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This paper is & sequei of [HORY), where 1 generalized the concepi
of Grabner beses [BUCL3) t¢ non-cassulal]
discussed their sain propertics and serid
thes.

In the cose of comectative solynosicl ~ings and positive
orderings, there are different equivalent
baoses, the sost leportont being the folfiomin

F iz o Grobner besis af an idesl !¢ ¥l

LS

& polynoeiol rings ond
roision procedures to compute

ters
stions of Grébrer

R the “zoxize! tersc™ of the besiz elements genseate the
semigroup 1.{1} of ol moxizs! ferps of elenents in

B every fel con ke represenied o8 f=2g 1 7 ¢G se thot ithe
soxleal tern of f iz not jower then gusry moxizg! teérm of g §
[

L the teres shich are not in generate o {-veclor spoce

which is isomorphic w6 Ki¥ | . I/1. ona this fsomerpbise is

cerputable,
G propeciy B hoids for o finite ser o pelynomicis explicitiy
defined in terss of iths hasis elements. )
{remark thal B and € can be expressed terss of the mccyvmvmma
reduction relation ond then become respecliveiiy sach element in I can
be reduced to 9; eoch elesent can be reduced tn o unique irreducible
elerent ).

w”‘,oumstmu ineediately analogous {0 these oiili hoid and are equivalent
aleo in the case of non-comsulative poiunomsicl ri 3 3
be chosen as o definition of mv@wnmauw%wwm.ﬁ 1o ey ot them can
They are, howsver, np nore aquivaient in the other known
generalizations of Grébner bases; for instonce shen one consider
polynceicls ouer g ring (instead ther ouer o fisid) [2RC,5CHKAK, ML, PaN ]
they lead to different concepts of basis
in porticuler, shen one still morks an P o=yly

; T¥, .. bt relaxes

the conditien of positivensss on the tern ordering, sa introducing the
concept of standard boses |

cor RBALLAZ] not ondy exomples suggest that
1t i3 difficult to find o stolement anclogous to £ [fiBR3], bul R and B
Gre equivalent onfy if stated in sose sxtension R of the polynonial ring
P {nosely either the locafization gt the origin or the completion), and
then B is verlfied not only by polynonials |
fothe extension of

o but also by polyneal

IR P, the controctio

noH.

[N

The resuits of Bobbiano in his theory of groded structures [RGB,
shich iz o propessl of ¢ generalization ong unificotion of the known
concepts of special boses (brébner,ltocoulay,stondord bases) together
sith other concepts related to the theories of gruded ond filtered
rings, ciearly shoe thet in the general cose, it is ispossible to houe
equivulence beteeen (the generalizotions of ) A ond B.

In [NORH] 1 gave a definition sufficiently general to clive for o
cozmon treatzent also of stonderd beses in non-coseutative polynoeici
rings. This was done choosing R as o definition of generdlized Grébner
buses (shich 1 called d-gets}, and using {follosing [LRZ] ond [ROB2]} ¢
concept of tere ordering sore generol than the one introduced by
Buchberger [BUCY3]Y, | relaxing the condition of positiveness for «
ters ordering.

Hhile it wos to be expected that B ond B sere no sore cquivelent
for non-positive lerw orderings, it sos possible to give o sooker
anglogon of B {eoch polynosicl in | hos a d-representation} which wos
equivalent to A, but which hod some uncxpecied features:

1) the definition doesn't inuolue representotions of polynosials in
the ideal through the basis elements, sith coefficients chosen in some

sxtension ring are slivsed;

2) the definition isplies that o d-sel is nat necessarily ¢ bosis
neither of the idedl (0s it already heppens for standard boses in the
commutative cose) nor of its extension in sose extension ring.

Hoseuer, as 1t ol be shoen in exospic 7 below, thiz anologon of B
cannot be teproved.

The ciz of thiz nole iz then Lo gve o possible interpretation of s
unexpecied features: it @il come out thst the probises ore originated
sore by non-noetherianity than by non-commutativity; and that the
onalsgon of B mokes perfectly sense, orce interpreted n terms of ring
completions as follows:

Fis o d-set of I, if, denoting i the clasure of I in the
ceepletion of the poiynomial ring =.~.4. o lopology noturally
induced by o lers ordering, each element in I° con be obtained
sz o lisit of o Couchy seguence of polynomicls, euch of thee wsith
¢ "good” representotion in teras of F.

