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Abstract. An algorithm which transforms a characteristic set of a prime differential ideal
from one Riquier ranking to another is proposed. This paper completes the generalization
of the Grobner walk algorithm to the differential case initiated in [1]. In particular, a differ-
ential analogue of the Grobner walk step is presented. The step is performed by a modified
Rosenfeld—Grobner algorithm, which avoids splittings of the ideal by using the fact that the
ideal is prime and a characteristic set of it is already known, as well as performs all reduc-
tions within the set of initial forms of the ideal. The statement about the finiteness of the
set of leaders of characteristic sets w.r.t. all possible rankings, which serves as a basis for the
proof of termination of the differential Grobner walk and whose proof in [1] is unfortunately
incorrect, is reproved. The algorithm is illustrated by an example from [2].

1 Introduction

The problem of efficient transformation of characteristic sets of prime differential ideals from one
ranking to another has been addressed in [3] and [2] (actually, these papers present transformation
algorithms for regular systems which are closely related to characteristic sets). It is suggested in
[3] that the more general case of an arbitrary radical differential ideal can be reduced to that of
a prime ideal by performing the computations separately in the prime components of the radical
ideal. In this paper, we also take this viewpoint, leaving the development of efficient transformation
algorithms that would not involve the computation of prime components for future research. Indeed,
this computation is not necessary, because the problem of transformation can be solved for any
radical ideal by applying the Rosenfeld-Grobuner algorithm [4], but this straightforward solution
does not take advantage of the fact that we already know a characteristic set and, therefore, is
inefficient.

The algorithm in [2] is a variation of the Rosenfeld-Grébner algorithm which avoids splittings
of the ideal into several components by using the possibility of checking membership in the prime
ideal. The Ké&hler algorithm in [3] also runs the Rosenfeld-Grobner algorithm after introducing
new differential variables corresponding to the Kéahler differentials of the original ones and adding
the Kéahler differentials of the original equations to the system. The output of the K&hler algorithm
is the set of leaders of the target regular system. Alternatively, but only in case the solution of
the system depends on finitely many constants, one can apply the DFGLM algorithm [3], which is
a differential analogue of the polynomial FGLM algorithm [5]. Once the leaders are found, some
polynomials having these leaders and belonging to the differential ideal are recovered (this can also
be done only when the solution depends on finitely many constants); these recovered polynomials
may not yet constitute a regular system for I, so, in order to obtain one, they are added to the
original system, after which the Rosenfeld-Grobner algorithm is called (the added polynomials
speed it up significantly).

The case when the solution of a differential system depends on finitely many constants is
completely similar to the case of a zero-dimensional ideal in a polynomial ring, to which the FGLM
algorithm is applicable. But even in this restricted case, the complexity of the FGLM algorithm
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grows with the dimension of quotient vector space R/I. In the differential case this growth is even
more apparent; in some sense the complexity grows polynomially faster. Indeed, the complexity
of the final step of the Kéhler or DFGLM algorithm depends on the number of differential terms
formed by derivatives not exceeding the found leaders; the number of these derivatives intuitively
corresponds to the number of monomials “under the staircase” in the polynomial case (i.e., the
dimension of R/T), whence the number of their products of degree m corresponds roughly to the
mth power of this dimension.

The algorithm proposed in this paper generalizes the polynomial Grobner walk algorithm to the
differential case. The idea of the Grobner walk is to replace the direct computation of a Grébner
basis w.r.t. to the target ordering by several computations of homogeneous Groébner bases. The
algorithm is applicable to any ideal and, in the zero-dimensional case, its complexity is not related
to the dimension of vector space R/I (it depends on “how far apart” the initial and the target
orderings are, as well as on the lengths of the initial homogeneous forms of the polynomials).
Experiments in [6, 7] show that, apart from very simple cases, the Grobner walk algorithm [8] is
at least as fast as FGLM, and as the dimension of R/I grows, the Grobner walk becomes much
faster.

The key concepts needed for the Grobner walk are the representation of monomial orderings
by weight matrices [9,10], monomial preorders defined by weight vectors [9-11], and the Grébner
fan [12,10] of a polynomial ideal. In the differential case, the problem of parameterization of
rankings, in general, is very complex [11, 13]. Therefore, we restrict ourselves to the case of Riquier
rankings [14,11], which include orderly and elimination rankings [15,3]. Theorem of Mora and
Robbiano about the finiteness of the Grébner fan [12,10] cannot be generalized to the differential
case—in fact, the differential analogue of the Grébner fan can be infinite (see an example in [1]).
Nevertheless, the number of steps of the Grobner walk is always finite, which is also shown in [1]
modulo the statement about the finiteness of the set of leaders of characteristic sets w.r.t. different
rankings. The proof of this statement in [1] is unfortunately incorrect and, therefore, another proof
is presented here.

We generalize the key Grobner walk lemmas [8, Lemmas 3.1-3.3] to the differential case, where
they acquire a significantly different form. In particular, the polynomial ideal generated by the set
of initial forms, which plays a key role for the polynomial Grébner walk, cannot be simply replaced
by the differential ideal generated by the initial forms (or its radical). Instead, we notice that
the step of the polynomial Grébner walk algorithm, i.e. computation of a homogeneous Grébner
basis, performs all operations within the set of initial forms (which is not an ideal). We modify the
Rosenfeld—Grobner algorithm accordingly, so that all differential reductions are performed within
the set of initial forms.

2 Basic Concepts of Differential Algebra

Here we give a short summary of the basic concepts of differential algebra, referring the reader to
[16,17,15] for a more complete exposition.
Let R be a commutative ring. A derivation over R is a mapping ¢ : R — R which for every
a,b € R satisfies
d(a+b) =d(a) + d(b), d(ab) = d(a)b+ ad(d).

