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GEMERAL INTRODUCTION

In recent years, originating both from Buchberger's concept of
Grobner hoses [ﬁIE ,2,3] fer a polgnomial ideal and hiz glgorithe to
compute them and from Hironoka's concept [HIRY? of standard bases far
a formal power series ideal, different instantiotions of a genetal
concept of Ordbrer or standard bases houe appeared, for ideals in
polyronial rings, algebras of soluable types, groded rings,
with an aim 1o .#umputmirml '“mum ations to commutative algebra,
differential algebra, algebraic geometry, word problems.
H unifying approach to thiz =Dru::ept has been however proposad only
recently by Robliano in the setting of valuation rings, by the
introduction of the concept of o groded (ar filtered) 3trfu-c.tur*e and
of a gensral notion of standard basiz in this context [ROE1 {sinliar
unifying proposals con be found also in [SHEY and [B-S])
Robbions's notion, while able to sncompass essen ntigtly all

algebraic-oriented instantiations of a gereral ceneept of Gribaer or
standard !:naaes;; l= too wide iz allow for g generalization of
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Buchberger's algorithm {4 is to be reparked that
3

£
. [R4 i Em) +
concepis he qerzerah ed ~for iﬁf:ts_rzce the ariginol Hzrmﬂu?n rigtion-

motivated Ry the ain nf rar‘mﬂ sulta

under mhiﬁl‘z the known algorithns

algorith Htim Larard's

the ariginal
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STHHDARD BASES AND CAUCHY SEQUEHCES

IMTRODUCTION

R graded structure[ROBI] is a qu;ntupip B=t(R"u5F) vhere 8 iz o

-

ring, T iz an ordered semigroup, uiA-{0} = i= g func t;nrx which hos

the usual properties of g valuation, & i o M-graded ring, in:H 205 g

function which, to an elemant g ¢ H, associotes o homogen=ous element
of L, which can be thought as an “initigl fore® af

In graded structures, a standard basiz for an ideal 1 can he defined
az o subset F oof 1, a1, sither:

R} zach element f ¢ I can be repressnted as f=2q7f, wih

5 €8, £, €F and ulgd+ulf) < ulf)

B) fin{f):feF} genernh thr:. homogenesus ideql

i;(?}= in{fr:f e 140},
The tao P..:;dltnsn m'- e Li!t«'r"iF*r‘ it I' iz well-ardered {or nors

generally if [ s g5 a "Krull-likz" propertyl; bowsver, in general, as
Robbiana -’hiﬁh‘}Pd B] Th.3.1), suhliw the first condition glwogs impliss
the second ang, th:: tye conditions are nat equivalent,

The first part of this oaper degls with the crablem of the equivelence

of conditions A) and
Theorem 31 of [ROB!] attacks the problan stating a general condition
~which is met in mony inportant situationz- under which the two
cenditions are sauivalent,

I propose o different ooproach to ihe srablem, namely to find
conditions which are eguivalent
R), which howsver gre still rel
I, which are "bounded” with pespect

“ne reason for this s thot the known algorithms for standard hosis

i::g:;m;n_;tat?;jn are fjr'-'f-'\lg.’:';?ffij in ardsr 1o r:.::gr;pz_;te a zat saijafy




property of [
If 7 iz commutc
H') each Eiement *th can

candition Efi

T
cmcarterd g f =% A F ith
gaanter @1, with

pres d az ¢
R € F and ulg) +uify) < ulf)
wha@e H denntes the - omplet af H wrt, tha topaleqy induced by v

{':r_';tu_.xiajus!g uy oagnd in extend ﬁn"*iig to AT

However in general g charocterization of standard sats simifar 1o 8°)
cannat be hoped for, and the best avallable condition in terme of
"bounded representations” iz the foliowin 1q:

A"} zach element of [ cam he abtained o= o limit of o Cou chy
zequence of elements of I, aach of thap hauving o representation
in terms of F which iz "bounded wrt. the valuatien o'

After recolling the ntmn u:uf graded structures and illustrating it with

several examples (81), 1 introduce the notion of sfonderd sef {a =et

satizfying condition B) f roan ideal) (823 and an eqmua!em fi-like
condition (¥3), which is then interpreted in terms of ring completions
134) and ::.reng?hened in the commutative-noetherion caze (553

! GRADED STRUCTURES

LU DEFIHITION Let A be a ring mith | {not r;r=w~~*m*g a comnutative op
neetherian are); T g to Lallg ardered semigroup, whaoss order mg iz
denated by <; F = {Fiyl:y ¢ T} g set of additive tfiubgr"!:)!.ifiit'- I
satisfying the folloning x:x;nm:%:

(R1) Fly) is contained in Fi5) 3 § <6

{R2} FixIF{5) is contoined in Fly+b)

{R3} for sach aef, g=1, thera iz v €I st gz Fiu) and

for sach & €T, a1, §<y, a4 Fial

A=(A,F) s called 0 Aerad atrveiore ([ROBID,
L2 The following objects can be cansnic ally associzted fo A
w fi-i} = T, o function whick to every o< f, =, aszociates

the minimum ';j £ i_' b0 € Flyg;

Us= {lily):y € Th, where, far each y e T,

‘\.

ﬂddzhu
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5uhgﬁaup of Hj

iLive gGihoun,

if endowed with the
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1.3 Hetuolly, the definition of filtered and graded siruciurss in [ROAEL]
is restricted to ihe commutotive cosze, Howeu er, the extension of the
concepts ond of the basic properties to non-commuiative coszes is
straightforeord,

14 ERANPLE S{MACT) Let Pa=k[%, ri_i}, koa figid; 8t T=N, with the
WEudl ordaeing; for each ne N, let Fln}e={f ¢ Prdeg{f) 2 nt {0}, lat
F={FinlineMi If <P, {20, ther f can he uniquely written
f=‘£1.=ﬂ_ tfi’ f]. humogensous, wg(f1}=t, ft“]»* dafine thern in{f) =fi;
define in{0}) =10,

Then (PWFY iz a filtered structure: |ts gsso cioted groded structure

is (PN, degPin}

__|""“"

3 ERANPLE Hore in general, e’r [ be an ordered semigroup, and G a

graded ring. Then each g0, g=0 can be uniqaei;:; written oz
Q:Z =149 3 homogenecus, 9.2 0 and deq(g.) > b deglg,, i define
deglg) =degly, ), infg)=q,; define in{0} =ll For zach y e T, define
Figl= fg¢G:degig)< 51 Uil
Then (50,1 F1= L6, deg,Gind iz g fiitered (groded) structure,

L6 ERANPLE ([BUCIL[MGMIY As o porticular cose, i P = RHy i 1 ko
s

tield, and T iz the free {multiplicative) sommutative semigroup
gersruied hy '1‘_'11] .,H g, then Fois a T-groded ring: the zet of
homogeneous elements of degree me T is {cm:ce k),

