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Let R be a commutative ring and let n > 1. We study I'(s), the generating function and
Ann(s)}, the ideal of characteristic polynomials of s, an n~dimensional sequence over R.

We express f(X1,...,Xn)- I‘(s)(Xl_l,...,X;'l) as a partitioned sum. That is, we
give (i) a 2°—fold “border” partition (i) an explicit expression for the product as a
2"—fold sum; the support of each summand is contained in precisely one member of
the partition. A key summand is fo(f, s), the “border polynomial” of f and s, which is
divisible by X3 -+ + Xn.

We say that s is eventually rectilinear if the elimination ideals Ann(s) N R[X] contain
an fi(X;) for 1 € i € n. In this case, we show that Ann{s) is the ideal guotient
(o0 () BolF, /(s - X)),

When R and R{[X1,Xa2,...,X4]] are factorial domains (e.g. R a principal ideal do-
main or F[X;,...,Xn]), we compute the monic generator v; of Ann(s} N R[X;] from
known f; € Ann{s} M R[X;] or from a finite number of 1-dimensional linear recurring
sequences over . Over a field F this gives an O(I_I?=1 &73) algerithm to compute an
F-basis for Ann(s).

1. Introduction

Linear recurring sequences {Irs) have a long and useful history; see for example Cerlienco
et al. (1987}, Zierler (1959) and the works cited there. Sequences over the integers and
over finite fields are applied inter alie in the Analysis of Algorithms (Greene & Knuth
(1982)}, Telecommunications (McEliece (1987)), Coding Theory (Peterson & Weldon
(1972), Fitzpatrick & Norton (1991)} and Cryptography {(Rueppel (1986}).

Applications of more general sequences have also appeared in the recent literature:
sequences over Z/4Z (Boztag, Hummons and Kumar (1992)), over the Gaussian integers
(Fan & Darnell (1994)) and 2-dimensional Irs over a field (i.e. Irs indexed by N?); see for
example Homer & Goldmann (1985) and the works cited there, Lin & Liu {1988), Prabhu
& Bose {1982) and Sakata (1978, 1981, 1990), Fitzpatrick & Norton (1990), Chabanne
& Norton (1994)), Norton {1995a).

We consider n—dimensional (n—D) sequences over an arbitrary commutative ring R,
where n > 1. In Section 2 we set up our basic framework and develop some preliminary
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properties of (i) the ideal Ann(s) of characteristic polynomials and (ii) I'(s), the generat-
ing function of an n-D sequence s. Section 3 begins with a certain “border” partition and
studies the resulting decomposition of the product f(X1,..., X,)-T{s)(X]2,..., X71).
Finally, some properties of I'(s) and Ann(s) for an “eventually rectilinear (EVR)" se-
quence are given in Section 4.

In more detail, we study sequences over R indexed negatively i.e. by —N®. The tradi-
tional approach to studying I'(s) and Ann{s) is to index sequences by IN™ and to regard
['(s) as an element of the power series ring R[[X1,..., X5]]; in this way, R[X1,...,Xq)
acts by left-shifting. This approach complicates the theory and proofs unnecessarily how-
ever. For example, it forces use of the reciprocal f* of a polynomial f (for £*I'(s) to be in
the power series ring), resulting in a characteristic polynomial f being characterized in
terms of I'(s), its degree and f*. Compare also Corollaries 2.9, 2.12 and 3.9, 3.10 below.

Instead, we let f os denote f € R[X1,..., Xy] acting on s by right-shifting (defined in
Section 2) and let Ann(s) denote the annihilator ideal of s with respect to right—shifting.
We use the ring of Laurent series R((X[",..., X)) — rather than power series —
as the ambient ring. This is a much more natural approach: the ring of Laurent series
contains R[X1,...,Xn] as stendard R[X1,..., X,]-submodule, as well as the product
F-D(s).

Section 2 defines a partial order on Z™ and generalizes standard interval notation to
Z™, We give the basic definitions, various examples of n-D Irs, define. EVR sequences
and give some preliminary results relating Ann(s) and I'(s). For example, we show that
['(f o 5) is & summand of f-T'(s).

In Section 3, we define the border partition and the “border polynomial” 8g(f,s) of f
and s, a key summand of f - I'(s), which is divisible by X;--- X,,. The remaining 2" — 2
summands are “border Laurent series”. We also show how these border summands can
be rewritten using a generalized Newton divided difference operator. Section 3 concludes
with our decomposition formula for f - ['(s).

Section 4 concentrates on EVR sequences over commutative rings, characterizing their
generating functions and exhibiting Ann(s) as an ideal quotient. This requires looking
at the elimination ideals Ann(s) N R[X;], (1 < i < n) via some ancillary results on 1-D
sequences and 1-D “associated sequences”.

We call R potential if for all n > 1, R[[X1, X2,..., X,]] is a factorial — unique fac-
torisation — domain. In this case, we show that the above elimination ideals have a
unique monic generator, and give two ways of finding them: Theorem 4.13 and Corollary
4.16. We also generalize a result of Cerlienco & Piras (1991) to sequences over potential
domains {Theorem 4.18).

Finally, we show that if s is EVR with f; € Ann(s) N R[X;], then Ann(s) is the ideal
quotient (35, (fi) : Bo(f,s)/(X1- -+ Xp)). Algorithm 4.22 below shows how to compute
the corresponding basis for Ann(s). There are known methods (Buchberger (1985) and
Cox et al. (1991)) for finding a basis of an ideal quotient. The former yields a linear
system of size [}, §v; and the latter yields a groebner basis for Ann(s) (with respect
to the lexicographic term order).

Our original goals were two—fold: to try and simplify the Commutative Algebra used
in some early papers on the structure of 2-D cyclic codes (Imai & Arakaki (1974}, Tkai,
Kosako & Kojima (1975, 1976), Imai (1977), Sakata (1978, 1981}) and secondly, to better
understand Sakata (1988). It seemed that this would be helped by undertaking a fun-
damental study of n-D sequences per se. (Even though our principal application is the
case n = 2, we found that formulating and proving our results for alin > 1 improved
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and simplified the theory.) For some preliminary applications of this work to n-D cyclic
codes and their duals, see Norton (1995a). An application to simplified encoding of n-D
cyclic codes was presented in Norton (1995b).

We would suggest that the use of right—shifting and R({X7%,..., X;1)) sharpens and
simplifies the theory of both finite and linear recurring sequences: (i) Theorem 4.4 gen-
eralizes the treatment of rectilinear sequences over a field studied in Fitzpatrick & Nor-
ton {1990) to EVR sequences over an arbitrary commutative ring and does not require
the “Reduction Lemma” of Fitzpatrick & Norton (1990) (ii) a division—free analogue of
the Berlekamp-Massey algorithm in R{(X 1)), which computes a “minimal realization”
(f,B0(f,s)) of a finite sequence s over a domain R appears in Norton (1994), together
with some new applications of minimal realization (iii) a theory of division—free minimal
realizations of a finite n-D sequence over a domain will appear in Norton (1995d); cf.
Sakata (1988, 1990).