A differential ring is a commutative ring endowed with a finite set of derivations A = {d1,...,m,}
which commute pairwise. The commutative monoid generated by the derivations is denoted by
O. Its elements are derivation operators 6 = 6}* --- ', where i1,...,%,, are nonnegative integer
numbers.

A differential ideal I of differential ring R is an ideal of R stable under derivations, i.e.

VAel, e A §Acl.

For a subset A C R, denote by [A] the smallest differential ideal containing A; the smallest ideal
containing A is denoted by (A). For a set S, S denotes the set of finite products of elements of
S. For a (differential) ideal I, I : S*° denotes the following (differential) ideal:

I:5°={aceR|3s€8S™ asel}.
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An ideal is called prime, if
Va,be R abel = a€l or bel.

Let U = {u1,...,un} be a finite set whose elements are called differential indeterminates.
Derivation operators apply to differential indeterminates giving derivatives fu. Denote by QU
the set of all derivatives. Let IC be a differential field of characteristic zero. The differential ring
of differential polynomials K{U} is the ring of polynomials of infinitely many variables K[OU]
endowed with set of derivations A.

Let m be a nonnegative integer and n be a positive integer. Let

N=1{0,1,2,...}, N,={1,...,n}.
A ranking is a total order < of N x N,, such that for all a,b,c € N™, i, j € N,

(b,j) — (a+ci) < (b+¢j)

Rankings on N x N,, correspond to rankings on the set of derivatives OU:

St Gimayy <O Ry = (i i ) < (B s D)

3 Characteristic Sets

Let < be a ranking on the set of derivatives OU, and let f € K{U}, f & K. The derivative fu; of
the highest rank present in f is called the leader of f (denoted ld< f or uy when the ranking is clear
from the context). Let d = deg,,, f. Then f = E?:o gjuz;, where go, ..., gq are uniquely defined
polynomials free of uy. Differential polynomial iy = gq is called the initial of f, and differential
polynomial sf = Z‘?:l jg;u/ 1 is called the separant of f. The rank rk< f is the monomial (uy)<.
For a set A C IC{U?7 the set of initials (separants) of elements of A is denoted i (sa).

A ranking on the set of derivatives induces a linear order on the set of ranks, if we consider a rank
t4 (t € OU,d > 0) as a pair (t,d) and compare two such pairs lexicographically. Let f,p € K{U},
p € K. Differential polynomial f is partially reduced w.r.t. p, if f is free of all proper derivatives
fu, (i.e. 0 # 1) of the leader of p. If f is partially reduced w.r.t. p and deg,,, < deg,,, p, then f
is said to be (fully) reduced w.r.t. p. A polynomial f is called (partially) reducible w.r.t. p, if it is
not (partially) reduced w.r.t. p.

A differential polynomial f is called (partially) reduced w.r.t. a set of differential polynomials
A C K{U}, if it is (partially) reduced w.r.t. every polynomial p € A.

A nonempty subset A C K{U} is called (partially) autoreduced if every f € A is (partially)
reduced w.r.t. A\ {f}.

Every autoreduced set is finite [17, Chapter I, Section 9]. If A = {p1,...,px} is an autoreduced
set, then any two leaders u,,, u,, for 1 <i # j < r are distinct; we assume that elements of any
autoreduced set are arranged in order of increasing rank of their leaders u,, <u,, <...<u,,.

Let A={f1,...,fx}, B=1{g1,...,91} be two autoreduced sets. We say that A has lower rank
than B and write rk< A < rk< B, if either there exists j € N such that rk< f; = rk< g; (1 <i < j)
and rk< f; < tk<gj, or k > land rk< fi = tkeg; (1 < ¢ <) If k = [ and 1k< fi = rk< g;
(1 <i < k), then, by definition, rk< A =rk< B.

Any nonempty family of autoreduced sets contains an autoreduced set of the lowest rank [17,
Chapter I, Section 10]. For a subset X C K{U}, an autoreduced subset of X of the lowest rank is
called a characteristic set of X. Clearly, all characteristic sets of X w.r.t. < have the same rank. An
autoreduced set A is a characteristic set of X if and only if all nonzero elements of X are reducible
w.r.t. A.
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4 Riquier Rankings and Weight Vectors

A ranking is called a Riquier ranking, if for all a,b € N™ i, j € N,
(a,1) < (bi) = (a,j) <(b,j).
Note that N™ x N,, may be embedded into N**™ as follows:

(m~+3)
(il,...,im,j)»—>(il,...,im,O,..., 1 ,...,O).

Using this embedding, we can characterize Riquier rankings by matrices:

Theorem 1. [11, Theorem 6] A Riquier ranking is a ranking < for which there exists a positive
integer s and an s X (m + n) real matriz M such that

— fork=1,....m, k" column ¢}, of M satisfies cx >1ex (0,...,0);
— (I1y e eyim, g) < (k1,..., km,1) if and only if

(m+3) (m+1)
M(ilr"yim)Oa"'y 1 a"-ao)SlexM(kla"'akm7Oa"'7 1 a"'ao)'

Vice versa, any s x (m+n) real matrix M of rank m + n satisfying the above conditions defines
a Riquier ranking <j,.

A vector w € (R™™)* is called a weight vector. For a derivative u = 1 - - - §imu;, the w-degree
of u is defined as the following inner product:

(m+3)
deg, u=w-(i1,...,4,,0,..., 1 ...,0).

For a differential monomial 7 = ¢[], us ¢ K, define

deg,, 7 = maxdeg,, U, .
[e%

Let f =71 +...+ 7% be a differential polynomial represented as a sum of differential monomials.
Let J = {i1,...,4;} be a subset of {1,...,k} such that for all 7,5' € J,i € {1,...,k}\ J,

deg,, 7; = deg,, 7;y > deg,, T; .