L,

If < is o total semigroup ardering on T, then each g P, g* Ul can be
m,

uniquely written os 9% 2y ymm, o € k-{0}, e T,omo> o, define
deglgi=m,, inlg)= 2y my; define in(l} =10,

Then (F.T,deq,Pin) iz 2 groded structure,

BT OESHIPLE ([HIRD) Let A =k[[4, .8 11, P =k[H, .. a field; if
.
Fef, f#0, then  can be unigu el writtan =%, €8, 1
UL LGELERIES dagif.i= o2l the argee of § detined to be
ard{fi=1; dafine alsc Pe=dy define in{0) =0 For oegch oS, st

! .
If N is ordered by “uf inverse of the usual ordering, then {(A,0,F) is

T
ST T’j,“w‘« itE aszocintes oraded sirgoiyre is .:{ﬂu:lﬂd




" A - —f % r
Mgy B =1 Uefine Flnl=g"

T3 I .o o P -
rhen, 1 N ordered as in LT, ©

W %:ieﬁ.f“ir}: s_?,ﬁi = minin £ 0 ‘;" £ p”j- anid i_rali_fji o=

! L

re residue class of 1 in p"/p™", where no=ulf} defining aizo

in() =0, and G demta:-: the grn:ded Ping @ p, p"/p™ !, then the

If for eack f e A, =0
1

associnted graded struciure is HoM s Gin
q

L9 ENRHPLE {[BERLINOR2TY Let § be the free {multiplicative,
non-cannutotive ) semigroup generated by {‘H, ,,ffﬁ}, Eoa field, P=k<5>
e the non-commutative polynomial ring gensrated &y r”1 o

£
5

-...\_.~

b
fiz in the commuiative cass, P iz a S-graded ping.
If <is a total semigroup ordering on §, then sach gcP, g=0 can be

uniquely written as g- .'-‘21.21_”ﬁ Gy, o € k=10, m €5, mo> ;g define
degig) = m,, infg} = oy myi define in{) =0

Then (F,S,deq,Pin) iz a gMdP structure,

LG EXAMPLE (IKBUDY R is called o polgraa rag of anfingide fona if
there iz a polgnosial ring P = H“’i-‘“ﬂ“n} and an ardering < on iis

semigroup of terns T ot ::ienm‘.ing fF‘,"f_.degF,,.F'_,inle the graded

=t ‘UPUJPF' defined in Ex 16, then
i 8 colncides with P oas a group.
) Th‘; muttiplication ® in R is different from the one in P hut
the following:
2.0 can =, for all o<k, for ail |
21t iz, ’f»':i@}{_ =i ;.,.;i

z.
233 if i34, there is i’i,-j £F =4, $~'}ﬂ{x23“}«i f, +h
t . .l

and either h =0 o deqpfh..}i’ degni ”‘A’ A

For zoch f € B-{0}, a_.::f;rn: dag.{f) = degu(f), ey { ;,l :=SrF,"fﬁl

B0 i:?i‘,T_,degp,,?_.irsp'} iz 0 graded struciure

2. STRAHDARD BASES AND STANDARD REPRESENTATIONS




1 o= i " F gt s
5_] g 4 !'_g_,, ~
) SEAanEREaa1 'n‘*.- = i tenms ﬂf E;F

AP i AN N

standard repressntotion ot ¥

[ T}'_'a'_-ill.u”f_l .r.h“;’.. b’ i

_— =4 d penp
35 0 standerd re Jul]

2.2 EARNFLES In the following coses, B iz o stondord basiz for [ in 8
t iz o standard zet for

._4
=
%

i

13 R s the graded structure of Ex, 14 in this case, the
concept was ntroduced by Macouloy '
Hacauloy b 553 or H—bu;—:f::j,

2) B iz the graded a2tructure of Ex L6, with T weil-ocrdered by <;
in this cose, the concept was introduced by Buchberger ([BUCT],
[BUCZ], [BUC3L), together with an algerithm for itz compuiation: it is
kninmn l]-..: Grébrer bosis,

} R s the graded structure of Ex.?, whers it wos introduced
by Hi:*onx:zka L[HIR]); this is the context in which the name of stondard
basis was introduced fm’- the first time

4) R is either the graded siructure of Ex 19, with §
peli-ordered by < or the graded structure of Exli0 O, with T
weil-ardered by <; in both cazes the concept is known as Grobner

| ',.
LHass,

e A

I"[l

5) B is anyg commutative nastherian groged structure aatisfying

|
he Erull property {[ROBI], That)

i
i

2.3 ERARFLES In o general, hDLI.iEi}F'.r' while andard bosiz = alzo o

standard =et, the i following sxanpgles show
.
!

Ch =

Jet f= if»:.[;’-il, p = {iﬁi}, und r‘w ﬂ (R, B,ord,Gin,
:n oL
1

ip i% izomorghic to k, we can

,
raded ring,

=3 H’!‘h

fhen O iz o sztandord a standord



therefore nizc o i“‘nur-hl sian
i
[}

st F -'-n‘i_ﬁ “ he t‘.ha pe:a;grn:'ﬂ;iui ring in infinitely many

uarigbles, If we nssign degue.} =i for all L, P iz g @-graded ring

Let 8= (F,&,deg,Fin] be the graded structure defined in Ex, 1.5

1 P i ] [ ¥ x 1, ) (- A
Ll Ef*'i_.‘-‘:i— e ooz 1' s thaot IH{U ={;*i’,.:|;':1,'r,, g o= %_E’u_, I’“&r{i:ii*ﬁ}j
f=¥.

.

Then B is o stondard set and o stondard hosis for J iR f, o standard
st but not o standard basis for 1in 8, since SR SEAES SRR

Homever for sach n €M, hos g truncated standard represzentotion

al
at -n in terms of B, nomely

i i %o il P = T S P o
7 Py d T A and thersicre

alzo a Cauchy standard repress

24 EABMPLE In the cose of E,\. 2311 1t iz possible howsuver to produc

2 standard pepresentation of ¥ in terss of B eith coefficients in son
extension ring of A, as follows
Let 7, p, B, B be gz in Ex2.31)
Let A':= Hp_, p=pl let A = (R N 2rd B0t be the graded structurs

defined as in Ex0: it iz inmediate that G' s isomorphic to A, and that
the restrictions of ord® and in to A coincide with ord and in,
Since 1-¥ iz an inuvertible element in R B L O

sztandard representation @f A in terms of B in B
In a sinilar way, fet 87 =k[{K]], p* = pA"; lat 8" :={fA i oerd” G in" ) be
the groded atructure dm‘mmj 0% in Ex 15 it iz immedlme thm G“ iz

isomorphic to A, and thot the restrictions of ord” and in® to A
coincide with ord and in,

e hous that K=(Z_ _ H) (K-4%) iz o stondard representation of ¥
in t=rmz of B in A

Mo ~ R bho e A F P BRI
Ho gaver, it is clegr that in the cgses of B 2,320

R i

representations with coefficients in zome extension ring cannot be
faund,

E:_‘ii.f_{ )