So ¢ concept, more sigllor in rolure to the one reluted to
representotions through Grdbner boses, can still be applied, but just to
clements “opproximating” the clesents one hos to represent,

This helps to undersiond the roic of the formal power series ring
in the definition of {comrutative) stendord boses, it siresses the fact
(oiready suggested in [ROB1]) that Grdbner boses and their
generalizations haue o strong connections eith ring topologies; it
suggests afso how to state o generalzation of § which i3 still coquivalent
to (the generclization of ) R in the geacral context of graded
siruciures.

cic SR = T
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LRECALLS

L1 Let § dencte o free serigroup generoted b
If 2,n are In S5, ge will 2oy & is o sulliple of n
ere L in 5 st e=lnr.
KIS, K o fleid, wifl dencte the ring ohose elemeqts
combinations of elements of &

Kis]= Zioympig € K7, mes,

with multiplication canonicolly defined in terss of the senigroun
puitiplication,

12 B tere ordering < on § is o {otal ordering =

I
el

i} for oft B, &, 0§ m < &, ieplies s &, <z, ond 7, 8¢ By B

i) for all v in S, there exists no infinite decrensing ssgueacs
R ds >l ost for ol & va.
; :

f tera ordering will be colled positive
ordering =il be colied_nzqutive Iff tin for
mzan and p2ns for olf a0 in S

If i3 ¢ teo-sided non-zrerc idea

5.

in ¢ feo-sided iwag

i4 B distinguished sei (shert!

generates N{I)

15 Ue say thot

H terms of ¢ (possibiy
infinite) set FCK{S] #1 there iz o .4 and for
alf &

1 geXlS)
2} if g=0 then g, .=
3V f g0 then there are 1,2 €5, o ¢ 0% { ¢F sy
IR N
Ml )=t i be
g.; =0 then fidgiviig J
de say { f hog o finite d-repres teres ol §
:*HMJ;o_*,mw‘.o.mnu.w:v 3

2y A nd e LG e 20 000 Ye | for all 10

t
i . r+1

Let us denote, for eoch s in S, Uz} the K-vector spoce mith bosis

{r:nesS, ndsl,
He say thot { haos o pod. = g-representation in terss of T iff there is g

s.i. g has ¢ {inite d-representation in teros of ¥ and f-g is in U{a),
equivalently iff f has o finite d-representation in terss of

FU{mneS,ncnl.

L& THEBREM The follosing conditions are squivalent:
Y Fis o d-sel for !
2) every fin T has o d~representotion in terme of T
3} for el {in Lfor all & in 5, f hos o »od. & d-representation in
terms of F.

Broof:{ ORI} Prap.2.2.

L7 Given an ordered poir of teres, (a6, )¢5% the set of motches of

{r,,8,}, deroted by Ble,,z.), is the finite set of gl 4-tuples

:M 2rurald € 5% s.teither:
By s g = gy
2y b -

1, 3y - ﬁa__ﬁm

3} Hw =y _N..M_ ry#l, thers is v45 sl wxi, By = mmu. By = wry
43 b= py= g fi=l, ro=l, there iz 5¢8 5.0 gel, B T oary, By ¥ |

z

L8 LEMNA Let | be an ideat in X[SL, Fol o bosts of LimeS. The foliowing

;
ure eguivgient:

z
1} svery gel” hos a nod. & d-representation in terps of F

2) for all m_ummﬂw for ail _“_T_m%vjmu € Esrnmv., for all {res,
f= _n:mv ! i J PR mn;v i

mm ﬁm ry o
{if not zero} has ¢ sod.s d-represenfation in teras of T,

Erpof: {HOR132.4.