We call differential polynomial
inw f = Z Tj
jeJ
the w-initial form of f. In other words, iny f is the sum of all differential monomials present in f

having the highest w-degree.
For a subset A C K{U}, define

iy A = {iny(f) | f € 4}.

A differential polynomial f is called w-homogeneous, if iny, f = f; the w-degree of a homoge-
neous polynomial f is defined to be equal to the w-degree of any of its monomials. For an arbitrary
polynomial f, define deg,, f = deg,, (inw f).

Below we formulate some properties of weight vectors and initial forms (proofs are omitted)

Lemma 1. If f,g € K{U} are two homogeneous polynomials such that deg,, f = deg, g and
f+g#0, then f+ g is homogeneous and deg., (f + g) = deg,, f-
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Lemma 2. Let f,h € K{U} be two polynomials such that degy, h < degy, f. Then iny(hf) =
hiny f.

Lemma 3. Let f € K{U} be an arbitrary polynomial, and let h be a w-homogeneous polynomial.

Then
’ [ hiny f, degy, h < deg,, f
inw (hf) = { hf,  degyh>degy f

Lemma 4. Let f € K{U} and let 0 € ©. Then
inw(0f) = inw (0 iny f).

A weight vector w and a ranking < are compatible, if for all derivatives ¢1,t2 € OU, deg, t1 <
deg,, to implies ¢; < ta.

Lemma 5. If < is a Riquier ranking such that the first row of M< is proportional to weight vector
w, then w and < are compatible.

Lemma 6. [I, Lemma 2] If w is compatible with < and f € K{U}, then

ldg f = ldg (inw f), rkg f = rkg (inw f)7 if = iinwf7 Sf = Sinwf .

5 The Step of the Differential Grobner Walk

Let w be a weight vector whose first m components are strictly positive!, and let <, <’ be two
rankings compatible with w. Let A be a characteristic set of a prime differential ideal I w.r.t. <. A
single step of the differential Grobner walk transforms A into a characteristic set A’ of I w.r.t. <'.
The algorithm takes advantage of the fact that both rankings are compatible with w and performs
all reductions in iny I; only the non-zero results of reductions are “lifted” to the ideal I. The
algorithm also avoids splittings of the ideal I using the fact that I is prime and that membership
in it can be checked, since a characteristic set of I is known.

Our algorithm is a modification of the Rosenfeld-Grobner algorithm [4] which works not with
characteristic sets but with regular systems of equations and inequalities. Below we introduce the
corresponding definitions.

Let {f, g} be two polynomials reduced w.r.t. each other (assume that f > g) such that ld< f =
O1u, ld< g = Bou for some u € U, 01,65 € O. Denote by fu the least common derivative of §;u and
Oou. The pair {f, g} is called a critical pair with parameter fu and its A-polynomial is defined as

0 0
A(f,g) :Sgaf—sfg%

For a set A C K{U}, denote by A(A) the set of all A-polynomials of critical pairs formed by the
elements of A. For two w-homogeneous polynomials f, g, let A (f,g) = inw A(f, g)-

Lemma 7. Let w be a weight vector whose first m components are positive, and let < be compatible
with w. Then for any p € K{U}, 6 € ©, 0 # 1, deg,, s, < deg,, Op.

Proof. By definition, s, < ld<p. If the first m components of w are positive and 6 # 1, then
deg,, 01d< p > deg,, ld< p, which implies the statement of the lemma.

Lemma 8. Let < be compatible with w, and let f=ingf, g =inwg. If Aw(f,5) # 0, then
Aw(f,g) = ing A(f,g), otherwise deg,, A(f,g) is less than deg, v, where v is the parameter of
the critical pair {f,g}.

Proof. The statement follows from the definition of A-polynomial and Lemmas 7, 1, and 2.

1 Tt will become clear later why we need this requirement. Usually this condition is satisfied for all weight
vectors involved in the Grobner walk; we conjecture that the case when some components are zero can
also be treated efficiently, however, this requires some additional analysis of the entire Grobner walk
algorithm, which we leave for future research.
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For a set A C K{U} and a derivative (or an arbitrary polynomial) v, let

Acy ={f€A| f<v}
A<y ={f €Al f <0}
Adeng:{f€A| degwfgdeng}'

We give two lemmas, which will allow us to work with the above sets.

Lemma 9. Let A,S C K{U}, and let v € OU. If f € ((OA)<y) : S, then for all § € O,
0f € (OA)<pw) : S=,.

Proof. 1t is sufficient to prove the lemma for § = § € A, then the general case follows by induction
on the order of 6.
Since f € ((OA)<y) : S, there exist polynomials p; € (OA)<y, hy € K{U} (i € {1,...,k}),

s € §°° such that i
sf=> hipi.
i=1

Differentiating this equality, we obtain

k k
§s-f+s-0f=> 0hi-pi+ Y hi-dp;.

=1 i=1

Multiplying by s and substituting the above sum for sf, we get
k k k
s20f =—0sY hipi+s» Shi-pi+sY hi-dpi,
i=1 i=1 i=1

which implies that 0f € ((OA)<sy) 1 S

Lemma 10. Let A= 0,5 #0, AC I, be a system such that for all g € I, g € ((BA)deg,, ) : 5.
Let f € A, and let f' € I be any polynomial such that ing ' = iny f. Then for A’ = A\ {f} U
{f'} we also have that for all g € I, g € ((OA)deg,, 4) : 5.