The results of this paper have been applied in Chabanne & Norton (1994). In fact,
the n-D key equation (loc. cit., Theorem 2.4) is a special case of Corollary 4.3 over a
finite field: f; is the error-locator X;-polynomial and Bo([]i-, fi, 8)/{X1--- X,) is the
error-evaluator polynomial. Indeed, the minimal realization algorithm of Norton (1994)
applied to the 1-D version of our key equation gives a simpler way of decoding a t—
error correcting Reed-Sclomon code in at most £(10¢ + 1) multiplications, without using
Forney’s procedure to compute the error magnitudes for example, Norton (1995¢). It
seems likely that our work will also apply to decoding geometric Goppa codes.

Finally, our approach was partly suggested by the formulation for 1-D sequences given
in Ferrand (1988), which uses R((X)) as the ambient ring. We note that F({X 1)), where
F denotes a field, was used in Welch & Scholtz (1979) in the context of decoding BCH
codes, and in Niedereiter (1988).

1.1. NOTATION

In general, we use lower case Roman letters for elements, Greek letters for functions
and short names for sets. N = {0,1,2,...} and Z = {0,+1,42,...}.

Notation Meaning

n {1,2,...,n}.

5 Projection of Z™ onto the #** component, i € n.
X Monomial X{*X3?... X3, where a; € Z,i € .
i.- Variables X3, X9,..., Xy, excluding X;,7 € n.

P, Polynomials over R in X1,...,Xn

L, Laurent series over R in X{*,..., X%

Sn Power series over R in X7 !,..., X 1.

8;9 Degree of g € L,, as Laurent series in X,-"l,z' € n.
&g Degree of g € L,, i.e. an n—vector.

S"(R)~ n—dimensional sequences over R, indexed by —N".
fos Polynomial f acting on sequence s by shifting.
Bo(f, s) Border polynomial of f and s.

Ann(s) Characteristic ideal of s.

7(s) Primitive generator of Ann(s), s € S1(R)™, R factorial.

sli%) s regarded as an element of S1(R([X;1]]).
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L(s) Generating function of s, as element of §y.

We equate sums and products over the empty set to § and 1 respectively.

2. Preliminaries

21 v

Throughout the paper, n > 1 and n = {1,2,...,n}. Addition and negation in Z™ are
componentwise; thus we can write —IN™ = (—=N)". We let 0,1 be the points in Z™ with
all components 0,1 respectively.

For i € n, m; : Z" — Z is the projection onto the i** factor; for a € Z", we also write
a; for ma.

Z"™ is partially ordered by the relation < on each component: @ < b iff a; < b; for all
i € n; a > b is synonymous with b < a. We write a 2 b to mean that ¢ > b is false, that
18, for some i € n, a; < b;.

We generalize the usual interval notation in Z to describe certain subsets of Z™:
for a,b € Z7,

(—oo,a]={c€Z™ : c<a}and [a,00)={c€Z" : a<lc}
[a,b]:{ceZ“ : achb},—_fI[ai,b‘.}
i=1

(a,b) ={c€Z™ : a fc<b}=(—00,b]\(-00,a]

[a,8)={ceZ™ : a<cZb}=la,00)\[b o0l
2.2. POLYNOMIALS AND LAURENT SERIES

R is a commutative ring with 1 # 0 and P, denotes the ring of 2-polynomials in
X1,...,Xa; Ly denotes the ring of Laurent series in Xl_l, ..., X1, which contains Py,.
Indeed, L, is a P,~module which has P, as standard P,,—submodule, where the action of
X; is a shift to the right. S, C L, denotes the ring of R—power series in Xl_l, L XL

For a € Z", we abbreviate X2 X% ... X to X°. For i € n, X; denotes the variables
X1,-.., Xn, excluding X,.

For @ € L, \ {0}, G, denotes a coefficient of G, and Supp(G) = {a € Z" : G, #
0} is called the support of G; Supp(0) = 6. If G € L, and A & Z", then G|A =
EaEAﬂSupp(G} GGXG'

We use the (exponential) valuation on R({X ~!)), which extends the clegree function on
R[X]. For convenience, we also denote it by &; 60 = —oo. Thus for G € R((X ~!))\ {0},
6G = max Supp(G) and for G, H € R((X71)),6(GH) < §G + 6H.

For G € L, and i € n, we let §;G be the it® partial degree of G, that is, the degree
of G regarded as a Laurent series in X '; 6G is the n-vector with components §;G. We
have Supp(G} C (—,6G).

The letter f will always mean an element of P, and we write f = f(X) = EGESupp(f) fa X

Supp(f) € {0,6f], and so for a € Supp(f}, §f — a is a well-defined point in N™. If
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f # 0, the reciprocal of f is f* = X/ f(x!) = EaeSupp(f) fo XF % and 0% =0. It is
easy to verify that f = X'sf_ﬁf‘f*".

2.3. LINEAR RECURRING SEQUENCES

S"(R)™ denotes the set of functions ~-N™ — R i.e. the set of R-sequences indexed
by —IN"; the value s{e) is written s,. The letter s will always denote a sequence in
S™{R}~, and to avoid trivial cases, we assume that s is non-zero. With addition and
scalar product defined componentwise, $*{R)~ becomes a unitary R—module. Further,
the unit sequence and the Hadamard product make S™(R)™ into a commutative R—
algebra with 1. In particular, its ideals are algebra ideals. There is a right shift action of
Pp on S™(R)~ given by

Z fa.Xaos = z feSb—a

0<a<sf ,  0<a<éf

where b < 0. This makes $"(R)™ into a P,~module.

Definition 2.1. The annihilator or characteristic ideal of (characteristic polynomials)
of s is Ann{s) = {f € P, : f os = 0}. We say that s is ¢ (homogeneous) n-dimensional
linear recurring sequence {n-D lrs) if Ann{s) # {0}.

Example 2.2. (a) Let a > 0. Then 5, =0 for b € —a < X € Ann{s).

(b) Letr € R\ {0}, a <0 and s, = +m X%, Then X—r™ € Ann(s).

(c) If s € S*(R)™ then Sa—1,6 = a6 = Sap-1 fora,b <0< X1—1,X2—1 &€ Ann(s).

(d) We say that s is n-periodic if for some d > 1,554, = 3. for ella < 0 andi€n
i.e. s i3 n-periodic iff for some d > 1, X?" — 1 € Ann(s) for alli € n; s is eventually
n—periodic if for somed > 1,e > 0, Xf"(Xf" — 1) € Ann(s) for alli e n.