19 COROLLARY Mith the sume assurplions os in Leemc 1.5, i ¢ is negative,
then the folloving wre squivalent:
i1 every g€!* has a wod. a d-representotion in teras of F

2) for alt T;ﬂmmﬂu far gl {

_n:N:}?_

(if not zere) has o sod. = d-representction in terms of .
Frogl: 2)51) e have Just to prove that 13.2) holds.
Let then S.“mmﬂ. QT_MH_HMV € Emrmm: 1= _mﬁmv ::2 - HQL _w_mvw

and essume f ¥ 0; let ireS and g =1 f e
By essusplion me knoe { has o sotd. 2 derepreseatation, e there s




helU{a) st f-h - I, o) fir; is o finile d-representation. Then,

since < is negative, lhr ¢ Y(n) ond g-1lhnrs= M_.u: gitfimris e

finite d-representation.
2. BH EXAHPLE

2.5 The ais of the folloging exaeple is o show that, accepting g3
definitlon of d-set the one given in 15 {ie. o definition naturally
involuing “the idea! of waxisal teras™), we connot hope to improve on the
cencept of d-representation gluen in 15. Ue sill shor in foct that it is
uravoldable to houe not just u "series representotion” invoiving infinitely
Bany sumrrands, but also Infinitely =ony bosis elements sill be required in
the representation.

2.2 Let R = {ab,c,d,e}, 5 the free semigroup generoted by £, < any
tern ordering s.t. for afl =, in §, deg(z) ¥ degin} implies m<n {e.g. the
inverse of the graduated tere ordering defined in [NORI] S1),

Let fy = bede -cde®, f2= oble - abi*%¢ for 121, sc Al = bede,
Melf) w avle ¥ |

Becouse of [MORI} 24, 5 = { £, . ieM } iz a d-set far the ideal 1t

genergtes.

Let m; := ablede?™" {31 and = ab lede

23 I iz then immediote that the follozing hold:
B m-t = Ko, 4ireS, then j=i ey

2) i t-m = mﬂ.? threS, then j=0, ¥, t=n,_,

3)if n-t o= :\_.v_ LLrES, then =0, t=&

4) if t-n; = ~J~; threS,then j=i, t«n,

3} Trmm”ﬁ,;mﬁmw =i

poAEN b U o ien )

6 sy is not in I; for all  in 5, ay s

I+U{t} ond hes o mod.t

d-representation in terss of G

for, let d i=deg(t), s s.t. d<3s+2, ther
=X, fdedtle (s AU

[ERIN-CH

iz such o represeniction
?) the anly d-representation of 2y in teres of G is {using sith soze
cbuse of notetlon o “series” representation
- . £, 2i-1 s vl
By M?roo fide * M_xroe et %

24, U should then be clear thal ihe concept of d-representation
proposed in 15 connot be inproved ond thet ne techmigue os in {nOR2,31

to compute d-representotions in finiiely maony steps con be opplied.

3. POLYHONIALS RITH d-REPRESEHTRTIONMS

3.1 The exaaple above shows ancther bod fegture of d-representations:
there are polynosials not in the idea!, shich have d-representations in
teres of g distingulshed set of the ideal

This porallels a situation shich occurs glse for standard boses in
cozrutative polynomiol rings: there, if [ iz g polynosmial ideql, olt
polynomials shich are in IR, R being either the localization or {he
completion of the pofynonial ring, have o series representotion in teras
of u standard basizs of L

The oir of this sectien is to chorecterize the set of poiynoeiais with
d-representations in terss of o d-set of the ideal; e like to give o
characterization given in teres of operctions sithin the pelynoeia!l ring
only; cbuicusly such ¢ cheracterization is possibie also in the
cosutalive case.

3.2 BEFIMITION If | is an idecl of KIS], denote 0{1):= Ogeg (I+Um))

3.3 REMARK If < is positive,since U1} = 0, C{I) = I, 30 the results
below are trivial in this case.

If (s not positive,thers is neS, n<lThere iz then en infinite decrecsing
sequence of terms Myl OnE Obtains such o aequence defining

no=n' In the proofs belor, ce will freely moke reference to this

seguence.

3.4 PROPOSITION If 1 is an ideoi of K(SL, C(I) is on idedl of ¥[S)

Proef: Remark that if < is positive, £{I) = I, 20 se need @ praof oaly in
the coss that there exists neS, n¢l

Ke hous to prove that if TeC{I)¥, geK[5]*, then fg and gf are in I+U{e)
far cuery B€S; ve =il proof just that, given =¢S, fg € I+U{a}, since
the other proof is sysaciricol.