Proof. Tt is sufficient to show that f € ((©A')dcg,, 1) : S, then the proof for all g € I follows by
applying Lemma 9.
Since iny f = iny f’, we have deg,, (f — f') < deg,, f. Hence,

f=1 € (@AN{f}))deg, g) : 5,
which implies that f € ((OA')qeg,, 5) : 5.
A critical pair {f, g} with parameter v is solved by a set A C K{U} if
A(f,9) € (BA)<y) = (iaUsa)™.

A set A C K{U} is called coherent, if all its critical pairs are solved by A.

A system of equations and inequalities A = 0,5 # 0, where A, S C K{U}, is called regular
w.r.t. <, if A is autoreduced and coherent, i Us4 C S, and every element of S is partially reduced
w.r.t. A. Regular system A = 0,5 # 0 is called regular for a prime ideal I, if I = [A] : S°°.

If A is a characteristic set of a prime differential ideal I, then the system of equations and
inequalities A = 0,i4 Us4 # 0 is regular for I. It is also possible to compute a characteristic set of
a prime ideal I from a regular system for I by applying [4, Theorem 6].

A regular system for I allows to check membership in I as follows. Let X be the set of all
derivatives present in AU S, and let M(X) be the set of power products over X. Denote by <
the lexicographic ordering on M (X), where the elements of X are ordered by ranking <. For a
polynomial f € K[X], denote by lm< f the leading monomial of f w.r.t. <. Let B be the Grébner
basis of (A) : S w.r.t. <; we call B the Grébner basis associated with regular system A =0, S # 0.
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Lemma 11. [{, Theorem 5] Let A = 0,5 # 0 be a regular system for I, let B be the associated
Grébner basis, and let f be partially reduced w.r.t. A. Then f €I <= f € (B).

Given a characteristic set of I, it is easy to obtain one for iny, I:

Lemma 12. [1, Lemma 3] Let < be a ranking and let w be compatible with <. Let A be a char-
acteristic set for an ideal I w.r.t. <. Then iny A is a characteristic set of iny I w.r.t. <.

The “lifting” of a characteristic set from iny I to I is also possible according to the following
lemma.

Lemma 13. Let < be a ranking compatible with weight vector w whose first m components are
positive. Let A = 0,5 # 0 be a reqular system for I w.r.t. <, and let B be the associated Gréibner
basis.
For every polynomial f € iny, I one can compute polynomials f € (BAUB)<f) and s € sf4°<f
such that iny f = sf by applying the following algorithm:
Algorithm ing'(f, A, B,w, <)
f=0 s:=1
while f is not partially reduced w.r.t. A do
let pe A, 0 € ©,0+# 1, be such that
01d< p is present in f and has maximal possible rank.
let f=1d<p- f1 + f2, where f is free of ld< p.
f=spf —inw(f16p)

fi= spf + f10p
5:=5-Sp
end while

while f is not polynomially reduced w.r.t. B do

let ¢ € B be such that
monomial Imz ¢ is present in f and is maximal possible w.r.t. <.

let f=1lm<q- fi + f2, where f is free of lIm< g.
T = F —inw(f10)
f=1T+ q

end while

if f # 0 then the polynomial was not in iny, I
else return (f,s)

end

Proof. 1. Termination. The first while loop terminates, because with each iteration the rank of
the highest derivative among the derivatives of leaders of A present in f decreases. The second
while loop terminates, because with each iteration the greatest w.r.t. < monomial among the
leading monomials of B present in f decreases w.r.t. <.

2. Correctness. First, show that the final value of f, f;, is 0 if and only if the initial value of f,
fo, is in iny, I. Indeed, according to Lemmas 1, 2, and 7, we have f; € ing I <= fy € inw I.
Hence, if f; = 0, we immediately obtain fy € iny, I.

Assume that f; # 0 and show that f; & iny, I. Suppose the contrary, and let f; € I be such
that iny f; = ft Note that iny f; is partially reduced w.r.t. A (as a result of the first while
loop) and reduced w.r.t. B (as a result of the second while loop). Hence, reductions w.r.t. A
and B cannot decrease the w-degree of f; and, in particular, cannot reduce it to 0. According
to Lemma 11, f; € I, contradiction!

Second, assuming f; = 0, show that the constructed polynomials f and s satisfy the condition
stated in the lemma, i.e., iny, f = sf. Indeed, consider the first while loop and the two
assignments in it for f and f. Let f,, f, be the values of f and f before the assignments, and
let f,, fn be the corresponding values after the assignments. We have:

fn +fn= S;D(fo + fO) + f10p — iHW(flop) s
which implies that

inw(.]?n + fn) = inw(sp(fo + fo)) =S8p inw(fo + fo) .
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Now consider the second while loop and, for the two assignments in it, obtain

mW(fn + fn) = iHW(fo + fo) -
Since the initial value of f and the final value of f are 0, we obtain the required statement.

Note that initial forms iny (f16p) and iny(f1¢) in the above algorithm can be computed using the
formulas from Lemma 3 and Lemma 4.
The above algorithm can also be used to check membership in iny, I. We call the corresponding
algorithm as follows:
Algorithm Belongs (f, A, B, w, <)
A similar algorithm can be used to compute the partial remainder of f in iny I w.r.t. an
autoreduced set A C I.
Algorithm PartialRem (f, 4, w, <)
while f is not partially reduced w.r.t. A do
let pe A, 0 € O, 0+ 1, be such that
01d< p is present in f and has maximal possible rank.
let f =1d<p- fi + fo, where fs is free of ld< p.
T o= s,f — inw(f10p)
f:=s,f — fi0p // This line is added only to facilitate the proof below
end while
return f
end

For the proof of termination of the above algorithm see Lemma 13. Correctness is expressed
by the following two lemmas, which will be used later in the proof of correctness of the differential
Grobner walk step.