We now generalize the notion of a rectilinear n-D Irs over a field F from Fitzpatrick &
Norton (1990). (Recall that s is rectilinear if for all ¢ € n, there is an f; € Ann{s)NF[X;]
with §f; > 1 and £;{0) # 0.)

Definition 2.3. We sey that s is eventually rectilinear (EVR) if for all i € n, there is
en f; € Aﬂﬂ.(s) n R[X,] with 6f; > 1.

If R is a domain and s is non-zero, then s is EVR < Ann(s) N R[X.] # {0} for all
ien,

EVR sequences include 1-D Irs over a commutative ring, eventually periodic Irs (Nerode
(1958)), rectilinear lrs over a field (Fitzpatrick & Norton (1990)) and “n-linearly recur-
sive functions over a field” (Cerlienco & Piras (1991)). If s is EVR and g € P, then gos
is EVR since fo(gos)=(fglos=go(fos).

Example 2.4. (a) Let s € S2(R)™ satisfy sp; = 1 for j < 0 and s;; = 0 otherwise.
Then X1, X2 —1 € Ann(s), so that s is EVR. It is easy to check that Ann(s) N R[X,] =
(X1), s0 that s is not rectilinear.
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(b) Let s' € S*(R)™ satisfy sap=11ifa=">band s, ; =0 otherwise. Then X1 X3—1¢€
Ann(s') but Ann(s") N R[X;] = {0} fori=1, 2:
if =500 fuXP € R[X,] and fos’ =0 then for 0 < b < 6f,

&f 6f
JFbzz'f“"“’—ﬂ:,—b: (ZfaXfos') =0.
e=0 0,—b

a=0

Similarly, Ann(s’) N R[Xq] = {0}. Thus s’ is not EVR. In particular, a 2-D Irs over
GF(2) need not be 2-periodic (in contrast to the 1-D situation).

In the literature, the standard approach to n-D Irs is to regard S™(R) = {s : N* — R}
as a Pp-module via left shifting (which we also denote by o ):

Z foX0s = Z faSb+a

0<a<6f p  O<Za<éf
where b > 0.

Proposition 2.5. The map = : S™(R) = S"(R)” given by (s" )a=s_, fora<0isa
P, -module map.

PROOF. Let s € S*(R), 6 <0 and f =3 gcocsr faX" € Pn. Then
(f © 8); = (-f © 3)—b = Z fa%—bta = z fas,,__a = (f o 3_)!:
05a<éf 0<a<5f
so that {f o s)™ = fos™. It is trivial that — preserves addition, so ~ is a P,~module

map. O

There is an obvious two—sided inverse of ~, so that S*(R)~ and S™(R) are isomorphic
Pp—modules, s is an Irs iff s~ is an Irs, and ~ induces an isomorphism of Ann(s) and

Ann{s™).
2.4. ANN(S) AND GENERATING FUNCTIONS

The generating function of s is
I'{s) = Z: 3o X" € Sp.
as< 0

Strictly speaking, the definition of I'(s) should incorporate a linear (total) ordering on
—N™; this has been omitted since the enumeration will either be clear or not used. Thus
for Example 2.3, T'(s) = X3/(Xa - 1) and T'(s") = X1 X2/(X1 X2 — 1).

Since §(fT'(s)) < &f, we have Supp(fT'(s)) C (~o0,8f]-

Proposition 2.6. (fT'(s))|(—c0,0] =T(f o s).

PROOF. If a 0 and f = 37 yopesy FoX°, then (fT(s))a =3 o<b<ss fosa—b = (f 0 s)a.
O <b< <b<
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We note that Lemma 4.1 of Fitzpatrick & Norton (1990) is an analogue of the preceding
result for left—shifting.

Proposition 2.7. The following are equivalent:
(a) € Ann(s)
(5) (FT(s))[(~00,0] = 0
(c) Supp(fT(s)) C (0,6f)
(d) 3G € Ly, such that fI'(s) = XG and Supp(G) C (—1,6f — 1.

PROOF. We omit the proof that (a} <= (b) <= (¢). (¢} &= (d): It is a straightforward
exercise that Supp(fT'(s)) € (0,6f] <= Supp(X~'fI(s)) C (-1,6f —1). O

Setting n = 1 in Proposition 2.7, we obtain a simple characterization of Ann(s) which

does not use use §f or the reciprocal of f (¢f. Niederreiter (1988}, Lemmas 1, 2 when R
is a field):

Corollary 2.8. Let s € S'(R)™. Then f € Ann(s) &= fT'(s) € XR[X].

Corollary 2.9. Let s be an Irs. Then ['(s} = XG/f for some non—zero f € Ann{s) end
G € L, such that Supp(G) C (—1,6f — 1].

Conversely, if f is monic, G € Ly, and Supp(G) € (—1,6fF — 1], then XG/f € §,, and
s defined by I'(s) = XG/f is an Irs with f € Ann(s).

ProoF. If f is monic, then w = X%/ f is a unit in S,. Writing G = Eae(_ 1,6f— 1] G. X%,
we obtain

XGu=f Z G, Xt 1% = ¢ z Gb—1+6be=fH
a€(- 1,6f— 1 be(=51, o}

say, where H € S, and so XG/f = H/u € S,. The result now follows from Proposi-
tion 2.7. O

“Rational lrs” are an important special case of Corollary 2.9:

Definition 2.10. We will say that s is a rational irs if for some f € P,\ {0}, f-T'(s) €
XP,.

Certainly every 1-D Irs is rational, but this fails for n > 2: if G(X| 1) € 8 is not a
rational function, f € P, 6f > 1, and s is defined by I'(s) = X1G/7, then f € Ann(s),
but s is not rational. Example 2.4(b} shows that for n > 2, not all rational Irs are EVR.
We will see in Theorem 4.9 below that EVR, Irs are always rational.

For completeness, we now give an analogue of Corollary 2.9 for sequences indexed by
N™ which use left—shifting (Corollary 2.9 below). This analogue could have been deduced

from Propositions 2.5, 2.7 and an analogue of Proposition 2.7 but it is easier to appeal
directly to the definitions:

Lemma 2.11. Leta > 0 and s : N® — R (so0 that T'(s) € R{[X]]). Then
X°f* € Ann(s) <= Supp{fT(s)) C[0,a +&f).
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In particular, if Supp(fT'(s)) € [0,6F), then f* € Ann(s).