Let n' 3= fy(g); in the decreasing sequence Rty sheee Yy i a

there is | s.t. n'<e. Since fel+lin;), there are r,mr:.mE:my a.l.

f = h'+h" s0 fg = h'gthg, with h'gel, h'geliny} ¢ Wel So fg ¢ I1+U(a)

3.5 PROPOSITION The conditions of Thesres L6 ore equivalent to:

4} {eC{l} if f has o d-representotion in terss of F.
Proof: f}=4) Assuee {€X[5}* hos @ d-representation in teras of F.
Then (by implication 243 of theorom L6} for cach meS there io g =t
f-geU(n) and g hos o finite d-ropresentation in teres of F. Then gel,
se { € 1+U{a} {or eoch €5, and fel{}).

Conversely, ve wont to shos that for each TeC{I)%,{ has o




d-representation in teres of F. Becouse of resark 3.3, se houe 1o
prove it only in the cese ¢ is not positive, ond becouse of Theorer 3.6
Be Can prove instead that F is o d-set for C{I).

So, tet feC{1}®, & 1= Ny(f); since fel+U(z}, thers is gel st f-geti{a);
then z...nwv = m._.:y and since £ is e d-set for [, Hy(f} is in the idecl
generated by Mi{F),

432 2): obviously if fel*, f€C(1)*, so0 it hes o d-repressniation
in teres of F,

4. RING CONPLETIOHS

4.1 e intend noe o give on interpretotion of d-representations |
teres of ring cospletions. Therefore, we presit some recolls an bosic
cencepts ehich siff be uwseful in the fofloming of the paper.

4.2 Let & be an associative ring, for esoch meS tet U{n) be ¢ subgroup
of R

He say U= { U} : neS } i on S—flitration of R H. for each mne$,

Waluin) ¢ Wan).

The S-flitration U induces g topological groun steucture on B {the one
shich is obtolned considering U as o systes of neighboroughs of zero),
shich is Heusdorff iff niie) = 0.

He suy R is an S-filtered ring #, sorscver, R iz o topological ni
the topology induced by U.

13 1f R is an S-filtered ring, sith U as fiitrotion,s sequence (f, - FEWY

AR
of elements of R is cailed o Cauchy gequance H{ for every ¢S there ie
nel st for all s,t2n, -1, etila).

A sequence {f, 1 i¢N) converges to 1€k (f is o fimii of {f;:ien} }iff i

for every me€S there is nel =i for ol sin, memanmv.

Two Cauchy sequences {f;} and {g;} are colled equivalent if¢ (f-g;)

converges to G

R is colled complete iff sach Cauchy sequence of elements of R :
converges to an element of 8, :
Each S-filtered ring B has o gompletion B® st the lopolegy induced by
U, ie. B is ¢ topologically complete ring, s.(. R is topologicelly isororphic :
o o dense subring of it (see eg [HUDD).

4.4 Cleariy, U == { U(a} : 3¢S ) is an S-filteation on KIS), and the
topology induced by it is Housdorff, and morecver is discrete iff ¢ ig
positive. In this cose, K[S] is ¢ cozplete topotogicol ring eith respect: o
this topology.

;
|
i

&

Therefore, in the foliosing, we eill exclude this trivie cose, shile,
obviously, the results belos hold alsc in this cese. So, Lhroughout this
seciion, ee wifl casuse < s not positive; Dl B denote the infinite

decreasing sequence defined in Remark 3.3

4.5 LEMIR KIS] i= on S-filtered ring sith U = { UW(e) : 8¢S } as
S-filtrotion.

Progf: Ue hove just to prove that, for eoch €S, there ore »',8" in S,
st if fel{a’), geUla"), then fgeU{a).

To proue this, fix an arbitrory 8" and let 0y, be the decreasing

sequence defined by n'y 1= a'n;; there iz i 5.1, o'<e. Define then &° = n

Then mmmcﬁw.u.u - C.Av.mv c Ulm).