[ e detins ra =, Ta = 1:’-_._, A, = a



e

T
%1}
ch
bl
=
1]

+
Remark that £Z, CA, CB are not uniguely definad,
26 LEMNR Uith the notationz of 2.3, the following hold:
Hofor dzi 0 £ =0, thenf, =
i
iy for B2, 0 £ =0 and inlf, 44 intE), then foet
- S ) "

i
=0 and i *'1_1 JeiniBY then

EAANPLES 1) et A, B, I, f as in Ex.2.3.00

A, =8, g =R b =W then C20F)=(f ine W)

Eﬂif}"fg in e M), CR{f)=(h

standord represzentation,
23 let B, B, I, f a3 in Ex.2.3.2%
If £ = Yhgyn g, =4 - YEY, h = P =NV then

)
EZ(f}=(f inE M) ﬁﬂff}=-{gn:ﬂEM?; CH{f}=th:ﬁEﬂ'—J'};

”T(f'— MHYEY is g stondand representation,

. - iy ||§-. fl{l_-lsl
n:!‘!‘.?f,-, HTE i ;"'i-! - il ‘,l 1T

3 et R B L fas in
£ §y -y o= Y ! = WY thye (e =
ii ?n .:n+1_1 -_1;_, 1\1 ”n""t" bn 'Iﬁ r!+1; gl CZ:I 1n1r

CALT)=(g :n el CRUTI=(h tne ) g =, (4-% )

standard representation.

GRADED STRUCTURES WITH INF-LINITEDR GRADUATIGNS

EU- 1‘3? f:= {?:!-?'-FF{H Pusbiind be a fikered {graded) structure,
_ .

STRMDARD BASEZD | 2

)




g ?f’:_f:i_'.:"r

34 PROPOSITION If P is inf-lmited, then the following conditions are
equivalent;

A1) B iz o standard =zt for [in 8

A2} each fe1-{0} has o Couchy standord repressntationin terss

;“I

i} either f has a Couchy =tandard representotion in terms

por there iz g€ R-{0} =t infg) 4infl) and f-g has o
stondard representation in terms of B
I theoren 303 Let meinfld, fe
j

> Lboro+g be g truncated standard

4,

representation at . Then m=in{fi=3 mi ; iml::;;rnh i, the zum baing

dong over those indexe:z: st ulld+ulbd+ule )=y,
1

¥ Ty

Al=2A3: jet f € A-10} and =t ('f,i:r; :

If for some n, £ =0, then t=g haz a standord representation,
If for some n, in

reprezentation,

Finaily, if for each &, =0 and inlf J2inlB)=in{l), then et

tin S U{fn 5 then i e N,

;
For each g ¢ F; ’r_her'e s then nosd, 4 4

._-ffi!- = 4

=i T b ey TL‘?-‘-_‘ = oA
. % = 0
I, T — DfT R | . - - il .
ihar [=001% and there is iwiiing o

wre iz an infinite decreasing seguence

[T
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Phe, with [gr £l
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34 PROPOSITION The following condit gquivalent to A1, A2 and A3
) £ & CID-{0} iff f has o Couchy standerd representation in

..N
(]
S
b
Ly
[
r”‘l
l Al
,_;
,":;-
==
[,
1 7
=
b
k]

uiﬁg‘ﬁ!{ ¥ If Lii,f)fl %S w!ﬂ.g HE CON dssume

=0, and there iz nothing
te prove, Otherwize u(f')=u(f} Than, by A2, fl=Zi

Ehor o+ g, with
wig) <y oand u{l) +ulbd s uln) < vif'}, sa f=3 Lb,ro+{g+g's, with
vif = ulf) ull )+ ulbd +uird, wige i<y,

fl R -3 - £ .~} ;oo 3 =
conuarsely assume f is =1, for soch i, f=% l tu o+ g, with

bor, € A-{0}, b € B, il drulbd +uin) 2 ulf), f-.»‘igfi' T -‘Ei::: fel+lUiy) for

gach y € [ and f 2 C{I}
1 IHF-LINITED GRADUATIONS AHD CONPLETIONS

4.1 If " iz well-ordered, the topology induced by the filtroiion
U={U{yl:y eT} is the discrete toponlogy, =o all the r-r3:3!.;s?f-. af this
paragraph will hold trivially. Te auold this trivial cose we will
throughout the paragraph, that [ is inf-linited bui not seli-order e,
In this case there exists on infinite decreash ng sequence

Wy P Uy 7 7y, P of elements of T Ue -J}EH fix

[
W]
b3
=
ad

such 0 sequence

throughout this and the following paragraphs,

.2 LEMA If T s inf-linited, R iz a topo ological ring st the filiration

le

i 3 € H-id) and

the completion of & art, U L
Then there iz H =t

. r.

converaing lo o




. ; il 1 than A 0
sgch noa,. . ¢ *-E'ig,r],lj than g = 00,

Tdiny o - “n
30, thers iz nost wia, b2y . Then fap sach ood, wia, J=ulg )
’ ST S : £ dln e
mfa Y=infa. .
angG "-"-ﬂ;z' i!‘i._ad{.ﬁ‘]f
44 LEMMA If (3 ) and {i:n i oore Cauchy seguences in # SOMUErGIng o
g € B7-{0} fher:, for 5.4f?i:.,er;ilg large m,n, infa J=inlb ),

Froof: (a -5 ) converges to 0. 5o ula_-b 1< wiag) for jfarge @ and

infa, )= Ena =intb 1 for lorge m,
1.5 COROLLARY Define w™ A= T, in™ A" = 0 by w™ini= '._.H;'fs}_.q}J
n“(u}’=':inif_ar,lv'1

Then B® = (A", u",5,in"} is o graded structure: iden ntifying A with its
image in A" under the canonical immersion 1:A = 5, u and in are the
restrictions of u® and in™ to A,

6 LEMA Lat 1 denote the completion of I i
Then I iz o two-sided ideal and (I =1" R

4.7 THEDREM If T is inf-linited, then the following conditions are
gguivalent:
A} B is a stondord set for [ in 8

AZ2) each feI-1D} has a Cauchy standard representationin ierms
of B
A3) for each f i

feR-{0]
1} either ¥ hoz a Couchy standard repressntation in terms

f
i1} or there is ge A-{0} =1, inlgy 4 inil) and 7 -g has o
standard rapr e&entatian in terps of B

A4 f < D{I-{0} f  has a Vauchy standord represenintion in

termz of B,
A31 B iz o stondard set for I in 8%
A6} e I° 0ff there is o Couchy s of 1

here iz o Douchy sequsnce




f—ﬂ £ ] hos o standord repre: tien in termz of B

.
iz shuious

M= LZiF),

Femark that, by the recursive definition, =ach a, g1
CRSE & for zome o, f =1

Then T"—'gﬁ has a stendard repressntation: thersfore § ¢

_______

Let n be the least such index. Then in™ff ) ¢ ir:"t_i""_’j angd f - fn=gﬁ higs

o standard representation; since il and g e, 41
CASE 2 for il n, D=1 =f¥

Then in"’“{f Jein™{I™) for all o

If we denote ' +=u™(f ], ly, 1n €M is a decreasing sequence, =o far

zach ¥ there iz
Therefore C2(f) iz o Cauchy sequence corvarging to O, and, since
gn+fn=f for all n, this implies that CA(EY iz a Couchl SEGQUENCE

conuebging to f,
Therefore f e 1™ and CRALY iz the Caushy sequence required by the
thesis,