Proor. For any b > 0,

(X*f*os), = Z cha+6f—co s
c€Supp(f) b
= Y festratsr—e = (FT(s))atbrss
ceSupp(f)

and so
X°§* € Ann(s) <= (FT(s))][a + 67, 00) = 0 <= Supp(fT(s)) C [0, + &£).
O

Corollary 2.12. Let s : N® — R be an Irs. Then I'(s) = G/f* for some non-zero
f € Ann(s) and G € R[[X]] such that Supp(G) C [0,6f).
Conversely, suppose that f(0) =1 and G € R[[X]] satisfies Supp(G) < [0,d) for some
d € N*\ {0}. Define m € N™ by
wim = ma.x{O, d,‘ - 6,;f}.

If 5 is the n—-D Irs with ['(s) = G/ f end a > m, then X" f* € Ann(s).

Proor. The first part is an easy consequence of Lemma 2.11 applied to f = xb/-61" (F*)*.
For the converse, if @ > m, then ¢ > 0 and d < a + 6f. Therefore [0,d) C [0,a + §f),
so the result follows from Lemma 2.11. O

Here, rational Irs correspond to I'(s) = g/ f*, where f,g € P,, §f > 1and §g < 6f —1;
in this case, we can take d = g + 1 in Corollary 2.12. If in addition n = 1 in Corollary
2.12, we obtain Fitzpatrick & Norton (1995), Theorem 4.1.

3. A decomposition formula for f-I'(s)

3.1. THE BORDER PARTITION

Ford > 1, {—oo,d] = J]L,(—00,d:] and so
B(=c0,d] = [T{(~00,0, [1,dil}
i=1

is a partition of (—oo, d]. We will abbreviate 8(—oc, d] to 8 when d is understood.

It is convenient to use binary notation to index the 2™ members of the product partition
B(—o0,d): for 0 < k < 2™ — 1, we write the (n-bit) binary representation of k with the
most significant bit b, (k) of £ on the right {so that the bit ordering is the same as the
ordering of the components of Z™) and index the k** member gx(—o0, d] of 8(—00,d] by

bi(k) = 1 iff m;(Br(—00,d}) = (—o0, 0).

For example, if n = 2, g = foo = [1, d1] X [1, d2], B1 =750~ [1, d1] X (—oo0, dz], B2 =
Bo1 = (—00,d1] x [1, d2) etc.; notice that foU By U Bz "borders” 83 = (—0,0] in {~o0,d].
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We will call J{Bx(—o0,d] : 0 < k < 2™ — 1} the border of (—00,0] in (—co,d} and
f(—o00, d] the border partition of (—oo,d].

3.2. THE BORDER POLYNOMIAL
Definition 3.1. Let §f > 1 and let 8 be the border partition of (—co,6f]. For 0 < k <
2% — 1, we define B(f,s) € Ln by
Br(f.s) = (f-T(s}} | Bsx.

Proposition 3.2. Let 6f > 1 and let 8 be the border partition of (—co,6f]. Then

2"—1

£-T(s) =Y Bilf.s)

k=0
where Supp(Bi(f,9)) € Bk for 0 < k < 2™ — 1 and Ban_1(f,8) =T(f o 5).

Proor. This follows immediately from the fact that B is a partition of {(—o0,48f] and
from Proposition 2.6. U

Since Bo(f, s) € Pn, we call it the border polynomial of f and s. We will express So(f, s)
in terms of s and generalized Newton divided differences of f. Recall Newton’s divided
difference operator v forn =1:

v : R[X] = R[X] is vf = (f — fo)/X, and for a > 1, v° is defined iteratively by
vOf=7fand v®*=pv® 1 It iseasy tosee that if d> land f = fo+ f1X +...+ faX?,
then for 0 < a < d,

d
Vf=fo + fars X ... 4 faXT0 =D fxb0

b=a
whereas v*f =0 ifa > §f. Thus §(+°f) = 6f —a if 0 < a < 6f.
Definition 3.3. Forn> 1, a > 0 and f € Py, we define
Vﬂf=(f 1 [a.,ﬁf])/Xa

Clearly v f = f and the numerator is divisible by X®. Indeed, if 0 < a < §f, then
pof = ZaSbSSf X% and 6(v*f) < 6f — a. For example, if 6f = (2,3) then

y 1y = fii+ fiaXe+ fai X1+ f13X2 + fa2X1X2 + f23X1 X2

On the other hand, if a > éf 4+ 1, then +*f = 0. When n = 1, v% coincides with
Newton’s operator.

Lemma 3.4, If6f > 1, then

Bolf,) =X D s vy,

0<a<df~1
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Proor.
Bo(t,s) = Y. (fT(s)),X°
1<a<sf
= Z Z fosazpy | X°
1<a<&f \e<b<sf
- [ T e
1<e<éf \0<c<sf—a
= Z S_¢ Z fa.—i—ch
0<c<hf—1 1<e<éf—c
= Y | ¥ e
0<e<Ef-1 c+1<d<Ef
=X Y a| X e
0<Le<6f—1 ct1<d<sf
= X Z s_o voHLf
0<c<6f—1
O

Setting n = 1, we obtain the following result (cf. Ferrand (1988), Section 1.3):

Corollary 3.5. Ifn=1and 6f > 1, then
5f—1

fTs)=X z s_a v3Tf 4 I'(f o s).

a=0

3.3. THE BORDER LAURENT SERIES

We have determined the summands 8g(f,s) of f - ['(s} in Proposition 3.2 for &k =
0, 2™ — 1. In this subsection, we determine the remaining summands (when n > 2.)

If0 < k < 2™ — 1, then for some ¢,j, 1 <i,j <n, bj(k) =0 and b;(k) = 1, so that for
these 4,4, Br{f,s) involves polynomials in X; and power series in X i ! For this reason,
we call {Br(f,3) : 0< k < 2™ — 1} the border Laurent series of f and s.

In order to discuss these series, we need to extend some of our earlier definitions:

i denotes a subset of n = {1,2,...,n} with cardinality |i| and i = n\ i; i « n means
that i is a proper subset of n. If i < n and ¢ € N!, X has the obvious meaning and for
1 <£i < n, we write X; for X(;;. We let 7; be the projection of Z™ onto Zi.Ifa € Z' and
@’ € ZV, then (g,a’') is the unique element of Z" with mi(a,a’) = a and =y (a,a’) = a'.
Lastly, for 6f > 1, §;f = m;i6f.

Definition 3.8. Lein > 2 and i < n.
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(b) For 0 < a < 6 f, the a—section of f is flat e R[X v| given by
D= ) faeXf.

0 <o’ <6y f

Clearly 6£(2) < &;f and for O/ < o’ < 6(f(®)), ¥ (“) = f(a, a')-

We will simplify the main result of this subsectlon by using the following technical
definition:

Definition 3.7. Letn > 2 and 6f > 1. For i« n, let § = §;f and § = &y f. We will
write the sum of “cross—products of sections”

Xp Y S () )T (X e st (17
0<a<s 0'<a'<H -1

as B (f, s)(Xi_l, Xit) for short.