Lemma 14. Let w be a weight vector, and let < be compatible with w.
Let A=0,5# 0 be a system such that for all g€ I, g € ((OA)deg,, g) : S
Take any f € A, and let f' € I be such that

iny f' = f' = PartialRem(iny, f, A, w, <).
Then for A" = (A\ {f}) U{f'}, we also have that for all g € I, g € ((OA)deg,, 4) : 5.

Proof. 1t is sufficient to show that f € ((OA)deg,, 1) : S, after which the proof is completed
by applying Lemma 9. Let f” be the final value for f. Then, if f’ # 0, we have iny f” = [/,
otherwise deg,, f” < deg,, f.In any case, deg,, (f"—f') < deg,, f. Moreover, both f’, f/ € I, hence
f" = f € 1. Since for all g € I we have g € ((OA)deg,, ¢) : S°°, and since deg,, (f” — f') < deg,, f,
we have

J7 = € (OAN AT D)aes (57—1) - 5=
Hence,

e (OANASIU{S}))des,, £7) : 8,
which implies that f € ((OA')qeg,, 5) : S°°.

Lemma 15. If PartialRem(iny f, A, w, <) =0, then f can be partially reduced w.r.t. A in I to a
polynomial f' such that deg,, ' < deg,, f.

Proof. The proof of this lemma directly follows from the considerations in the proof of the previous
one.

The computation of the full remainder w.r.t. A and < in iny, I may require some liftings to I (i.e.
applications of ing!), since we cannot guarantee that deg,, i, < deg, p for all p € A. Therefore,
this procedure also inputs the equations of a regular system Ay = 0,5y # 0 w.r.t. another ordering
<o compatible with w and the associated Grobner basis By.
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Algorithm FullRem (f, A, w, <, Ag, Bo, <o)
f :=PartialRem(f, A, w, <)

repeat ~ -
R :={p € A| rk<p divides a monomial in f and deg,, i, < deg,, f}
if R # @ then

let p € A be such that

rk< p is present in f and has maximal possible rank.
let f =r1k<p- f1 + f2, where fs is free of tk< p.
f=ipf —inw(fip)

end if

until R =9

repeat
R:={p € A| rk< p divides a monomial in f and deg,, i, > deg,, f}
if R # @ then

let p € A be such that rk< p is present in f and has maximal possible rank
let f = rk<p f1 + f2, where fs is free of tk< p

(f',8) = w (f, Ao, Bo,w, <o)
f= ipf’ - Sinw(flp)
end if
until R =9
return f

end

The above algorithm terminates, because with each iteration of either repeat loop, the highest
rank among the ranks of polynomials from A present in f decreases. Correctness is expressed by
the following two lemmas, whose proof is similar to that of Lemma 14 and therefore is omitted.

Lemma 16. Let w be a weight vector, let < be compatible with w.
Let A=0,S #0 be a system such that for all g € I, g € (OA)deg,, g) : S
Take any f € A, and let f' € I be such that

ing f' = f' = FullRem(iny, f, A, w, <, Ao, By, <o) .
Then for A" = (A\ {f}) U{f'}, we also have that for all g € I, g € (OA)qcg,, g) : S

Lemma 17. If FullRem(iny, f, A, w, <, Ag, Bo, <o), then f can be reduced w.r.t. A in I to a poly-
nomial [’ such that deg,, f' < deg,, f.

The following algorithm inputs any set of homogeneous polynomials A, and for each p € A such
that i; (or s;) belongs to I, reduces p by its initial (or separant) and adds the initial form of the
initial (separant) to A. The resulting set consists of polynomials whose initials and separants do
not belong to I. Again, we assume that a regular system Ag = 0,5y # 0 for I w.r.t. <o and a the
associated Grobner basis By are given.

Algorithm Addis (A4, w, <, Ay, By, <o)

6
D) :ReduceByls(f,w <, Ag, By, <o)
AU{ftuD

untl fl = C
return
end
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Algorithm ReduceByis (f, w, <, Ao, By, <o)
// In this algorithm, all initials and separants are taken w.r.t. <
D=0
while Belongs(inw iz, Ao, Bo, w, <o) or Belongs(inw sf, Ao, Bo, W, <o) do
if Belongs(inw iz, Ao, Bo, W, <o) then D := D U{iny ir}, f=f- if-rke< f
else D := DU{inwsf}, f:= degldgff-f—ldgf-sf
end while
return (f, D)
end

~ Algorithm Addis terminates, because algorithm ReduceByis, for any homogeneous polynomial
f, returns a set of polynomials {f} U D which are strictly less w.r.t. < than f. Correctness follows
from the following lemma:

Lemma 18. Let w be a weight vector, and let < be compatible with w.

Let A=0,5# 0 be a system such that for all g€ I, g € ((OA)deg,, ¢) : S

Let A’ =Addis(iny A,w,<,40,B0,<¢), and let A’ be any set such that iny, A’ = A’. Then for
all g € I, we also have g € ((OA")deg,, ¢) : S

Proof. 1t is sufficient to show that if f € A, f = iny f, (f’, D) =ReduceByis(f,A, B, w, <, Ay,
Bo, <o), A’ = A\ {f}U{f'}UD, and iny, A’ = A’, then f € (BA)eg,, 1) : 5.
Moreover, it is sufficient to show that this invariant holds for each iteration of the while loop
inside of the ReduceByis algorithm. Indeed, if iny, i F€ iny I, then let
fr=f—ip-rk< f
fr=F—if-tk< f,

and let f’ be any polynomial such that f’ = iny f’. As in the proof of Lemma 14, we have
deg,, (f" — f') < deg,, f, which implies that f” € (O(A\ {f}U{f'}))deg,, ) : S and

£ € (OAN{FYULF i e, 1) : S

It remains to note that, according to Lemma 10, replacing iy by any other polynomial with the
same w-initial form does not change the above invariant. The case iny s 7€ iny I is similar.