-
[44]
—~
o
o
'-b.-.*’ ‘_'D
o [on S RSN |
a
o
5 &
L1 U
[a1]
[
b
= =
8
e 5
w2
@ —
m “—h
0
[y
Ly (R
=
Z -
g -
oo
Ea ] [
3 »
n
,ﬂ oo
P (O
=
[
T b
o=
2 _
w3
. ™
=
I
ST

if n EE: :E-'uff.if::l!;'f!’!t,ici iiir‘*ggﬁ m=§f“i'\f:f}=§|“{{f 1,

Let f =Z.i b.r. be o stondard representotion. Then

f 3= Z ini_!q., n;"l: 1 miﬁ } where the sum is token on thosze i

1, ij.-*‘u.b}ﬂ.:(rjé,

i

0
o
:—‘b-

=
I3

—
w."l
-
I

I

4.8 PROPOSITION Let fof €8°-17 be s, f, -1, 17,

Let i:|1,__:, A™ be st in™g, ) 4 in(1), in™{q, ) 4 inl1), t,-a, €1,
i - 3 =
f qz . -
Then u™ig
Froof: Since 9
in™{qg,
51:; :._,I’{\
4.5 RENRR faps IofH and f& g:’-—l’ i:!;} 47

tgidindl ond f-g has o standard

ot By g iz not unigue; howsuse,

med inl il are uniquely deterained ond




430 EZANFLES In the thres svsmples of 2.3 and &1, we have that
JU=1m =185 e 001 and s;{ Tis the Couc hy ssguence converging to f,

whose slements have a standard repressnigtion in terms of B

4.1 ERRNPLE The following example shows that in 4.7 the assumpiion
that T be inf-linited iz essential:
Let P=k[BY], T the semigroup of terms of P, ordered in such a Wy
that B9 < W91 6P ok or i=k and |xi, so that T iz not inf-limited
Ly \:‘"'H »u for all nd, let P={(F T}deg_,F',inﬁ' bz the graded structure
defined asz in Ex, 16, Let Be={8y - Y2} 1:={B3, J = (HN3 then B is o
standard set both for I and J in P and iz a stondard basis for 1 in
P
However Y does not have Cauchy stondard representations in terms of
By in fact let us chosse y =¥, and szsume by controdiction there are
Prr o 3 E€RIEYT st, deglgl < ¥ {uhich impliss g g€ (21, ond

-g=p, {‘v’—%'z,?w‘p?}% be a standard representation.
Then necessarily deglp, J=1 (neaning p A0,0) =0} and if
Py (RF = gl¥)+ ¥ r(8.Y), we should have Y- q(¥3 (Y -2 e {83, which i=

obuicusly impossible.
o LEFT IBEALS - CONMUTATIVE STRUCTURES

a0 Let Be={(A,l"Fi={A,Tu,5in he o filtered {groded] structure,

If Tis o left ideal of A, and BC L, let uz denote irsL{E«’} the left ideal
in G generated by in{B},

He can teiviglly modify the definitions of 21 in arder to define left
ztandard representations, left truncated standard reprasen
g £, left Couchy standard representatio: ng, left stondard ssts, left
standard boses,

If A {and 20 G} iz commutative, each ideal iz o left idedl, 20 we can
drop “left" frem the definitions oboua

—
[
=
e
Py
el
povy

if‘if‘ﬁﬂ]it&d}, 7 RE f.,-ﬂﬁ'.,ﬁ_,k}"_,l_i_,gﬂ":.5 pe its 1_:‘|m,‘!IE?,,Ea:1§‘;! T he g jefr el of ?:1
i its l"l‘l”‘[‘iF‘fi!‘!ﬂ in ; ;
the following conditions are squivalent:
L1) B iz o ieft stondard set for Iin 8

I-i0} has o left Couchy stondord representation in

STAMDRRD BARSES | 13



T

it st mu:la;-ﬂ representation in terms of B

HA

for 1™ n
a Couchy sequence (g ) of elements of

canverging to f, st for each n, g, has o left atandard

repressntation in terps of B
£7} fcm urh fef-i0kh
ffel”, there is a Cauchy sequence iqri ot

£

glements of I converging to f, 2.t for each n, 9, g o

left standard representotion in terms of B
i) if 4 1%, there is g e B°~{0} =t in(q) 4 in" {1°) and

|
—_
_4.
(]
e

=. |
Fﬁ’"
=
Pas

P

I"

r...

f-g¢] haz a ifeft standard repress

If §is nostherian, the fullowing condition is Bquiu
L8} B iz a left stardord basis for 1° in ﬁ“

of LI-L7 reguires an argument similar to the

2018 Since § iz neethsrian, one can extract from B o finite
] )

ums o= ik, ...,.t:f,é-,
[ ° L

f
10 - - e
H 13, 30 We Cgn 3E

Let feI°-{0}; {f tne Wi =020f], g ing @)= CRATY,

rn

=Za b ef ond in{h d=%.infa Yin{h:
R bi = foand inth ] 2ginba, dinih;
Far each i=1.% defire the zeouencs fo. 1 oas folions:

roroeacn o, tor each i, there iz m o2t o T rn i W
1
P B S N Ot ‘——44+,;.+‘= b
in - = Ly, iy = e i =2 R ‘P i

ETENDRRD BASES | i
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STAHDARD BASES AHD SY¥2VYGIES

hr-rﬁ o e contiar 4

IHTRODUCTION

I’I'I

ne bosic idea of |

B
3,
13

b
of 1T but just for o finite, “critical”, subset,
A rough description of Buchberger's algarithm and of most of

—]

e hbe;-uer- = =ﬁ§g1:::"i’!_l*.=m for %Iir-i:'zhﬂer' bazes iz thot
3

-’_“

andurd one, in

o

xi]
2
=
[
ot
[y1]
o
i
byl
£
ey
pu]

terminslogy of th%a papsr Ez: not to he reafed ¢ aff the elements

=

(13

generalizations, {5 then oz follows:
giver a finite basiz F of an ideg! I
computed and the existence of o Cauchy stondard -
; is

l.'[ 1
l'[l

[ecey
b
oot
[y ¢]
—
i
4]
—

iz tested for each slement in 5; H st is ;
F iz a standard set; otherwise finitely nang element= in 1 gre
produced, which ore adjoined ta F; the whole procedure iz then
repeated again.