Notice that 8* (f, Wx;t xy) € L,, In fact it belongs to (R{Xv]) [X;})). We will
also abbreviate 8 (f,s )(X_1 Xi) to B (f,3).
For n = 2 and continuing the notation of the definition, i = {1} or {2}, and

§ &-1

By (X7 Xa) = X2 D" (u“'“f‘“‘) (X2) T (Xf ° s<—“'>) (x7Y)
a=0a'=0
& §-1 , ,
By (X5 X = X130 3 (v @) () T (xg 05} (x7)
a=0a'=0

where v denotes the usual divided difference operator.
For0 < k < 2" —1, wedefine i(k) = {i€n : b;j(k) =1} <« n. Thusif6f > 1, i(k) is
the set of ¢ for which m;i8r(—00, 6 f] is infinite.

Theorem 3.8. Letn > 2, 0 < k < 2™ — 1, and let i = i(k). Then for §f > 1, the kth
border Laurent series of f and s is

B(f.8) =B (Xx; 1, X
Proor.
Br(f,s)

Z (1) a,07) xea?

{a,6'}EBK(~00,8 flNSupp(fT}

= b S fosqeans ) X

a<0, I'<a’< \ (a,a’)<b<{6,5")

‘f(a,al)_'_(c,cf) 3——(c,c‘)) X(ﬁ,a )

ag0, I'sa’Sé ((Upﬂ’)S(C.C‘)5(5,5’)-(%0')

= > ( > fla.ay+e) S—lc.c’)) XXy

a0, 0'<e’ <6’ — 17 \0<c<b—a, 1"<a’ <6’
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- 2. > Fletdary $—(een | X2XE

d<0, 0'<e/<6'—17 \0<e<é—d, ' +1'<d' <8

\

_ d d
= x 3 T e XE samen) ) X
d<0, 0¥ <e! <5 1" d<e<s ' +1"<d' < J

fle, d')X e+ )s[d—e,e’)Xid
d<0, e'+1'<d' <8

fxg-en (Z: (xtos) .

d<0

E_ Xi’
0<e<h, 0"<e’<6’—1’

.
_ x (
(

0<e<s, 0"<e"<6" 1/ J+bf 1 (dr(6:

— X e +1 f(e)) (Xi) - ( ieos(—e’)) (x; 1)

0<e<s, F<e! <51
-1
= B(X;™ Xy).
O

Let 6f > 1. To simplify the notation, we let
Bin(fh) =X > s_avtf,

0<a<sf—1
which is just Gp(f, s) by Lemma 3.4.
Corollary 3.9. Letéf > 1.
(a)
2"_2

FoT(s)= 3 Biy(fis) +T(fos)
k=0

where Supp(ﬁ;((k)(f, 5)) C Br(—00,6f] for 0 <k <2™ - 2.
(b) f € Ann(s} if, and only if

2m 9
F(s (z ﬂ,(k) fis )

(¢} If f is monic, G € Ly, and Supp(G) € (~1,6f — 1], then XG/f € S, and s defined
by T'(s) = XG/f is an lrs with f € Ann(s), and XG = Zizgzﬁi’(‘k)(f,s).

PROOF. These are immediate consequences of Proposition 2.6, Corollary 2.9, Lemma 3.4
and Theorem 3.8. O

We now state an analogue of the previous corollary for sequences N™ — R and left—
shifting. In this case, []_,{[—6:if, —1],[0,00)} is to be used as the “border partition”
{Be[—6f,00) : 0 <k <27 — 1} of [-6f, 00).
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shifting. In this case, [ {[~6if, —1},[0,00)} is to be used as the “border partition”
{Br[—6f,00): 0 <k <2" -1} of [-6f, 00).

Corollary 3.10. Let &f > 1. If s . N” — R (s0 that ['(s) € R[{X]]), then
(a)
2"—-2

FT) = Bliglfss) + XT(f o)
k=0

where
Biioy(£.8) = X°F B0 (£,9)(X7Y) and Bl (f,s) = XPT 85 (£, 8) (X, X71)

for0 <k <2? -2 and Supp(ﬁ;‘(k)} Cla+éf  a€fy[-8f,00)} for0 <k <™ ~2
(b) If f € Ann(s), then

am—2
I(s) = (Z ﬂi*(k)(f,S)) /5
k=0
where B\ (£,5) € P In fact, 68} (f,5) < 6f—1 and Bjq)(f,s) = X7 %P0 g(£,5).
(c) If f is monic and G € R[[X]| satisfies Supp(G) C (0,6f), then s defined by G/ f*
is an lrs with f € Ann(s) end

2"—2

G=Y Bl

k=0

PRrOOF. These are straightforward consequences of the previous result. U

4. EVR sequences

4.1. 1-D SEQUENCES
It is convenient to begin with some results on 1-D sequences.

Proposition 4.1. Lets € S1(R)™ and 6f > 1.
(a) FT(s) = folf, ) +T(f o'5)
(b) f € Ann(s) < fT(s) = Bolf,s).
(c) If f € Ann(s), then Ann(s) = (f : Bo(f, s)/ X).

PrOOF. (a): This is immediate from Proposition 3.2.

(b): feAnn(s} <= fos=0<«=T(fos)=0<= fI'(s} = fFo(f, s}

(c): If g € Ann(s), then gBo(f, s} = gfI'(s) = Bolg, s)f, so that g € (f : Bo(f,s)/X).
Conversely, if gBo(f,s)/X = hf for some h € R[X], then gI'(s) = gBo(f,s)/f = X I and
so by Corollary 2.8, g € Ann(s). O

The next result is a considerable generalization of Theorem 1 of Prabhu & Bose (1982)
and Theorem 4.11 of Fitzpatrick & Norton (1995), both of which use left—shifting.

Lemma 4.2. Let @ be a factorial domain, s € S1(R)™, f € Ann{s) with 6f > 1. Put
d = ged(f, Bo(f,8)/X) and g = f/d. Then
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(2) g € Annis)

(b) Bolg, ) = Bo(f,)/4

(c) ged(g, Bolg, 3)/X) = 1

(d) if d =1 and h € Ann(s) , then Bo(f, s)|Bo(h, s) and h = (Bo(k,s)/Bo(f,5))- f.

ProorF. (a) Since f € Ann(s), fT'(s) = Bo(f,s) and so gI'(s) = X (8o(f,s)/X)/d €
X R[X]. By Corollary 2.8, g € Ann(s).

(b} Bo(f,s)/d = fT(s)/d = gT'(s) = Bo(g, s} by part (a) since g € Ann(s).