Theorem 2. Let <, <’ be two rankings compatible with weight vector w, whose first m components
are positive. Given a characteristic set A of a prime differential ideal I w.r.t. < and the associated
Grébner basis B, the following algorithm DGWstep computes a reqular system C = 0,5 # 0 for I
w.r.t. <.

Algorithm DGWstep (4, B, w, <, <)

Ao =A

So =14 Usa (here initials and separants are taken w.r.t. <)
A:=iny, A

repeat

A :=Addis(A,w,<’,A¢,B,<)
C :=characteristic set of A w.r.t. <’
S:=5SuU ié L;J S& -
C = {in,'(f, 40, B,<) | fe C}
R:=(A\C)U A (C, <)
R := {FullRem(f,C,w,<’ 49,B,<) | f € R} \ {0}
A:=CUR
until R = @
Autoreduce set C w.r.t. <’
Partially reduce the elements of S w.r.t. C and <’
return (C, S)
end
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Proof. Termination is guaranteed by the fact that with each iteration the rank of C' decreases.
Indeed, reducing a polynomial by its initials and separants can only decrease the rank of the
polynomial; hence, the rank of the characteristic set of A after the call to Addis is less than or
equal to the rank of the characteristic set of A before this call. Furthermore, if R is a non-empty
set of polynomials each of which is reduced w.r.t. C, then the rank of the characteristic set of CUR
is strictly less than that of C.

Let C = 0,5 # 0 be the system constructed by the algorithm. Consider the last iteration of the
loop in the DGWstep algorithm before termination. We have that all Ay-polynomials of C' either
are equal to 0 or can be reduced to 0 w.r.t. C and <’ in iny I. Hence, according to Lemmas 8
and 17, every A-polynomial f € A(C) reduces to a polynomial f’ w.r.t. C and <’ in I, where
deg,, f' < deg, v and v is the parameter of the critical pair corresponding to A-polynomial f.
Therefore, we have f € (O(CU{f'})</v) : S.

Since A is a characteristic set of I w.r.t. <, every polynomial from I reduces to 0 w.r.t. A
and <. In particular, this implies that " € ((©@A)<y) : S§°. Since < is compatible with w,
we have f' € ((OA)dcg,, 5/) : S¢°. Now, according to Lemmas 16 and 18, we also obtain that
I € (OC)ace, ) : 5%

It remains to note that, since deg,, f’ < deg,, v and w is compatible with <’, we have

((OC)acg,, s7) : 5% C ((OC) <) = 57,

hence f € ((©C)<sy) : S and set C is coherent.

When we exit from the repeat loop, set C is autoreduced. Set C, which is obtained from C
by applying the inv_v1 operation, may not be autoreduced, but it has the same set of ranks as C;
moreover, for any f € C, the initial of f does not belong to I, hence it cannot be reduced to 0 w.r.t.
C\{f}. Thus, autoreduction of C' does not change its rank and, therefore, preserves its coherence.

By construction, S O ic U sc. The definition of regular system requires that S should be
partially reduced w.r.t. C'. This is achieved by partially reducing the elements of S w.r.t. C' in
I at the end of algorithm DGWstep; the validity of this reduction is justified in [2, Section 5].
Therefore, C = 0, S # 0 is a regular system for [ w.r.t. <'.

To obtain a characteristic set of I w.r.t. <’ from the regular system C = 0, S # 0, one can apply
the algorithm given in [4, Theorem 6]; as a by-product, this algorithm also computes the associated
Grobner basis, which will be necessary for the next step of the differential Grobner walk.

6 The Walk

Let Ag be a characteristic set of I w.r.t. Riquier ranking < represented by matrix My whose first
row is weight vector wo, and let <; be the target ranking represented by matrix M;. The walk
consists of the following conversion steps.

Wo
M
with wq (due to Lemma 5), we can apply the step of the differential Grébner walk and compute a
characteristic set 47 w.r.t. <y.

Each next step is performed as follows. Suppose, we have computed the characteristic set A;
Wi—1
M,
semi-interval (w;_1, w¢] such that the leader of some differential polynomial in A; and some other
derivative present in that polynomial have the same w;-degrees. Since A; is finite and every f € A;
involves finitely many derivatives, there are finitely many (or zero) possibilities for w;, so we can
always choose the one that is the closest to w;_1. If such w; does not exist, A; already is a
characteristic set w.r.t. <;, and the algorithm stops. Otherwise, let </ be the ranking defined by

First, let <; be the ranking defined by matrix ( ) Since both <; and <y are compatible

w.r.t. ranking <; defined by matrix M; = . Let w; be the closest to w;_; point in the

matrix (XZ ) Then S; is compatible with w;.

Lemma 19. [I, Lemma 5] A; is a characteristic set of I w.r.t. <j.

(X’j ) . Applying the step of the differential Grébner
t

walk, compute a characteristic set A;1 of I w.r.t. <;;1. This concludes the conversion step.

Let <;41 be the ranking defined by the matrix



218 Oleg Golubitsky
7 Termination of the Differential Grobner Walk

Consider characteristic sets of a given differential ideal I w.r.t. all possible rankings (here we do
not need to restrict ourselves to Riquier rankings). For a fixed ranking, there may be infinitely
many characteristic sets of I, but, as it follows directly from the definition, their ranks are equal.
Since characteristic sets are autoreduced, this is equivalent to the statement that the sets of their
leaders coincide. Formally, for a subset A C K{U}, define the set of leaders of A as ld<(A) =
{ld< f | f € A}. If Ay, Ay are characteristic sets of I w.r.t. <, then ld<(A41) =1d<(As). Let

Ld(I) = {ld<(A4) | < be a ranking and A be a characteristic set of I w.r.t. <}.