There are tws main interpretations of this idea; one . ms of

i
i
qH
-

—" *
I'II
t
ju

I.r“;sst,,x];—[:u]lt‘—l.Gﬂ;plffmn anqﬁr"ttmn::: and hod a st Ghg
rewrite-rule theory., The '=:_=:s:xnd one is in terms of :‘uq ies and more
algebraic in nature; it was first detected by Spear [SPE] and zzrnji*rimd

the generalization of Buchberger's algorithe ta nolunominls over
studied by Zacharias [ZAC] and Schaller E!:.f%_iﬂ}; fhw st Tnn::.r"::ea_igi*“;
treatment of thiz interpretation for polynamial rings iz contained in
(1L,
Such an ir:i_&:"p:eis}ti nowas extended by Robbione ([ROBV], Theorem 3.6
and Cordllary 3.7% for commutative, nostherion graded structures,

it

e

The second pm’r this paper Is mainly devoted to sxtend this result

ta ﬂLtFl—fit:iBtssEPis‘.m, non-commutative cases,
I'm therefors oble ta shoy f’nat,, in arder

computation of stondard sets, one ot

pings and functions smmli.sr:ﬂ:i in the i

te in

Unl.".,

regquire an infinite compuis



i

completion .
for algebras of soluable types

Kandri~Fody and i
nierpreted in terms of syzygies, 1 shortly discuss

since i cannot be
a general usrsion of

I discuss o 3y ggie?zu
5'1‘_Elﬂd¥'2 d zet, firsily
after h mu;‘;:; bl';

—_—
[

-

,
it i'.s ‘.s~w,dr“

&
ness fo gmdpd structures and
{non-terminating) procsdurs direstly gene,-ah.-_mg Buchberger's
atgeriths,

introduces the potion of effestiv:

I SYZYGIES FOR LEFT IDEBLS

JE—

.H_

1'[1

=(A,MFY=(A.T0,6in) be a filtered {graded) structurs
B ’:i 4},
t 67 be the free left modulz over G with hnsis e, theB |, graded hy

-
"l‘l

I'""

assigning degle, i = deglin(b}) = u(h),

e

gt 56° 9 6 he the ham::r;germnu:s: merphizm defined by

m

-i.‘.fiB T }: E,

T,
e will dernote LSuziin{B‘r? = EeriSl=1{%

ieft submodule of Ei,

be the free left nodule ouer A with hasis {et::tmifs b olet

ri
= —F = rizhis & =) a 1=
=R A be the morphizm defined h Hig ayey )= I

Hi=% g g, € HE . define ULH'—rm*q (ﬂ '}H,!fh!’trifi

a4, b,

.cFlb

=14 05 By

STAMOARD BASES [ 17



fe ™ 25 95 B

- % A =T da i w® ~ % A 4 Lom d'. =
Then H < G ‘_i,- "‘iml..‘l Yy b‘bf\i} T Tk Tl Y B
= T - L. Y R N F ot LYY o
aince f,ﬁj_. - & n osonta. e =3 ihe e 1+ o O,
nee iy ydieged-3n jintdy BRI moh Ly - by
- 4 _ T [T Y - I
e has h - h =z{H)= 2 dly b di+ z, g, 5,

i o - R

If T'is well-ordered, substituting to =ach :ﬁi;

representation in terms of 8, one iz thr

ftherwise, for sach k there iz ¥ £ 1, t..!agﬂzi,_.wgb Ty,

Each =(f ) has a left truncated standard representation at g, in

- w

terms of B, s(f J=Z ¢ blik)+h . with aither B =0 or ulh j<y,.
_ b, ; A"
Therefore h=Z,d) bil)+ S0, Ity BlkI+th+Z o h‘,'ji iz the required

representation.

1.4 COROLLARY tnder the Some azzunptions of I, Th.5.3, if moreousr B
o bosiz of I, LI-L7 are Pquwmipr,f olgo to
L33 there iz g set Fc P st
i fin'(fi:feF} E ™
ii7 for each f£F, 2(f} has a
representaoticn in terms of B
L2=2L9: trivinl
L9 L2 Every b g I-{0}} zan obuiousiy be represented as
+ g blid+ k', with B{i} B, u(h) < ¥ T ma“f'nu]s*"i_t i1k, and

Far each y € 1), y <ulh} {otheruise there is nothing to prove), if
h=%, pd;blid+ " , with bl.,l_. € B, ulhiz gy = maxin(d ) (b1, and

either R'=0 or u(h') <y, then, by Lemma 13, there iz o different
represeniation h=Ei_, _=:z buwh mith b} e B,
) -
e BT =0 or wlh') Oy,

rumber of zteps we wiil

with  bikj B,

STANDARD BASES 1 i
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=
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Let 5" (A" )° - B he the gorchiss definsd by 27(e )= b,

T i

COROLLARY ALift{fi:f < F} is o bosis of Ker{s™), m::tuui%g o stondard
Lsi-&- of Ker(s™) under the "canonical” B™-graded module siructure on

sketeh of proof: i f. ¢ Ker{s™), then in™'ti, 3 & Ker(S), 50

! 4 (=
L Y s Lo _ . . = i f Yor R A
it 2 b in'lf ), with iﬂ:, homageneous, f, = fD“‘”‘F in li_Iﬂj;:f £ Ker{z™)

JLU™T T

and either fo=0 or u™{{

Repeating the argument {az in 125} we get Couchy sequences (3 in

0

Ler(s™), Gn*(l 30 in A for f<F, all of then converging to zers, and

= - L 3 1= = 3 y’i‘" . - f mam £ o HE— Y
such that, for all n, t fo = ZpIn 1..!fn;f= Lenoting, for f€F, 1,29
the limit of the Couchy sequence {Z__ _in*{i_1), one ohtains fo=Z

with o™(f ) 2 (1) + 0 1),

2 FREE BINGDULES B

21 In ordsr to define modules of syzygies i the caze of two-sided
ideals, we have first to reuies the cancept of free bimedules, Since |
waz unable to find o reference for o characterization of free

bimosdules, 1 will derive one based on ths concept of tensor product of
abedian groups, for which of, [FUC], CTh.XI

ithe free gbelion

e

2.2 Let LU be two obelion groups. Let ¥o=2(1UY b
group generated by [{uviiue U, v U and let V= v{U) be the
I
L

- - e I T I LTV i o e 1
aubgroup generatad by {(u, +u., vi- M - u;-.i;,i Dy, £ L u g L L
i T : HA) ) )

AU B (TRTR FTIS]) usvg £ U
Let Usl be the guotient group /Y and denote uoy
iy

-

i

I T T S -1 - 3
OTEP EOCT U Uy, w2, S, e
PP
T
i1
nuELy L
o S Fes R




Lomitnog =0 hee

omarphic to the ghelian qroup generated

reiotions

B MU U, v E B R e R
i ra y
_ R - 0L .ot
Yy-ue v, v, v, 8 i, b 2]
ur = 1 <L

ree H-binoduls cver {2 b€ Bl fay

for each A-bimodule M, far sach application piie :h g 8} = ff
there is g unigue morphizm Fi{ReRX =1 51, Ple i=nfs ) for
each be &,