(c) By part (b), ged(g, folg, 5)/X) = ged(g, (Bo(f, 5)/X)/d) = 1.

{(d) From Proposition 4.1, hfo(f,s)/X = fBo(h,s)/X and since d = 1, Bo(f,s}/X
divides Bo{h, s)/X. O

Remark 4.3. On the other hand, if g € Ann(s)\{0} has minimal degree, then gcd(g, Ao{g, 5)
R — otherwise we can replace g by a characteristic polynomial of smaller degree by part
(a) of the previous result. If g is also primitive, then since d = ged(g, Bo(g,5)/X) €
R, d|go, and inductively, d divides all the coefficients of g. Thusd = 1.

Theorem 4.4. Let R be a factorial domain and Ann(s) # (0). Then
(e) Ann(s) is generated by a primitive polynomial g, say.
(b) g is unique up to ¢ unit of R and ged(g, Bolg,s)/X) =L
(¢c) 6g = min{éf : f € Ann(s) \ {0}}.

Proor. We need only prove (a). For any f € Ann(s) withéf > 1, g = f/ ged(f, Bo(f,5)/X)
generates Ann{s) by Lemma 4.2, and we may take g to be primitive. [

Definition 4.5. If R is a factorial domain and Ann(s) # (0), we denste the primitive
generator of Ann(s} (which is unique up to a unit of R} by v(s).

We remark that y(s) may be computed using the minimal realization algorithm of
Norton (1994}; see loc. cit. Corollary 3.28. For an alternative approach to v(s) using
polynomial remainder sequences, see Fitzpatrick & Norton {1993), Section 4.5.

4.2, ASSOCIATED SEQUENCES

Definition 4.6. Forn > 2 and i < n, let s0*) ¢ SII(R[[Xy]]) be given by
S(ia"*) = Z S(a‘a’)Xifa
o'e-NV
for a € —IN%.
Thus for i < n, the superscript (*) is used to suggest summation over i’ (whereas for
a € —Ni, the superscript %) is used to denote a section). Special cases of these associated

sequernces were used in Fitzpatrick & Norton (1920).
For i < n, we let R[X;] act on n-D sequences via:

Z faX{os| = Z fa $6—(a,0)

aE€Supp(f) p  2€Supp(f)
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Lemma 4.7. Letn > 2,i < n, f € R[X],f' € R[Xy] and a € —N',a’ € —NV. Then
(a) (f'o S(a))a’ =(f'o 5)(a,a’)
(b) s = D(s@)(x 1)
(¢) T(f 0 s (X1) = T(f 0 s)(X 7).

Proor. (a)
(f 0@
= Y sla= Y ise-ew
a'eSupp(f’) d’ €Supp(f')
= 3 ths@ay—@0 = (0 8)aa)-
' €Supp(f7)

(b), (c) These are also easy consequences of the definitions. U
The characteristic ideals of associated sequences are related as follows:

Proposition 4.8. Letn > 2 and i € n. Then

n Ann(s®)) = Ann(s) N R[X;] = Ann(s0).
are-NV

ProoF. Let f € R[Xi]. By Lemma 4.7(a},
V(a' € —NU)(f 05 = 0) &= V(b € —-N™)((f 0 5) = 0) &= f € Ann(s).
To prove the second equality, note that f os = 0 <= f 0 s'"*) = 0 by Lemma 4.7(c). O

4.3. SOME PROPERTIES OF EVR SEQUENCES

1t follows from the previous subsection that for n > 2 and i € n, there are n associated
sequences s() = (b ¢ SI(R[[X]])~ given by

3(}.*) - Z s(j,j‘)xiJ
Fe—Nn\i)
for j <0, Ann(s(*)) = Ann(s) N R[X,] and D(f; 0 s®*N) (X1 = T(fi 0 s)(X 7).
The next result is a considerable generalization of Prabhu & Bose (1982), Theorem |
and Fitzpatrick & Norton (1990}, Corollary 4.2:

Theorem 4.9. Let fi € R[X;| with 6f; > 1 for all i € n and let f = [T, fi- The
following are eguivalent:

(a) for alli € n, f; € Ann(s)

(b) fT(s) € XPy,

(c) fT'(s) = Bo(f, 5)-

(FT(8)) (as0n) = (F © 8)(a;,0)
which is zero since f is a multiple of f; € Ann(s). Hence Supp(fI'(s)) C [1,6f].

PROOF. (a) = (b): For all ¢ € n and a; < 0, the coefficient of X in fI'(s) is
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which is zero since f is a multiple of f; € Ann(s). Hence Supp(fT'(s)) € [1,4f).
(b) = (a): Fixi € n. Put t = sU*) and let fT(s) = Xg, where g € P,. By Lemma
4.2, T@)(X;1) = T(s)(X™?). Thus

85:i(£iT(2)) = 8:(fT(t)) = 8;(fT(s)) = 6: Xg > 1,
whereas for j # ¢,
8;(fiT(t)) < 6;f:+6;1(t) < 8;T() <0

ie. f;T'(t) € X:(R[X7Y])[X:]. Thus by Corollary 2.8, f; € Ann(t) and by Lemma 4.7
again, [(f;0s) = I'(fiot) = 0 i.e. f; € Ann(s).
(b) = (c): Let fI'(s) = Xg € P, where §g < 6f — 1. Since (b) &= (a), I'{(fos} =0
and so
2" -2

Xg — Bo(f,s) = fT(s) — Bo(f,8) = Y Br(f. ).
k=1

The support of the left-hand side is contained in [1,5f], whereas the support of the
right-hand side is contained in (—c0,6f] \ [1,8f] by construction. Therefore both sides
vanish and fT'(s) = Bo(f,s). L

We now discuss Ann(s) N R[X;], which is an ideal of R[X;]. So when R is a field,
Ann(s) N R[X,] is principal and has a monic generator. We will see that this is also true
more generally.

For n = 1, the following notion was introduced in Fitzpatrick & Norton (1995):

Definition 4.10. A factorial domain R will be called potential if for alin > 1, S, is
Jactorial.

In fact, for the known examples R for which R[[X]] is factorial, S, is also factorial.
Principal ideal domains, R[X] (where R is a field or a discrete valuation ring) are potential
domains, but not every factorial domain is potential: see Bourbaki (1972), Exercise 8(c),
p.566. We refer the reader to Bourbaki {1972), Proposition 8, p.511 and Exercise 9(c),
p.-566 and to Fossum {1973) for more details.

Lemma 4.11. Let R be factorial and s € S}(R)™. If R[[X]] is factorial, we can assume
that v(s) is monic.