In other words, Ld(I) is the family of sets of leaders of characteristic sets of I w.r.t. all possible
rankings. In order to show that the differential Grobner walk algorithm always terminates, we
prove in this section that the family Ld(I) is finite.

Let t1,t2 € OU be two derivatives. We say that to is a derivative of t1, if there exists 8 € ©
such that to = 0t;.

Lemma 20. [17, Chapter 0, Lemma 15] Let t1,ta,... C OU be an infinite sequence of derivatives.
Then there exist indices © < j such that t; is a derivative of t;.

Theorem 3. For any differential ideal I C K{U}, family Ld(I) is finite.

Proof. Suppose that Ld(I) is infinite. For each L € Ld(I), denote by <y, the corresponding ranking.
Then the set ¥ = {< | L € Ld(])} is infinite.

Let f1 € I be a differential polynomial, and let A; = {f1}. Since f; contains only a finite
number of derivatives, according to the pigeonhole principle, there exists an infinite subset Xy C X
such that for all <,<’e ¥y, ld< f1 =1d< f1.

Suppose, A; is a characteristic set of I w.r.t. a ranking <;€ Y. Then A; is also a characteristic
set of I w.r.t. any ranking <€ X, since the reduction relations w.r.t. A; and any <€ Y coincide.
However, this contradicts the definition of the set of rankings Y, because characteristic sets cor-
responding to different rankings in X' have different sets of leaders. Therefore, A; is autoreduced
but not a characteristic set of I. Hence, there exists a polynomial fo € I reduced w.r.t. A; and
any <€ 3.

According to the pigeonhole principle, there exists an infinite subset Yo C 31 such that for all
<€ X, the characteristic set of A; U {f2} is the same and the polynomials in it have the same
leaders; call this characteristic set As.

The set Ay cannot be a characteristic set of I for some <€ X5 (according to the definition of
X7), hence there exists a polynomial f3 € I reduced w.r.t. Ay and any ranking <€ Xs.

According to the pigeonhole principle, there exists an infinite subset X5 C Y5 such that for all
<€ X, the characteristic set of As U {f3} is the same and the polynomials in it have the same
leaders; call this characteristic set As.

Proceeding in the same way, we construct an infinite sequence of polynomials fi, fo,..., an
infinite sequence of autoreduced sets Ag, A1, ..., and an infinite sequence of sets of rankings Xy D
21 D .... For each polynomial f;, one of the following two options is possible:

1. For all j > 4, ld< f; > ld< fi (<€ X;). In this case f; € A; for all j > 4, and we say that f;
remains in the sequence.

2. There exists j > 4 such that ld< f; <ld< f; (<€ X;). In this case we say that f; is followed by
a smaller derivative, and denote the smallest such j by v(i).

Denote by v*(i) the expression v(v(...v(i)...)), where v is applied k times.

Now we will construct a subsequence of fi, fa,... contradicting Lemma 20.

If fi remains in the sequence, let i; = 1. Otherwise, if f,(;) remains in the sequence, let
i1 = v(1). Otherwise, if f,2(1) remains in the sequence, let i1 = (1), and so on. We will either
find an index 4; such that f;, remains in the sequence, or will construct an infinite sequence

flafu(l)afu2(1)7"‘
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But the latter is not possible. Indeed, it follows from the definition of v(i) that for all ¢ < j,
ld< fl,j(l) < ld< fl,i(]_) (<e E,,j(]_)). Hence, 1d< f,,j(l) is not a derivative of ld< fl,i(l), which contra-
dicts Lemma 20.

If fi,+1 remains in the sequence, let io = i1 + 1. Otherwise, if f,(;, ;1) remains in the sequence,
let io = v(i1+1), and so on. Applying the above argument, we show that the process will eventually
stop and we will find an index ¢2 such that f;, remains in the sequence.

Continuing in the same way, we obtain an infinite sequence of indices i; < i < ... such that
for all j, f;; remains in the sequence. But the fact that both f;, and f;, (i; < ix) remain in
the sequence means that they both belong to the autoreduced set A;,, therefore ld< f;, is not
a derivative of ld< f;; (<€ X; ). Thus we have constructed an infinite sequence of derivatives
{ld<; fi, | <j€ X, }, none of which is a derivative of another one. This contradicts Lemma 20.

During the differential Grobner walk, we compute a sequence of characteristic sets Ay, Ao, ...

w.r.t. rankings <i,<so,..., where <; are represented by matrices of the form <Wj\i4_1) (1 > 0), and
t

{w;} is a sequence of consecutive distinct points in the semi-interval (wq, we].
Theorem 4. Sequences A1, As, ... and w1, Wo, ... are finite.

Proof. The proof of this theorem is based on Theorem 3 and can be found in [1].

8 Example

We illustrate the differential Grobner walk algorithm on an example from [2]. Consider differential
ideal generated by the following polynomials: u2 — 4u, UgyVy — U+ 1, Vgz — u,. This ideal is prime
and, with respect to the following ranking on derivatives
- . 20 Ugg >0 VUgy >0 Uyy >0 Ugg >0 Uzy >0 Uyy >0 Uz >0 Uy >0 Ug >0 Uy >0 UV >0 U,
has the following characteristic set:
Vgz — Uz, 4VyU + Uglly — Uz lyU, uz — 4u, uz —2u.