Such o morphisn iz given by PlZ Zu e 0 j=F

AN

e
n
Pt
oy
o0
o
"3
t
]
b
w1
[
T
[
b
o
[
by
L]
i
[x 1}
[w]
e
-
P
rty
o
D"v
=
fia]
-3
e,
)
k]
']
e

F -~ D ~ — SN B L R I ., ] 5, ! 3

tor B2 B, weT, lat Iebyd =11y G A E TPy + it = let

Gloet o™y iz oty o mf iy : [0 S N, [T AL - e [

1_11,. ] 14 } = !_‘:{'j i i34 (h }J ;E‘f_ U!.,Cl_,'ﬁ;l = E‘Bl{t'”:' L"i.jjf_a;‘:i"_l i E’-{.‘] 1,

Let (GehiP(y) = #g Glb,y), le the subgroup of (Gan® generated by

STAMDARD DRSES 1t 0



;- ~ D - . N -
s {A@HEF ~» § ha the penhissn definaed b =f s I EER ?"
R IR noE TRE [t [RERS EE IR L I('i_ﬂ i = 5 ..’_‘ ]"t! E'E_l T__ .\.,..F{ ;:."..] jTt’ t

42 LENNA Let Z 8,&b, £ Aol with l.ﬁi,‘ai:i‘:;n;‘_, wib. ) =%" for all i, and let
] i = H =

m = inla, o= inb. i,

Hazume that Ei m®n, =0

Ther there ars Ay by with wla’ ) 4y, w2 5" 2t for all | sither
R J 3 - : -

wla' F <y op U{b‘i} <yt and Laeh =% a (B B
3 * J - t - .i

]

1
Proof: The assumpticn impliss that

S

) Eimnd=E 2 7, gy, ';k*“‘*“;:kﬂ '*.2;::'“’“?1» ‘g
uhere, for sach k, z, £ Z, uy € 2 Gy, vy € 60y") and either
Mig T Mgy g My Sy S Ug, ooy, = ‘-‘zk-z 0 Y1 T Vo T Ve
For each jk let Ay = in*su},) by, =1n “iu}.k}.

1k g
and, if ik T Uy Uz then either b = By = by =By =0 or uib) H i

So, if u Uz, then E:I”‘lﬁf" al, Oy = Oy~ O, = 0ol )<y

Far egach k, if Uyp = Uy = Uy, define ay =0 if Up = Vg, = Uy d&fm&

. i .
k k qL 1 "l {azk) b;‘:k} 71{_[ b—ri‘,.}} -_HJH}:
Since WGy, 6y "3]‘ is free, (*) inplies that for each | there are k
and | s.t. Lm n) _‘If\’i}}k“
If we define fu" %}"} -‘Q_jkibj j,

alsere

where the first sum iz zeps,
3 .17 ;"_-‘-‘ - ",ti - R + 1" @ h L { —_ M = "R
Rlso a,sh, {ui a" Je (b, b+ a"elh -b ij+._ui a,;)gb,;h] b,

Therefore:
Zooeb =2 {a -a% el - b )+ Layelh -0+ L, (o, ~a", jeb", -

1 = 2, b - .
@b Rl Bly -4, 3, ' o b i

_,
:
ot
=)
=
=
H
=
1
=3
[l

Since ind ui; =

Uib,’- - bni ? £ . nJ

(2"}, one has ulg -’ ] <y and

e

L RS I~ . O ;".33 Y

S.a bet =g cLE e P ETHGERFE, gt

. t Limpp By Ty £ ARERS, s
= meydd] ] RO e e d=1 1l . 1 R b s g
= maxigg L;)I FulGlili+ zA__.I,‘.’-!_ FHE Ll IR o o g-= Loy g e‘i :itt!!..]...! rLogln® ) , Whers

fomingll and rlo=inde I ulLh e ofblil 4 uf FEE

ZTAMDARE BREEZD 11 21



5’i =0 gnd r'. =0 otheraize.
lemark that, if q = i, then g ang A don't depeand on the i RR A DT
reprezentation of § we are given.
Therefore, if g = 0, define o'{f} = », in'(f} = -

19 VR R
If g=0, then there are | ,rléf_ A, BjI B =4
H ‘iii. E',"Jl_'ﬂlr1=‘f“_1,' i bl’}J

Proaf: Wio.g. we can ossume that for each i, ,;t, JERT:

Let I{b? i,bt§?=b}; far esach y',y" =t l-f;'i+l._41._!::}+;{, =, let
by gy =Bl = b, “-‘{%}x‘jifh‘kf b=yt

and G{b,y) = &, )Z‘ Wt Zyintll e in(e ) =0 inplies

P
[ il
-
=z
—
o+
<
-
3
-
It

irzct sum dﬁc:tumpa:f:i?.icuns {cf.25) (GebF(yi=a_b{h

Zip m(li}ebm m(ﬁi, ={ for &qah b, and also Enb irrli%:}&{.-..in{'r“.;ﬁil

The thesiz follows then from 3.2,

3.5 Let f=
Let c; = m‘*‘(m. I 1. 1= m"‘{niﬁ,
Denote in®*(f) = L Bp
in'{in®(£3) = 1, '

and remark that u'lin®(f)) = degl(f) and

EFFA Let T be inf-limited: B 28 F ciGat® he o homogeren
t:m; of Syz{in{B}), st for ench f € F, E:i_lr;"l:f::i:.fl has o Couchy

standard T"Epi”rﬁsentmian in terms of B
Let he A-{0}, weT, y<ulh), be st b= Tk BlLidr + 0, with B}
=1i... H

¥ W = Ol Fa X ' . - .
ik« iy = maclull g+ ulblid + uf r.i}, and either B'=0 or u{h'i< e

Then h= Eizi - i'j B ji r*’]. +H", with b‘i_i} £ B
ulhj 2 8y = mux{uﬂ’jﬁl ulhljir+ Utr"J <4y, ond sither B =1 or

= Zy G hBUde B, with B(ID £ B

. /
P . e i I R r oy i ) 2 : y [ T
wlhl< oy mllfs{-.-'i!-ﬂ+ua'au.~+'v“l.f‘i}f; and either W =0 ar b3 <y,

He=F & c{HeAF, 5

-~ 7

S { a0 SR .= ..002 0
=t E’:U i iod = +‘”*, SRy o ¢
swhere {as in 3,3’1
ﬁr,i = H +mE i)+ gy = oy
hal
m, = U

CHSE 1y o=10

H
Then by Lemmn 34, H=Z . e ., sith b ),

il 24
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bRk

-

3

i

Zm, &b,:)n be g non-zero homogeneous slement of (GeGE,

[

et

1

¥
Ed
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R S AL l-rr._;{:g:;;‘!_;*-u{‘:? it ?‘1‘1'
1, i {
S h=Z L IBTeL R, with B0j) € B,
. - oy , ] 5 ' - [P
Uik e -mg,;pﬁﬁ}+l¢{[}t'+!LF}}}’ 61 and either K =0 gp *%i?fgx
CASE 2] 1, a0

3,
-

-~
i

. =
kYT 5 w “b(l,r*
=H -

Ho= . -y I
O™ Limg 4 i B Ty T 2 T L0y, B 403 4 dy,

[, ) B i i My I 0, =0, then we con apply the

to produce o representation
, .