ProoF. Ann(s) = Ann(s™), and so the result follows from Fitzpatrick & Norton (1995},
Corollary 4.8. O

Theorem 4.12. If R potential and s is EVR, then for ell i € n, Ann(s) N R[X;] is
principal and has e unigue monic generator.

PROOF. We can assume that n > 2. Fix i and let U = R[{i:l]] and t = st"*) € S1(U)~.
By Proposition 4.2, Ann(s) N R[X;] = Ann{t). Also, U and U[[X; '] = $, are factorial
since R is potential. Thus the result follows from Lemma 4.11. [

The next result simplifies and extends Fitzpatrick & Norton (1990), Theorem 4.3:
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with §f; > 1. Put f = HLI fi and d; = ged{fi, Bo(f,5)/ X:). Then for all i € n, there is
e unit ug of B such that uifi/d; is the monic generator of Ann{s) N R[X,].

Proor. For i € n, let v; be the monic generator of Ann(s) M R{X;] and v =[]}, v:. By
Theorem 4.9,

vB0(f,s) =vfT(s) = fBolv,s).

Now ged(y, Bo{7,$)/X) € R, otherwise we could replace some ; by a polynomial of
smaller degree. Since Py is factorial, v is primitive by Gauss’ Lemma and so

ged(y, Bo(7, 5)/X) = 1. Hence there is a unit u of R with v = uf/ged{f, Bo(f, s}/ X).
Also,

ged(f, Bo(f, 5}/ X) = ged([ ] s, Bo(#, )/ X) = [ ] ged(fs, Ba(f, )/ X:5) = [[ s

since f; € R[X;]. Thus [y =  [[{fi/d;) and since P, is factorial, v; = uifi/d; for some
unit u; of R. O

We now combine Theorems 4.9 and 4.13 to characterize generating functions of EVR
lrs:

Corollary 4.14. Let f; € R[X;) with 6f; > 1 for i € n, and put f = [[—, fi-
{a) If R is potential and f; € Ann(s) for all i € n, then T'(s) = Bo(f,s)/F and we can
assume that for alli € n, f; is monic, ged(fi, Bo(f, 8)/X:) = 1 and Ann(s)NR[X:] = (f;).
(b) If for alli € n, f; is monic, g € R[X],89 < 6f —1 end ged(fi,9) = 1, then s defined
by D(s) = Xg/f is an (EVR) lrs with Xg = Bo(f, 5) and Ann{s) N R[Xi} = (f:).

PROOF. For each i € n, f; can be chosen as the monic generator of Ann(s) N R{X;] =
Ann(s'**)) by Theorem ??. Since

fiT (™) = £,T(s) = Bo(f,9)/ [ £5
J#
we must have d; = ged(f;, fo(f,s)/X:) € R — for otherwise by Lemma 4.2, we can
replace f; by a characteristic polynomial of smaller degree. Since d; divides each coefficient
of f;, which is monic, d; = 1.
For the converse, we have Xg = 8o(f, s) from Theorem 4.9. Thus ged(f;, Bo(f, s}/ X:) =
1 and by Theorem 4.13, Ann(s) N R[X;] = (f;). O

For completeness, we give an alternative way of finding the generator of Ann{s)NR[X ]
(Corollary 4.16 below), generalizing Fitzpatrick & Norton (1990), Theorem 4.10.

Lemma 4.15. Letn > 2, R be a domain, let f; € Ann{s) N R[X,] with 6f; > 1 for all
i€n, and put Al = 6(H?,__1'j#fj) ~1' e N\, Then

ﬂ Ann(st)y = n Ann{s(®')).

we N™MG —Al<ar <O

PROOF. By definition, s¢*) & $'(R)~ if o’ € —N™. We show that if g € R[Xi]
satisfies g 0 5(%) = 0 for ~A! < o’ < 0/, then gos®) = 0 for all o’ Let ¢ = 1 and let A,
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be the leading coefficient of fa. Suppose first that o’ = (~8af2, —63fs+1,...,—nfn+1).
Since fo € Ann(s), we can write
62f2—1
MSaa) =~ 3 (F2)brs(a,—b.e)
b =0
for all a <0, where ¢’ = (—83fs+1,...,—8nfn + 1). Then for a < 0,
, &g Safa—1 bg
(A2§' os® ))a = zgc)\23(a-—-c,a’) = - Z (f2)b' chs(a—.:,—b’,c')
e=0 b=0 c=0
and Egio 9e8(a—e,—b'r) = (90 s{(=¥¢N), = 0 since A} < (-¥,¢') € 0. Thus for o’ =
(—8afa, —63fs+ 1,...,=6ofn + 1}, Aggo 3(#) = 0. The argument is similar for o’ =
{az,—8afs +1,...,—8nfa + 1), a2 < —82f2; in this case, )‘Ea’_smy o s(a) = 0. Since
X2 € R and R is a domain, g o s(8) = 0 for all a3 < 0.
Suppose inductively that the result is true fora’ = (a2, a3,..., 05—y, 65 fr+1,..., =8, fn
1) and o’ = (ag,a3,...,ak, —6kr1fk+1 + 1, ..., —6nfn + 1), ax < —6fr. An analogous ar-

gument using fr € Ann{s) N R[X] shows that go s{¢) = 0. By induction g o s(8) = ¢
for alt @’ € —~N™\1} It is clear that the same argument applies to any i € n and this
completes the proof. O

Theorem 4.16. Let n > 2 and R be potential, Suppose that for alli€n, f; € Ann(s) N
RIXd), 6f:2 1 and let 8] = 8([Tj_y 4 f3) = L' € N, Then for aili € n,

Ann(s) N R[X{] = (lcm{'-f(s(“’)) Al <ad < O'})

PROOF. Fixi € n. Fora’ € —N"™\3} 4(5{9)) € R[X,] is well-defined (and indeed monic)
by Lemma 4.11. By Proposition 4.8 and Lemma 4.15, Ann(s)NR[X:] = V_ s <qr<or Ann(s(®

Since R[X;] is factorial, the intersection is non-empty and is generated by lem{~y(s{2)) :
—-Al<d' <0} 0

The least common multiple of Theorem 4.16 may be computed using Algorithm 3.30 of
Norton (1994). If R is a field, it may also be computed using the “Fundamental Iterative
Algorithm” of Feng & Tzeng (1989).

We conclude this subsection by generalizing a result of Cerlienco & Piras (1991) to
sequences over domains.

Definition 4.17. We say that an ideal I of P,, is cofinite if P../I is a finitely generated
R-module and that an n-D Irs over R is cofinite if its characteristic ideal contains a
cofinite ideal.

It is well known that if R is a field, then a cofinite ideal in R[X},..., Xy] has a finite
zero set. Conversely, if R is an algebraically closed field, then an ideal in R[X,..., X,]
with a finite zero set is cofinite.

