite set of polynomials of R = V[e|[X1,... ,Xn]. Let I = (G) be an
tdeal of R, then G is a Grobner basis for I if and only if all remainder
of S-polynomials S(g;, g;) by G is zero for 1 <i < j <s.

Proof

-G -G
) is the

remainder of S(g;, ¢g;) under the division by G.
(b) Conversely, we need to prove that (Lt(I)) = (Lt(QG)).

Let f € I then
f= Zhigi (1)
i=1

where h; € R and mdeg(f) < max{mdeg(h;g;)} = . Let v be the
smallest multidegree satisfying to (1), then mdeg(f) < ~.

o If mdeg(f) <, from (1) we have:

= Z higi = Z hig; + Z higi  (2)
i=1

mdeg(higi)=y mdeg(higi)<y
Notice that:

Z hig; = Z Lt(h:)g:+ Z (hi—Lt(hs))g;
mdeg(hig: )= mdeg(higs)=7 mdeg(higs )=y
(3)-
Let Lt(h;) = m; X* with m; € V[e|, then

> Ltlhgi= Y mi(Xvg) ().

mdeg(h;g;)=" mdeg(h;g;)="
— Suppose that Le(g;) € J. Vi then from the previous lemma,
(*) become:
Z Lt(hy)g; = ZzijS(Xo‘igi,Xo‘jgj) where z;; €
mdeg(higi)=" b
e Im(Le(g)) X
; aiAO‘j.:mcgi Yig) —
Smc;f(X 9 X*9;5) Im(Lc(g)) X Lm(g;) (X%
W(Xajgj) = X758 (g, g;) with X7 = lem(Lm(g;), Lm(g;)).
Therefore Z Lt(h;)g; = Z 2 X7 S(gi, 95)  (4).
mdeg(higi)=" 3

By hypothesis for 1 <i < j <'s, S(gi,g;) = Y _ Gijugr
k

where mdeg(g;;rgr) < mdeg(S(gi, g;)), then Z Lt(h;)g; =

mdeg(higi)="
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Z 25 X7 G G-
gk
Since mdeg(S(gi, g5)) < 7;; then
mdeg (X" q;kg9x) < mdeg(X77%55(g;, g5)) < 7. By min-
imality of v, we get a contradiction.

— Suppose that there exists iy such that Le(g;,) ¢ J. then
from the previous lemma (*) become:

e Y. Lt(hygi= > Lt(h)(eg)+ > Lt(hi)(eg)

mdeg(higi)zv mdeg(h;(egi))="y mdeg(hi(eg:))<vy
> )(e9:) Z mi(X (i) = Y wiyS(X gi, X g;).
mdeg(hi(eg:))=v 1]

From the previous item we have seen that mdeg(S(X*g;, X% g;)) <
v and we can easily see that mdeg(m;(X*eg;)) = mdeg(m;(X*g;)),
we get a contradiction.

— Suppose that Le(g;) ¢ J: Vi then from the previous lemma,
(*) become

(e > m(X%g))= D mu(Xeg) =) ti;S(X%gi, X%g,)

mdeg(higi) =7 mdeg(hi(egi))=7 0]
where t; ; € V[e]. From the previous item we have seen that
mdeg(S(X*g;, X% g;)) < v thus we get a contradiction.

Since mdeg(f) = -, then there exists jo such that mdeg(f) =
mdeg(hj,9;,) = 7. We have Lm(f) = Lm(th)Lm(gjo) X7. Put
A = {i/Lm(h;)Lm(g;) = Lm(h;,)Lm(gj,)} then Le(f) = Le(h;) Le(gy).

1EN

Therefore Lt(f ZLt ;) Lt(g;) hence Lt(f) € Z(Lt(gi» -
1EN 1EN

(LH(G)).
0

The previous theorem guaranties that we can compute a Grobner basis
of an ideal of R after a finite number of step. We are now ready to give
the algorithm for computing a Grobner basis.

Buchberger’s algorithm.

Input: ¢;,...,9s € R and < a monomial order.
Output: A Grobner basis G for [ = (gy,...,9s) with {g1,...,9:} CG

G = {glu"' 798}
REPEAT

G =G
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For each pair g;, g; in G' DO

!

S = 5(9i, 95)
If S0 THEN G := G' U{S}
UNTIL G = ¢

Example 3.5. Let R = Zgz|x,y] and let us fix a monomial order
T <pp y. Consider the set F = {f; = (3 + be)wy? + 3ey, fo = Hex —
(1+4¢)y*}. We want to construct a Grobner basis for [ = (F) in R with
respect to © <jep y. Set G ={g1 := f1,92 := fo}

3 3(1+4¢ ¢ 3(1+e
S(g1,92) = (eg1) — gy2f2 = %y“ and S(g1,92) = ( )y4 =

g3, G= {gla 92, 93}'

—G
S(92,92) = €92 = —ey®> = S(g2,92) = g1y G ={91,92, 93,94}

‘ R
Notice that S(g1, 94) = S(91,93) = (94, 91) = S(g3,94) = 0 and S(g2, g3)

¢
S(g2,91) =0.
3(1+¢)

Thus G = {(3 + 5e)xy® + 3ey, bex — (1 + €)y?, :
Grbner basis for I = (3 + 5¢)xy® + 3ey, 5ex — (1 + £)y?).

y', —ey’} is a
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