“k S !

1 t,(_ﬂ 3 ) S
One ha* h R =3fH =afH 1+ Z ¢ s in:*'!ff‘_,jf?dl___“

=% ¢ bf]}d‘ +2, ¢, =(in *E’{%_}'}d
Ifris uel! D;'dmed E:xs:titf.;t%ng to sach s(in®{f )} its standard
representotion in terms of B, one s through.

Otherwize, for each k there is w1 st wf:: J+ o u{dk} <

Each s(in*{f }) has a truncoted standard represantation at g in
terms of B, s(in*(f J}=Z, ly b{i,k}hﬂ;&hk, with either b, =10 or

”{!_i ‘f\ };P

TrePPeff:nr‘P h=Z Z.c l:n([ d' +E ok, L Bk ro g, b+ 2 g} is the

required Pep-r*e::,entqtm”,

7 COROLLARY Under the some assumptions of I, Th4.7, if moreover B
iz a baszis of I, RI-A7 are equivalent alzo o
B9 Fiz n &

nomagenzous bosiz of Syz(in{Bl), for esach feF,
slin*(f1) has o Couchy standard representation in terms of 6,

Proof: similar to the proof of Corsila ry L4
4 EXANPLES

1 To give 0 concrete illustration of the resulis aboue, we give nom
$

an explicit repressniotion of LouzdiniB) ) and Syz{in{B}} in case G is
either the T-graded ring k[ fSenenft 1 oor the S-graded ring k<5¥, T and

Sasin Lig 119
Uith some ghuse of potatis g, we will identify T, resp. 8, with jis imone

i T oo T R I 4 T _ .
i kin ?J’“-"; i R GRS LT omsin {2 gb B 0
T HES. - - - —

he following results are then egsu o oroues:
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1 - : A H _ —
rnmAmn), m, 0 he

It
o)

'
oo
R =T PR
T *
H

T
by flayzimn):{onieH't {0 that we get the
Yosyzim,
he ariginal Buchberger q#qisr n‘,,u} SyziHl is
_ Vet Ly

Lzt H be g finite subset of S,
et H'={{mnl:mneH, m=n, thers iz £S5 st om=u__nl,

| <

(mnke B, let lagz{mn) =2 -u

m
Then LSuz{H) is generated by {lsyz{mn):(mn) e}

44 He recall [HOR2] that if Em“mzl £ 5%, the zet of motches of
tmg,me ), M T, ), Is the finite set of ol 4-tupies i,1“.."¥_.r,}554 z.t,
gither:

Vo= o= = |

1) ly=r, =1, My =l my ry

2} 12=r*2=?, ,rr;2=l1 My

3] i{ =ry=1, L=, ry ®= 1, there iz we §, mo= 1w, Mo, =0 £

4} b=ry=1, L 21, ro# 1, there is < §, My =W ro, e = .

i1

=iimntimn e Homenl,

1.3 Let H be a finite subset of 5, H
{ o
H |

If mneH, fet Syzimn) =

T e Ao "r_xrﬂzmnu.

nln e

e’ ng‘ Lt UL jmEH 41‘“" wm
He hauve therefore o syzygistic interpretation of the results and
algorithms in [HORZ],

3 KAHDRI-RODY - UEISSPFEHMIHG RIGHT CLOSURE TECHHIQUE
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euch b« §,

— S
el fy

i e 31 I:r:ii EN

|£|

chuious,

FROPOSITION (Kandri-Rody, Ueispfenning) If B is o left standard set
fap IL{B}, the following conditionz are equivalant:
1) in{B) =in (B)
2y B =1 ”’?3’
3} for sach x € Gen(G,0Y, for ench be B, bin*(x) hos o ieft
L‘auf;i“;ci standard representation in terms of 5,
roaft =23 Let f ¢ IEY" Rpph
i ig .nEfN;-’—EH( RS NS )
¢ LB} for each n,

then, since in(Bl=in

..»,.,
P

[y

iing a "eft” version of 125 and 125,
Ny

=L20f), we can wio.g. assume

3 s
4 b

—,n, i "‘L (B1), we haus alsa, for esch i, elithap
= Uand g1, imglying that f el (B3

=1 (B)"; 30 the thesis iz tu;ulm
i

I3 Let Bin*{xl=%1 Byt be a truncated left stondand

-

N

representation ot y = ulb) + deg(x); then énf_'tx):x:=E'1. in(_'i_;f.f in(h.J, where
the sum is done on those iz =t f,;iii§+i‘1!ihi}=;g,

The thesiz then follows from Lemmg 5.0

B iz a jeft stondord set of LEBd and ¢
B iz 0 standard zet of I{BY
Froof: Bezcause of the assumptions, one has:

n(Bl=in18)=in {EL,.EU} =in" ',.I, (B =in™ (1B} b= infI(B 1)

2 Condiiicns

£
i

g *“"% Th

;iL..x £in

& CONUErsE ©an oo mn =t §

ZTANDARD BAZES 1) 5



ideal. A mininal lzft standard =et of 1(R) iz B, =iV, n < 0l
obuinusly =

Remark a;’:m. t? s i;‘;i,i.‘11 f=‘ ELE% Jso that, in this general

by

: te-right simpetry of Kondri-Rady ond Usispf enning
result s not presaryad,
Hecall that in [KRH] an exomple is given of o set Bin 2 nostherlan
non-commutotive graded structurs, =t § i-g- both g left s=tondard set
for L(BY and a right stondard set for I phBY but is not g stendard

set for I{BL
& EFFECTIVUE GRADED STRULTURES

[E wq A:=(R,",ub,in) is an affecfie graded structurs ff:
J A Lw are E’{TEGUUF‘

for sach h«amc:gene::n_xs e!eme g eh, it iz possibie 4o
Aost o inlal=g, L& in* iz g a:-mputunip function
finite set conaisting of homogensous

lements, and h iz o homogensous element in the twoosided ideal

g, t is

ele
generated b possible to compute E;_;,,..,l_:;jr=§_,,,.,.r-5 £h

hamogensaous s.t, zh hir. = h_, with by € H, and
de g +fﬁu!’.}{h.‘+d “-d&r‘:; hl.