4.6 Ue intend here to give o representotion of KIS shich is different
by the cne recolled in 4.3

Befine K{[S,<1} to be the set of afl opplicetions f: § — U st thers is
no increasing sequence ?L of eiesents of $ eith 251 = [ for all i

KIES,<1] is given o rlng structure, defining:

{frgin} = f{a)rgla)

(fade) = Zf(w')g(e"), shere the sua runs on olf poics (shich ape
finitely many} s.t. e's”=a,
Since K[S) con be defined os the ring of those functions f: 5 =
shich are zero se., KIS} can be conenically identified as o subring of
KEs< i),
This definition noturally extends the definition of the {comautative)
“formal poser series ring n:xr..;x:; so ee #ill {with the usugl abuse

¢f notations} use o “series representotion™ for the m_mwgﬁm of K[[5,<}]

shich are not in K[S], denoting them gs: I oy, €K, mel, mpe,

i=1,00
for all i

For every such elesent f, one can define (e = =y, fe(f) = oy
One con aiso define We)" = { fek[[S<]], =0 or Medf) < m b

One has then that U™ = { Ue)™ meS } is on S-filtration inducing an
S-fiitered ring structure on KI{S,<1) and that U(e) = U(a)™ 1 K[S]

4.7 LEMNA K[[S,<11 is the completion of £[S1
Proof: i} X{{S,<]] is_complete
Let Qn_v be ¢ Cauchy sequence in K[{S,<]L

e Intend o construct o fnet necessarily inflnite) decreasing sequence
Ry . of elements of 5 and o seguence CpperesCan {indexed on the some

set) of elements of K%, st 1{;) converges to Mo_.am.
3

£ one can extroct fros (1) on infinits subsequence ﬁmﬁ.v s.d. fﬁmwu




g

fare o decreasing sequence, then {f,) converges Lo 0.
Othereise there is H sd. if 328 then elf :() s constent.
Befine then & = f{fy), ey = le(f)

fepark that the Cauchy sequence (g} with g =fr-cm for ol §, is

Mplg;d < my for sufficiently large |.

Rssure now we have defined yp.niC, Byub. @i the B's gre a
Tt S n i

decreasing sequence gnd the Couchy sequence {g;) with g; = f - Mu.o.a.

for all i, i st fip{g} < s, for sufficiently lorge i

Then, ogain, either one con exirect frus i gn infinite subseousnce {h)
g Q j

RN

Bl

st ni:wv fore o decreasing sequence, in which cass (g} conuerges to

0, and (£} to Mhomf ; ar there is ¥ st

constant, in shich cose one defines e

the procedure cen be repected.
If, in this gay, one obtoing  an infinite decregsing seauence By,

elements of 5 and a corresponding sequence CpesC of elesents

e

g:H then _oﬁmuvzimuv is

mn:v.z.‘mu and

of X*

then cleariy T‘L converges Lo g :=Xc.m., since for oll €S there is n

Fi
stoey Cow,oond, if s is sufficiently large
nﬂmmwumv xq: .h Ln \M. .%v <om
2} For_egch element of KIES <)) pvmvm is o Couchu seguence in K61

converging Lo it
If feK[S), ther the thesis iz ohuicus.Oihersice fet § = 3.
define |

¢ing Ther clearly {f.) converges to 1.

5. RIHG CONPLEVIONS RHD d-BEPRESEHTRTIONS

51 LEAMR tet 1" c K{[5,¢]] be the idea! of aff limils of Cauchy
sequences in I Then the follosing hold:

i E.QJ = 1y(D)

2} 1™ = (It + ey

KIRERE! v " n s}

Procof: i) Let *mﬂ {=0; Qu a fouchy sequence of elements of 1

conuerging to ; by the orgusent In the proof of Prop.4.7.1}, If s
sufficiently forge, My(f) = My(f ) So the thesis

is

2k Let f e n{l™+Ule}™); then for ecch oy in the decreosing sequence of

teres defined in 1.4,there are fielnge W)™ st f=fsg

Since f; iz the lial of @ Couchy sequence of elerents of I, there

fi-pi€Uln}™ Then () is o Couchy sequence af elesents of |

is p

wm

H

converging to f, singe, for each i, fro » gr{-piieli(ng)” Therefore
fel

3k I fe 17 n K[S), then, by the argurent aobove, it is the fizit of a
Couchy sequence (p;) of elesents of [ So for each u, H 3 is

sufficlently large, f-p € UWau)" NKIS] = Ule); s0 for ecch e,
m..umh,:zuwvmm.«c?y therefore { ¢ C{I}L

5.2 LEMMR If { ¢ K[S] has o d-representotion in teras of F, then f
the liit of o Couchy seguence (p;} of elements of K[S], s.t, each o

has o finite d-representotion In teras of F.
Proof: Let 9 9k, 4...? be as in 13.