Theorem 4.18. If s is a cofinite Irs over R, then s is EVR. Conversely, if R is potential
and s is EVR, then s is cofinite.
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Proor. Suppose that Ann(s) N R[X,] = {0} for some i. Then
R[Xi] = R[X;])/(Ann{s) N R[X,]) = (R[X:] + Ann{s))} /Ann{s) C P,/Ann(s)

and s0 P,/Ann(s) is not finitely generated. Thus Ann{s) contains no cofinite ideals I
(otherwise there would be a map of P,/I onto P,/Ann(s), implying that P,/Ann(s) is
finitely generated) i.e. s is not cofinite.

If R is potential and s is EVR, then by Theorem 4.12 we may assume that the f; €
Ann(s) are monic, and set F = (f1, f2,..., fx). Then the monomials X* mod F for
a<(6f1—~1,8fa—1,...,6fn — 1) generate Pp/F. Thus F C Ann(s) is cofinite i.e. s is
cofinite. (J

In particular, if R is a field, the two notions ceincide {cf. Cerlienco & Piras (1991},
Section 4}.

4.4. ANN(S) AS IDEAL QUOTIENT

We generalize Proposition 4.1{c) and Fitzpatrick & Norton (1990}, Theorem 5.1 to
n-D sequences over R. (The first part of the proof generalizes the proof for the case

n = 1 and the second part generalizes the minimal counterexample idea of Fitzpatrick &
Norton (1990), loc. cit.)

Theorem 4.19. If f; € Ann(s) N R[X;], with 6f; > 1 for alli € n and f = [[ix; fis
then

Ann(s) = (Z(fi) : ﬁo(f,s)/X) .

i=1

Proor. By Proposition 4.9(c), we can assume that n > 2.
2: Suppose that g € P, \ {0} satisfies gBo(f,s) = X 3.1, fiu; for some u; € P,. By
Theorem 4.9,

9T(s) = gBo(f,9)/f = (XZfiu.-) /F=X (u,- /11 f,-)

i=1 i=1 i=1,j5i
and so fora < 0,

n

(gos),,:Z ui / H £ =0

i=1 =it [
since each u; € P, i.e. g € Ann(s).
C: Let g € Ann(s) and h = ¢T'(s) € Ly. By Propaosition 2.7(c), Supp(h) € (0,6g]. Let
p = {pi: 1 <1< n} be the following partition of (0, §g] :
i-1
p1 = {ea € (0,8g] : a1 > 0} and p; = {a € (0,69 \ U pj: a; > 0}
i=1
if 2 < i < n. It is clear that p is a partition of (0,8g] and that for 1l < i <n,p;={e €
(0,6g] :a; <0for1<j<i-—1anda; >0} Let hy = h|p; and p; = h;f/f; fori € n.
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Then h; € X,;R((}A(;-'l))[Xi] for all i € n and

gBo(f.s) = gfT(s) = hf = th me

So it suffices to show that p; € XP, for all i € n.

Suppose that for some i € n,p; € XP,,, and let k be the smallest such integer. Now
pk/Xk is a polynomial in Xg, and so for some r > 1, the coefficient of X in pg is not
in R[Xk] Letting d = § fx, the coefficient of Xd+” in hif = prfr cannot therefore be in
R[Xk]. But

> " hif = gBo(f,s) € XPy,

i=]

and so the coefficient of X ,':"'r in ki f must cancel with other coefficients of X ,f'" in the
hif, for one or more ¢ # k. If 1 < ¢ < k, the cancellation cannot take place by choice
of k. If k < i < n, the exponent of X}, in fh; is at most d by construction of h;. Thus
cancellation of the coefficient of X 4+ iy hif cannot take place and we conclude that
pi € XP, for all i € n, as required. D

Example 4.20. Let s be as in Ezample 2.4{a). We know that f1 = X1 and fr = Xo—1
belong to Ann(s) and I'(s) = 1/(X2 — 1), Bo(fif2,5) = X1Xe. From Theorem 4.19,
Ann(s) = ((f1, f2) : 1) = (f1, f2a) = (X1, X2 — 1). We remark that Fitzpairick & Norton
(1990), Theorem 5.2 gives Ann(s) = (X2 — 1) if R is a field.

Example 4.21. Let s satisfy s(j0) = 1 for i <0, sojy =1 for j <0 and s;5 = 0
otherwise. Then T'(s) = (X1X2—1)/(X1-1){X2—1), so that by Theorem 4.19, Ann(s) =
(X1(X1—1),Xo(Xo—1}: X1Xo — 1).

Combining Theorems 4.13, 4.16 and 4.19 now yields an algorithmn for computing a
basis for Ann(s):

Algorithm 4.22. {cf. Fitzpatrick & Norton (1990), Algorithm 3.8)}.

Input: An EVR s € S™(R)™, R a potential domain.

Output: A basis for Ann(s).

1. For each i € n, find the monic generator v; of Ann(s) N R[X;] usi: 1g Theorem 4.13
or Theorem 4.16.

2, Compute v = Hi=1 vi and Bolv, s)/ X.

3. Find a basis for the ideal quotient (3 ..., (vi) : Bo(v, 8)/ X).

Remark 4.23. Over a fleld F, Step 3 may be done in several ways:

(i} using the basis {X™ : m < &y — 1} for F[X]/(71,72,- .. :7¥n), find an F-basis for
solutions f of the homogeneous equation

fBa(y,8)/ X + Z’nui =10
i=1

where u; € F[X]. Augmenting these solutions by {v1,7v2,...,n} vields an F—basis for
Ann(s).
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This approach is an application of Buchberger (1985), Method 6.7, which applies since
{71,72: ..., ¥n} 15 trivially a (reduced) groebner basis for any term order. In this case, Al-
gorithm §.22 has complezity O(H?=1 6713). The F-basis found cen of course be converted
to a reduced groebner besis with respect to any given term order, if desired.

(i) Coz et al. (1991), Sections 3.9, 3.4 reduce the computation of a basis for an ideal
quotient to computing a groebner basis (with respect to the lezicographic term order) of an
intersection of ideals. In this way, we obiain a groebner basis for Ann(s). This approach
was applied to computing an ideal basis of a 2-D cyclic code and its dual in Norton
(1995a).
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Note added in proof This paper combines two papers “On n—dimensional sequences
ILI1” that were submitted to this journal. The first paper described a border partition
for left-shifting, gave an inductive proof of Corollary 3.10 and some applications of it.
Lemma 3.4 (and right-shifting} appeared in the second paper. The author also suggested
a new proof of Corollary 3.10 (via Lemma 3.4 and a direct, rather than inductive proof
of Theorem 3.8) in the second paper. This revised version adopts the new approach.
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