We illustrate the performance of the differential Grobner walk algorithm by transforming this
characteristic set into the one w.r.t. the new ranking

e Dt Uy St Uy DU D>t Dt Ugy >t Ugy >t Uyy >t Ug >t Uy > U

Both rankings are Riquier rankings and can be specified by the following matrices:

1100 0010
0001 0001
Mo=10010]" Mi=11100
1000 1000

Step 1. The first step of the Grobner walk consists of transformation of the original set of poly-
nomials into a regular set w.r.t. ranking <; specified by matrix

1100
0010
0001
1100
1000

M,

Note that <; is the same ordering as <y with the roles of differential indeterminates u and v
exchanged. The transformation is carried out via the DGWstep algorithm, which works in the set
of initial forms. However, in this example, in order to show explicitly how many reductions are saved
by this algorithm compared to the standard Rosenfeld-Grébner, we will perform all computations
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not with the initial forms but with the entire polynomials. Whenever a reduction decreases the
w-degree of a polynomial, it implies that the same reduction would reduce the w-initial form of
this polynomial to 0, and the following reductions are unnecessary (because they will produce 0
anyway). Also, the in;\,1 algorithm needs not be applied, because we work directly with the entire
polynomials, at the expense of computing their tails for each reduction.

Let set A consist of the original polynomials (whose ranks w.r.t. <; are underlined):

J1=Vga — Uz, f2 =uy(1 —w)u, + 4uv,, fgzﬁ—élu, f4=u3—2u.

The characteristic subset of A is set C' = {fs, f4}. Compute the reductions of polynomials in
(A\C)UA(C) wrt. C:

f3—>um£>u2£>2v — w4 2u—1=f;

(fa)y
A(fo fa) = uyy = uuy(u — vy — vyuy + 20,u — 2v,u* = fo
fi £>uy(1 — U)Vga + duvy = fr.

In these reduction chains, for the intermediate polynomials, only ranks are shown; in what follows,
the reducing polynomials above the reduction arrows will be omitted as well. Also, to obtain
the above polynomial f5, we have cancelled the content of the result of reduction (a polynomial
factor that does not belong to the prime ideal); this operation requires polynomial factorization
and, in general, may have a high complexity, however, it significantly simplifies the subsequent
computations. Now add the results of reductions to the characteristic set, forming a new set
A = {fa, fa, f5, f6, fr}- Tts characteristic subset is C' = {fa, f4, f5, fr}. Reduce (A \ C) U A(C)
w.r.t. C:

!

fe— uz—>v§—>0
!
_ 2 P2 4 2 4
A(f5,f7)—um—>u$y—>uyy—>vm—>vmy—>va—>vyy—>uz—>uw—>uy—>uy—>vy—>0.

The exclamation marks (!) indicate the first reductions that decrease the w-degree of the poly-
nomials being reduced. Since all results of reductions are 0, C' is a regular set w.r.t. <; (we are
not interested in the set of inequalities at this point), and the first step of the differential Grébner
walk is completed (since we work with the entire polynomials and do not need to compute inverse
initial forms, it is sufficient to have a regular system, and we do not even need to check whether
C forms a characteristic set or not, in order to continue with the next step).

Steps 2 and 3. The closest weight vector to (1,1, 0,0) in the semi-interval ((1,1,0,0), (0,0, 1,0)],
such that the leader of some differential polynomial in C' and some other derivative present in C'
have equal w-degrees, is w; = (27 5 27 0). Set C'is also a regular set w.r.t. the ranking defined by
matrix Mj obtained by appending M; to wy. The second step consists of computation of a regular

set w.r.t. <, specified by matrix My = (Xf ) (we omit the details).
t

The next weight vector is wy = (:1,), :1,), 3,0) and we compute a regular set w.r.t. ranking <s

defined by the corresponding matrix. As a result, we obtain the following set of polynomials:
— Ul + Uy Uy ey — 20 +1, =207 —|—@ — 207, 41, Vgw — 20y, —u+ @

Since the target ranking <, selects the same leaders in the above polynomials as <g, they form a
regular set w.r.t. <; as well.

The following table summarizes the performance of the differential Grébner walk and the
Rosenfeld—Grobner algorithm on the above toy example:

Algorithm # reductions|# nonzero normal forms
Diff. Grobner walk 42 16
Rosenfeld-Grébner 62 28

The number of reductions for both algorithms include the number of computations of A-polynomials;
for the Grobner walk algorithm the reductions that follow a w-degree-decreasing reduction (marked
by ‘") are not counted (the number of reductions saved in this way is 66). For the Rosenfeld-
Grobner, we applied the same algorithm as above for computing the characteristic set w.r.t. <;
directly from that w.r.t. <g; the details of this computation are omitted.



Grobner Walk for Characteristic Sets of Prime Differential Ideals 221

9 Conclusion and Open Problems

Our next goal is to implement the differential Grobner walk algorithm presented here and compare
its performance with that of the other algorithms (see [2, 3]) solving the problem of transformation
of characteristic sets from one ranking to another. One can also generalize to the differential case
various speed-up techniques known for the polynomial Grébner walk [7, 18] (the version presented
in this paper is in this sense a differential analogue of the original version of the polynomial Grébner
walk [8]).

Some theoretical improvements of the algorithm are also possible. For example, one would
like to have an algorithm which transforms regular systems from one ranking to another without
computing the associated Grobner bases for the intermediate rankings (the Grobner basis for the
initial ranking is necessary for checking membership in the ideal).

Perhaps, a more difficult problem is to design an algorithm that, given a regular decomposition
[4] or a characteristic decomposition [19] of an arbitrary radical differential ideal w.r.t. one ranking,
transforms it to the corresponding decomposition w.r.t. another ranking. As it is shown in [19,
Example 3.6], an ideal may be characterizable w.r.t. one ranking but not characterizable w.r.t.
another. Thus, the decomposition may change, splittings seem to be unavoidable, and it is not
obvious how to perform liftings of initial forms to the original ideal.
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