For every n, define Pn ™ 91~ Qpep © Mmu_.m ol f;ry; then, for every n,

Py has ¢ finite d-representaticn in terms of F.

Ue need to shoe thot Avnv is a Cuuchy sequence cenwerging to f; this is

obuisus if g =0 for lerge n, 20 cssuss 9,0 for svery n.

{ By{g,)} is then ¢ decreasing seguence, so for soch n€S there is n

a.t. x._.mmszn.;ovomaﬂn for each ne$, there s n st if »,02n,

PrPy = Gguy” Geeg € Vlplg )l C U(e), and T-pg =g, € Wtiylg,)) € Ua).
This coepletes the proof.

5.3 THEDREN The folioeing conditions are squivaient:
Y F is d-set for |
30 H{F) generates  f(1%)

B} €™ ifi there is o Cauchy sequence {p;) of elements of K[S]
converging to f, 8.t each p; has o finite d-representetion in terss of

F.
Proof: 1¢$5) : obvious frew Leemao 500D
6)=25) Let a¢ty(I™), fel” s, p = ximf {p;} the Couchy sequence of

elesents of K[S] conuerging to f, shose existence is faplied by 6).

s

Then, if 3 is suf ficiently large, niumv = m, and if Mo__m_.vm is the f{inite
d-representeotion of By in teres of F, .3.13 = 4fig{f ey

S5)ab) If fis the lisil of ¢ Cauchy sequence (g1} of elements of K[S],
3.t eocch p; hos o finite d-representation in terms of F, then for all
g€ {F} < 1, so fel”

Conuversely, i g€l”, there are f1€F, :nsmmw_ 8.1, niwv = b ni.rv .
Then g5 =g, - L1 ry either is 0 or is s, fylgy) < niplg)

Ue con repeat the argueent getting a sequence 92G0Gn- Of clenents

of 1" at., for ol i




Bt g = 0, then g, = &
2) g ¢ 0, then ihere sre gek®, b€, 1i6F, st

D8y = g o b
i) nﬂmmmv = : nim
:_v if mmi ® mh then H._\Ammu vﬂ._.mmdlv

L7

Remark that this Is ¢ d-representation except that g; ¢ K[Sl
S0 @s in the proof of PropS.Z, defining Py T EumwiuMmur: g Mmﬁ o
{p,) is a Couchy sequence of elements of KI{5] converging lo f, a.t.

each p; has ¢ finite d-representotion in terss of F.
6. TRUHCATEDR STRHBARD BRSES

6.1 The interpretation of d-sel provided by Th5.3 shows thot the
follosing definition is ¢ notural one, which extends in a sense the
concept of truncoted poser series. An analogous concept has been
recently introduced for the ring of convergent power series in [EFSL

6.2 DEFINITION If 2€S, we w0y ¥ is o e-truncoled d-sel for an idedl |
iff every { €1" hes o mod. » d-representation in terms of F,

6.3 If < is a negetive ters ordering, o d-set will be calied {as in the
commutolive cose) u standerd basis. In this case,every ideal 1 has @
finite =-tlruncated stondard beais for ol s¢S.

It is chuious that,making use af Leena 1§, just minor wodifications io
Buchberger's olgorithe provide an algorithe shich,given o finite bosis F
of a finitely genercted ideal I and x€5, computes ¢ finite m-truncated
standard bosis of 1

T.STREBARDG BRSES IN COBRUTATIVE POLYHONIAL RINGS

7.1 Let ¥ be a {either finite or enunerchle) sei of voriabies *xf..;x:“:.?

and let K[X] be the {commutotive} polynosial ring in these voriables.
The moin definilions se houe given througheout the paper are
generolizotions of the anciogous definitions for the cosaulotive
polynomio! ring.
[n porticulor o5 con define ¢ ters ordering < on the comautative {ree
sewigroup T generated by ¥ {shose elements, as usual, we wifl call
lergg! as o totol ordering st

it for oll IR PI R 2%y implies &en By

it} for guery o€ T, there exists no Infinite decrecsing sequence

B2z sk for off i, By a,

(rezark that tion doesn’t agree either sith Buchberger's

iz

[BUL1,2),ehich considers only positive ters orderings, nor eith Lozord's
[LA2], shich doesn't require condition i} J.
He con then define Ic{{} and sz for o polynosial f; zwmﬂ for o set F

of polynomicls, so that ziC is u seaigroup ideal, if [ is on ideal: UWa)

for every term e; U = { U{a) : 2€T J; C{I} for everg idea! L

de can Introduce giso (with just the minor changes required by
commutothity) the concepts of d-set, d-representation, finlte
d-representetion, nod. & d-representation.