E5) for vac:h finite zet L,;_q 10}, SyzliniE}

i
generated, and it iz possible to compute ex l%c:i-%g a finite kasis
of i,

Tt
) 1

6.2 M say 8:={R,0 u5in) i ipff-affectie graded structure iff EL
E2, 3 hold and, morecuer:

E4LT if h peshih are non-zero honogenecus elements in B and

iz in the ifeft ideal generated by {h, .. 0}, then it is possibie io

computs fp..,_[{ €0 homogeneous =t Zhih=h, and
degii}. T+ dagfhi 1=deglh),

C o g . B A0 1o, i imIBY Y i it
ESLY for sach finite sst B H-{0}, LSyzliniB}) is tinitaly

generated, and it Iz possible to comoyte gxplicitly o finite bozis
of i,




af Th:.?_Ef zats

e ]

two-sided moduls ouer

Li_t,'i the fres
groded by assigning degie, = deglinib))=u

P il . ;.' - .- , " .‘|~l| P . r:— .. l , -
AP Bty L& im B P 4 Zpeprey v 2 by ini E}i
Uith some abuze of notation, we will gz
cancnical inclusion, so that SyziiniB(t }

6.4 ALGORITHN
g = Reduction(A B f)
Re={A,I"uG,in) iz an effective graded structure {gith ipluv)
wﬂli-::ar*dm*eﬂ"
BcH ‘G} iz a finite sst,
fe

gef iz 2t -9 has a Couchy standard representation in terms of B,
and, lf g*U, then ulg) £ «(f} and infg) 4 n(B].

3= f

Hhile g=0 and in{g) < {infB)) d

compute {by E‘}} a nnﬂmq;‘:r cUS representation

I'D

6.3 Correctriess is an obujaus conzequence of 1,25 and 2.6,
Ternination is guaranized only in caze inlv) is well-ordered, otheruwiss
an infinite while-loop could acour {e.g if B is o stondard 28t and
fel™-1J

I im{ul is not well~ordered and § iz o standard set, Procedurs 6.4 iz
a semi-decision procedure for the problem "Is f not in 177

& ALSORITHN

£,
[ = StandardSet! A5}

B=0R0ubin) is an effestive graded structurs sith § noetherlan and
imivl weli-ordered.
B<Ch-{0} s a fir;ita zei,
Tz oo stondard set of the ten sided ideal generatad by B
B{ii=58
HECE
Compute (by E3} a finjts fomogensous bosis Fooof Syz{indB{U)
Fa=f

-

STANCRRD BRSES | ~



b= Reduction{A Bt} k)

If h=0 then
Blt+1) = B{t ] U IR}
Compute {by £43 5 fin

ite basiz F . of Syz{in{B{t+1}}]

containing F
= Fu

Fe=FULF,,

6.7 If im{v]) is well-ordered, the colls of the procedure Reduction
natt; mureouer, since in{81i) ¢ |{-Eir‘+':i3_. m_-tu&r"u.'mitg af h
guaraniees that, after a finite nusber of computations, one peaches
F=4g,

Then, the basiz B(1) of I satisfies A9) since F, is g hamogeneous bosis
of Syz{in{B(t)}} and for egch f« F,{, slin*(1}) hos o Cauchy standard

representation in terms of B(t),
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INTRODUCTIDH

In most instantiations of groded st
all computations can t:nzf dine in H‘; ?h5:=: dossan’t hulj{:!"'ﬂ iy
case (Ex. L18 and Ex. LLID gre zuit

such a restriction could ssam tn be I;I:pt:t‘fﬂﬂf ifn order to derive g
"division thegres”, e resuits on cononical represantath

i a subris

n_n

-‘r-,

Lt

-ffl

an ideal by means of standard sets, which neneralise 1" iz given
by Buchberger [BUCL2] for polynomial rings and by Gallig [%;"ﬂ,‘} f o

farmal power series rings,

In order to show that this is not the case, we intend to show here
that there is still q stpict relationship betyesn elements in 67 and in
A™, zo0 that any of the two sets con be used to reprasent the other
ohe,

Inzpired both from Kendri Rody and Weispfenni ing pressntotion of
algebras of soluable type [KRMI, and by the identification {usual in
Camputer flgebral of integers and ;:n_ﬂgr:umml—: Ot Ep we show the

fallowing:

there is o 2 isomop rhi sm betwzen A™ and 67 such jsom

i3 Sef in gener‘ai, a ring isomorghizm, but, under it,

a second ring structure: the "new’ sum and _,c:r-c-du:: differ

the original ones, becausze of the presence of "carries ::if
s3ar degres,
couse of this result, gss uming that G hos canonicol representatives
far homogensous slemeniz modulo o homogeneous ideal, we are obie to
show that the same iz true for 8 nodule any ideal, so0 to give o
"division theoren” generalising bath Buc hberger's and Galliga's results.
In general, howsver (see the remar k below), such canconical
representatives con be computed oy if A is noetherion and jmiu}
well-ordered, so #e postpane the ulqmithm;r discuzsion to Fapt 14

£

Thiz result hus another consequence related to the axistence of o

st al
a1}
]

i 5
stondard set sigorithm in the general case: if A is the polynonial ring

graded ouver o negative tes ihe associotsd
graded structure, then sapriss ring,
which is not sffectiy g, _uqz“ii’f_?‘;fh i3

! i {alsn under sult Hons on the slements
n;'»i-‘ti!iw_s} and whase division the alicus The compstation of

Hi RO - | - — = i -
R Hatst ‘F:} cananicsg) representations,




of a general standord set algorithm,
After deseribing a suitable ring structurs an

!":ﬂ{'z:‘:’“:%i::;‘}l ang, which we coll fefefsd oo VRS ERn ¢
G

s :‘f wn?l,u!“E gpw
| H™ and

ad completion rf%ng

general division theore

1]
=
=
[y
fad
'—J
(.I_.l
-3
lw]
4.
9]
[
-y
o
=
E,
S
o,
N
=
-
In ]
L

i LLS and G"‘ = i" dE‘!” 1_1 i) iv completion,
If 9eG6°-{0}, de %r fi(g =g~ Mgl remaork that either Big)=0 or

173 ;o " se grdaugs b L 0 =
L4 If g€6™, there are unigus I*itl,.z._,,un,,.. 0 st
hn is homogeneous
P
if h =0 then hepy =0
if h_ﬂ#U then de;gkh,i;fi n:iag{hn_”
g=limZ,_,  h
Hith some f;bu;e of nototion we will write g=Z Zing oo
Hlzo 07 g i :cﬁp*u,c to the ring of ail furzc:tror;s g:?‘ =+ G oad
i) fDP all g7, glygre ﬁ{af
it} for all sequences By Syt Y, G there Qs Nostl gly J=0 if
nr

L3 LEMMA If J iz o hemogensous idenl of &, then (1)Y= and . ;
i i JPFIE‘!.!L“ elements, then B

Rizo, if B is a baziz of J consisting of homo
iz o standard set and o stondard basis for J in B and far J° in 6™
HITION Let &,® be two binary operationz on 67 st

-

H

{5&3515'.,'3’} 5 ;-['I:.;
ele

sment and the unity of (6",%,%) coinside with

g tar sach g £ 67, g=1"g) & Ala;
il for eoch g',9" homogenesus slemends in 5 s i deglgh

g#g =g +g"
Ty fnp each q’g"'
ihare ﬁﬂl,u 3