If we introduce alse the concept of T-flltered ring, clearly K[X] Is o
T-filtered ring and s completion s K[[¥,<]], ehose definition is the
comsutotive anclogon of the ore given in 4.6

Remark hosever thet K[[R,<])is just g subring of the foresi power
series ring KIIX1}, ond coincides eith it iff ¢ is negotive; othereise, e..,
220 then 2oy o vl is in KIIRID but not in K{{R<1).

1
He then hour the foliowing anclogon of Theerer 1.5, Propesition 3.5 and
Theeres 5.3

7.2 THEQREN The folloming conditions ore equivelent:

1V F iz o d-set for ]
ery { in 1 has a d-representation in terss of f
©

afl fin 1, for ofl ters =, f has @ zod. & d-representation in

n:,_mm:j:“rnunaxﬁauﬂ.auna»nﬁo:wu»a«,mno%m
i fylF) generotes  My{I")

b 1el” #{ there is o Cauchy sequence {p) of elerents of K[¥]

converging to f, s.t. each p; has o finite d-representation in terss of F.

1.3 The following result, hosever, depends on coameutativity; ¢ non
cornutotive counter-exgeple is abtained toking § generated by {a,b},
Fom{brabol, 1={F}cK[S], g~b.

7.4 THEORER If H(1} is finitely generated,{so in particular if K[¥%] is

noethericn, e, ¥ is finite) then the follosing conditions are equivalent:
UF iz o desel for |
7Y gel™ iff g = Liopy Myl hye KI8T, f.eF, and

Arin ) fy{f;) for all i

-

3
Prooi: 513 7) Since My(1) is finitely genercled, who.g. ve con ossume F is

He in the proof of $)26) {see 5.3}, 2e can oblain an infinite sequence
084G of elements of 17 s, for aif ©

if g = 8, then Goy = U




[Ex}

& if g; * U, then there are ommn«, S IR
D ger 7 g9y f
Hr fiylg) = & tig{tp)

ii) if 8t ° 4, then J..«ﬁm“v vn,_‘AmTv_V

If there is n s.i. g, = G, then there is nothing e prove.

So, casume g, = 0 for alt o For every feF define pglf) = 0; define
thar, for alf nii, pRlfd = oo AE3 0 £ = 1, UnAC = p ) v oa By
Clearly, Tor every f, { u:?ﬂv Pie o Couchy seouence; let plf) be il

t; then 3.ﬂwﬁbmuvv ﬂ.ﬂAmv pd ﬁu, H.wﬁ?u = Jqﬂmv mwwo. a = M.m.m_n U?«w .T S0

the thesis,
7)23) is ocbulous

7.4 fiso in the coseutotive cose, if Ay} s nov finftely generated, we

cannot improve the concept of d-represeniotion es shoen by the
foliowing exoeple:
let B be infinite; let 1 ¢ KR be the idel generated by F = {f

i iz},

shere f, = xm«xm o Let @07 =+ W be the unique semigroup aarphisep st

w{¥;} = { and let < be o tere ordering s.t. for svery v oateT, sl )a{e"]

implies a'»n", so ¢ is negative ond ¥ iz ¢ stondard basis of |
Then ®.¢ 1" and Xy is the lirit of the Couchy sequence muuv where for

all n, Py o= xmlx =

nel i IUis easy to see thet this gives the only

d-representotion of ¥ in terms of F, se ! iy not o basis of " in
K[{%,<1].

Te shoe thet o stonderd basis F of I moy not be o basis of 1 in K[¥]
¢lso with noetherianity vesueptions, the {olioging weli-known excmple cen
be prouided:

Let B = (K}, 1 := (K}, f = x-xmu F o= {f}, < the unigue negolive fern
ardering on T, then ¥ is o stondard besis of I, bu, clearly Ré(F) and
the only representotion of ¥ in terms of ¥ sotisfying the conditions of
Th24.7) s ¥ = (X, Hy g

=000
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